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DR.  SIMSON'S 

PREFACE    TO    THE    ELEMENTS. 


■  the  author  of  the 
iJer  Euclid's  name,  are 
unnther.     Peter  Ramus 


Thx  opiniona  of  the  mude 
Elements  of  Geometry,  which  go  t 
very  different  and  cuntrury  to  one 
aacHbeii  the  Propositions,  as  well  as 
Theon ;  others  think  the  Propositions  to  be  Euclid's,  but  that 
the  DemoDstmtiona  are  Theon's ;  and  others  maintain,  that 
all  the  Propositions  and  their  Demon  at  rations  are  Euclid's 
own.  John  Buteo  and  Sir  Henry  Suvile  ure  the  authors  of 
greatest  note  who  assert  this  last ;  and  the  greater  part  of 
geometers  have  ever  since  been  of  this  opinion,  as  they  thought 
it  the  most  probable.  Sir  Henry  Savile,  after  the  several 
arguments  he  brings  to  prove  it,  makes  this  conclusion  (page 
13,  Prelect.)  "  That  excepting  a  very  few  interpolations, 
explications,  and  additions,  Theon  altered  nothing  in  Euclid," 
But,  by  often  considering  and  comparing  ti^thcr  the  Defini- 
tions and  Demonstrations  as  they  are  in  the  Greek  ediiions  we 
now  have,  I  found  that  Theon,  or  whoever  was  the  editor  of 
the  present  Greek  text,  by  adding  some  things,  suppreaiiing 
others,  and  mixing  his  own  with  Euclid's  Demonstrations, 
has  changed  more  things  to  the  worse  than  is  commonly  sup- 
posed, and  those  not  of  small  moment,  especially  in  the  fifth 
and  eleventh  books  of  the  Elements,  which  this  editor  has 
greatly  vitiated ;  for  instance,  by  substituting  a  shorter,  but 
insulficient  Demonstration  of  the  I8lh  Prop,  of  the  5th  Book, 
in  place  of  llie  legitimate  one  wKich  Euclid  bad  given ;  and 
by  taking  out  of  this  Book,  besides  other  things,  the  good  de- 
finition which  Eudosus  or  Euclid  had  given  of  compound 
ratio,  and  giving  an  absurd  one  in  place  of  it  in  the  5th  De- 
finition of  the  6th  Book,  which  neither  Euclid,  Archimedes, 
Apoll'inius,  nor  any  geometer  before  Theon's  time,  ever  made 
use  of,  and  of  which  there  is  not  to  be  found  the  least  appear- 
ance in  any  of  their  writings;  and,  as  this  Definition  did 
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much  (^inbarrnss  beginntn,  and  is  quite  useless,  it  in  uuw 
thrown  out  of  the  Elcmeitts,  and  another,  which,  without 
doubt,  Euclid  had  given,  is  put  in  its  proper  place  anmng  tlie 
Definitions  of  the  5th  Book,  by  which  tlie  doctrine  of  cani- 
pound  ratios  is  rendered  plain  and  easy.  Besides,  among  the 
Definitions  of  the  J  1th  Bw)k,  there  is  this,  which  is  the  U^nth, 
vis.  "  Equal  and  similar  solid  figures  are  those  which  are 
contained  by  similar  plunes  of  the  same  number  and  magni- 
tude" Now  this  proposttian  ts  a  Theorem,  not  a  Dh^rutiun  ; 
because  the  equality  of  figures  of  any  kind  mast  be  dcniun- 
stratL^d,  and  not  assumed  ;  nnd  therefore,  though  this  were  a 
true  proposition,  it  ought  to  have  boon  demonstrated.  But 
indeed  this  Proposition,  which  makes  the  10th  definition  of 
the  llth  Book,  is  not  true  universally,  except  in  the  case  iji 
which  each  of  the  solid  angles  of  the  figures  is  contained  by 
no  more  than  three  plane  angles  ;  for  in  other  coses,  two  solid 
figures  may  be  contained  by  similar  plum's  of  the  same  number 
and  magnitude,  and  yet  be  unequal  to  one  another,  as  shall  be 
mode  evident  in  the  Notes  subjoined  to  these  Elements.  In 
like  niunuer,  in  the  Demonstration  of  the  2(}th  Prop,  of  the 
llth  Book,  it  in  token  fur  granted  that  those  solid  angles  ore 
equal  to  one  another  which  arc  contained  by  plane  angles  of 
the  same  number  aild  magnitude,  placed  in  the  same  order: 
but  neither  is  this  nniversally  true,  except  in  the  case  in 
which  the  solid  angles  are  contained  by  no  more  than  three 
plane  angles ;  nor  of  this  case  is  there  any  demonstration  in 
the  Elements  ive  now  have,  though  it  be  quite  necessary 
there  should  be  one.  Now,  upon  the  10th  Definition  of  this 
Book  depend  the  2;)th  and  28th  Propositions  of  it ;  and  upon 
the  25th  and  28th  depend  other  eight,  viz.  the  27tli,  31st, 
92d,  33d,  34th,  36th,  37th,  and  40th  of  the  same  Book:  and 
the  I2thof  the  12th  Book  depends  upon  the  Uth  of  the  s.inie : 
and  this  8th,  and  the  Corollary  of  Proposition  17th  and  Pro- 
position 18th  of  the  I2th  Book,  depend  upon  the  9th  Defini- 
tion of  the  llth  Book,  which  is  not  a  right  iWnition;  be- 
cause there  may  be  solids  contained  by  the  same  number  of 
similar  plane  figures,  which  are  not  similar  to  one  another, 
in  the  true  sense  of  similarity  received  by  geometers ;  and  all 
these  Propositions  have,  for  these  reasons,  been  insufficiently 
demonstrated  since  Theon's  time  hitherto.  Besides,  there  aro 
Bcvcml  other  things,  which  have  nothing  of  Euclid's  accuracy, 
^nk  and  which  plainly  shew  that  his  Elements  have  l>ct'n  much 
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corruptMl  by  unskilful  geometers  ;  and  though  these  are  not 
Kit  j^nsss  OB  the  others  now  mentioned,  they  ought  bf  no  means 
to  rcninin  uncorrected. 

Upon  these  accoanta  it  ap|>eared  necessary,  nnd  I  hope  wiU 
prove  acceptable  to  all  lovers  of  accurate  reasoning  and  of  ma- 
thematical learning,  tn  remofc  such  blemishes,  and  restore  the 
principal  Books  of  the  £lements  to  their  original  accuracy,  as 
l^r  aft  I  was  able;  eBpecially  since  these  Elements  are  the 
foundBtiaa.  of  a  science,  by  which  the  investigation  nnd  dis* 
corery  of  useful  truths,  at  least  in  mathematical  learning,  ii 
promoted  as  far  as  the  limited  powers  of  the  mind  allow :  and 
which  likewise  is  of  the  greatest  use  in  the  arts  both  of  peace 
and  war,  to  many  of  which  geometry  is  absolutely  necessary. 
This  I  have  endeavoured  to  do,  by  taking  away  the  inaccurate 
and  false  reasonings  which  unskilful  editors  have  put  into  the 
place  of  some  of  the  genuine  Demonstrations  of  £uclid,  who 
has  ever  been  justly  celebrated  as  the  most  accurate  of  geo- 
meters, and  by  restoring  to  him  those  things  which  Theon  or 
others  have  suppressed,  and  which  have  tbc^  many  ages  been 
boried  in  oblivion. 

'  In  this  Edition,  Ptolemy's  PropoKilion  concerning  a  pro- 
perty of  quadrilateral  figures  in  a  circle,  is  added  at  the  end 
of  the  sixth  Book.  Also  the  Note  on  the  29th  Proposition, 
Itook  1st,  is  altered,  and  made  more  explicit,  and  a  more  ge- 
neral Demonstration  in  given,  instead  of  that  wliich  was  in 
the  Note  on  the  HIth  Definition  of  Book  1 1th ;  besides,  the 
tmOBlation  is  much  amended  by  the  friendly  assistance  of  a 
learned  gentleman. 

•  Thii  Panigtapli  (ll  is  believF.1]  .rai  aild«l  by  Dr.  Sirnion  lu  lUe  VrrtiQe 


PREFACE  TO  THE  DATA. 


111  MiiiwuiMiiiiiiii  riirrtni  mfin — ''^-r^il  rf 
fM.     !■  tic  pwni.  «  tknf  «■  mU  IB  he 

Atrk—— hThTf*fc'".»*faK»fc**«- 
i  M  be  >■■!!■ :  mJ  dK  piiyiwiiMi  m  tW  Wak  «f 


am  hid  d*wa  U  be  kawm  V  p««a,  kf  Ik  kc^  «f  ihtK  pt». 

d  t*  fe  gnea,  aad  frvH 

>  rfKwn  to  be  prtM,  aad  ••  la. 

■  pn^Med  to  Ik  CMna  •«  B  tbe  pnUcH 

d  to  be  pvea  ;  aad  vbea  tkk  b  dve  Ac  |««- 


tke  eoBpaddom  cf  ^  Dal*  wbjtk  rae  ande  sm  tf  m  tbe 
SMdfw.    AadtbMtbeDatocf  EwfidMcortbetoHteeaoal 
and  MccaauT  ne  IB  Ike  aidalini  gf  p«Ue^  rf  eraj  kind. 
EccLiD  it  nduned  to  be  tbe  ailfcii   of  tke  Ba^  «f  the 

Data,  both  b]r  Uw  aatMBt  aod  aadeni  geiMMtaa:  Md  An* 
weoM  to  be  M  doabt  af  hk  kavii^  wnUes  a  btok  oi  Aia  aab- 
jwt,  but  wbidi.  in  the  cavne  ef  M  many  ^ca  kM  bKB  Biad 
vitiated  bj  DiMkilftil  edton  in  MTctal  places,  botb  in  tbe  wdv 
«f  tbe  prcpmiMMM,  and  in  the  delinitiana  and  iljwiimMmrmni 
themadret.  To  comet  the  tmn  wbic^  aie  now  fnuid  in  it, 
and  bring  it  Dearer  to  tbeaccnracT  with  which  it  wunodoabt 
at  firat  written  by  Euclid,  i%  the  design  of  this  edition,  that 
•D  it  may  be  tendered  more  useful  to  geomctets,  at  least  to 
beginner*  who  desire  to  leam  the  inrestigawrv  method  of  the 
aneient*.  And  for  Ihdr  rake,  ibe  compositions  of  most  of  the 
D»U  are  mibjoined  to  their  demousirauon*,  that  the  compo- 
•itiMM  of  problenii  wived  by  help  of  the  Data  may  be  the  more 
ea«ily  mode. 

SliaiNus',  the  pl.ilowpher-8  prefiice,  which,  in  the  Greek 
Mrtw...  «  prefixed  t^  the  Data,  h  here  kft  out.  a,  heiag  of 
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no  uu  to  nnilenUnil  thenv  At  the  md  of  ic  he  tay*.  that 
Euclid  has  Dot  used  the  aynthetical  but  thr  Bnalftical  method 
in  delivering  them !  in  vIlIcK  he  Is  quite  tnistkkm  ;  for  in  tha 
analysis  of  a  theorem,  the  thing  to  Iw  ilFmumlntcd  ia  annmcd 
in  the  analj-si* ;  but  in  the  <lrmnn«tnition*  of  the  Data,  the 
thing  to  be  dcRionstnitrd,  which  i»,  thnt  nomethinf^  or  other  ia 
given,  ia  never  once  auumed  tn  tin-  di-ninn  strut  ion,  fr<mi  trhtch 
it  is  nanifest,  that  every  one  of  thrm  t»  demonstrated  »yn- 
tketicaUy ;  though  indeed,  if  a  pTujMaitiDn  of  the  Data  )>« 
turned  into  &  probleni,  (for  example,  the  K4th  or  (iCtih  in  the 
§ann€r  editions,  which  here  arc  the  115th  and  6flth,)  the  de^ 
nianstratioa  of  the  proposition  becomcii  the  umlysiN  of  the 
proDlcm* 

Wbrheim  this  edition  diffem  from  the  Oreek,  and  the  rm* 
aan*  «f  the  nltcrationi  from  it,  yrill  be  shewn  in  the  Notca  at 
the  end  of  the  Data. 
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DR.  ROBERT  SIMSON. 


f 

OF  EUCLID. 


Euclid,  the  celebrated  mathematician,  according  to  the  ac- 
count of  Pappus  and  Proclus,  was  born  at  Alexandria,  in 
Egypt,  where  he  flourished  and  taught  mathematics  with 
great  applause,  under  the  reign  of  Ptolemy  Lagos,  about 
280  years  before  Christ.  Some  Arabian  historians,  however, 
inform  us,  that  he  was  born  at  Tyre,  that  his  father's  name 
was  Naucrates,  an  inhabitant  of  Damas. — The  particular 
place  of  his  nativity  appears,  therefore,  to  be  uncertain :  but 
whether  or  not  Alexandria  had  the  honour  of  giving  birth  to 
this  celebrated  mathematician,  all  historians  agree,  that  he 
fk)urished  and  taught  mathematics  there  at  the  time  above 
mentioned ;  which  city,  from  that  period  to  the  conquest  of 
it  by  the  Saracens,  seems  to  have  been  the  residence,  if  not 
the  birth-place,  of  all  the  most  eminent  mathematicians  of 
that  time.  Euclid  reduced  into  regularity  and  order  all  the 
fundamental  principles  of  pure  mathematics,  which  had  been 
delivered  down  by  Thales,  Pythagoras,  Eudoxus,  and  other 
mathematicians  before  him,  and  added  many  others  of  his 
own :  on  which  account  it  is  said  he  was  the  first  who  re- 
duced arithmetic  and  geometry  into  the  form  of  a  science. 
He  likewise  applied  himself  to  the  study  of  mixed  mathema- 
tics, particularly  to  astronomy  and  optics. 

His  works,  as  we  learn  from  Pappus  and  Proclus,  are  the 
Elements,  Data,  Introduction  to  Harmony,  Phenomena,  Op- 
tics, Catoptrics,  a  Treatise  on  the  Division  of  Superficies, 
Porisms,  Loci  ad  Superficicm,  Fallacies,  and  Four  Books  of 


(IP    KUCI.Ill.  IX 

Cunics.  The  most  celebrated  of  those,  is  the  first  work,  the 
Elements  of  Geometry  ;  of  which  thi-re  have  been  numberless 
editions  in  all  langUsgee;  antt  a  fine  edition  of  all  his  works, 
now  extant,  was  prints  in  17"3,  by  David  Gregory,  Suvilian 
Professor  of  AstruDomy  at  Oxford. 

The  Elements,  as  commonly  published,  consist  of  fi^eea 
books,  of  wliieh  the  last  two,  it  is  suspected,  are  not  Euclid's, 
but  a  comment  of  Hypsicles  of  Alexandria,  who  lived  two 
hundred  years  after  him.  They  are  divided  into  three  |)arts, 
viz.  the  Contemplation  of  Superficies,  Numbers,  and  Solids: 
the  first  four  Books  treat  of  planes  only ;  the  fifth  of  the  pro- 
portions of  magnitudes  in  gcueml ;  the  6th  of  the  proportion 
of  plane  figures ;  the  7th,  Uth,  and  9th,  give  us  the  funda- 
mental properties  of  numbers;  the  lOtli  contains  the  thuory 
of  commensurable  and  incom mensurable  lines  and  sjiaces ; 
the  lllh,  12th,  13th,  Ulh  and  iJth,  treat  of  the  doctrine  of 

»oiids. 

There  is  no  doubt  but,  before  Euclid,  Elements  of  Gcq- 
metry  were  compiled  by  Hippocrates  of  Chios,  Eudoxus, 
Leon,  and  many  others,  mentioned  by  Proclus  in  the  begin- 
niug  of  his  second  book ;  for  he  alfiruis  that  Euclid  neiv  or- 
dered many  things  in  the  Elements  of  Eudokus,  completed 
many  things  in  those  of  Thcutetus,  and  besides,  strengthened 
such  propositions  as  before  were  too  slightly  or  but  superfi- 
cially established,  with  the  most  firm  and  convincing  dcmos- 


Uistory  is  silent  as  to  the  time  of  Euclid's  death  or  his  age. 
But  Pappus  represents  him  as  a  person  of  a  courteous  and 
agreeable  behaviour,  and  in  great  esteem  with  Ptolemy  Lagos, 
Icing  of  Egypt ;  ifho  one  day  asking  him,  ivliether  there  ivas 
rot  any  shorter  way  of  coming  at  geometry  than  by  his  Ele- 
ments, Euclid  is  said  to  have  answered,  •'  l/ial  Ihcrc  leas  no 
royal  road  to  geomclr^." 


OF   DR.   ROBERT  SIMSON. 

Db.  Robkrt  Simson,  Professor  of  Mathematics  in  the  Uni- 
versity of  Glasgow,  was  the  eldest  son  »f  Mr.  John  Simson, 
of  Kirtonhall  in  Ayrshire,  and  was  bom  on  the  1 4th  of  Oc- 
tuWr  ]ti87-     Being  designed  by  his  father  for  the  church,  he 

was  Kent  to  the  University  of  Glasgow  about  thi>  year  I7OI, 
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from  other  qualities  and  attainments,  was  muoh  rcnpecteil  and 
eiteemcd.  On  all  occaxionH,  even  in  the  gayest  hours  of  so- 
cial iHturcourHf,  the  Diictur  muititaiiied  a  conatant  attention 
to  propriety.  He  had  serious  and  just  impressions  of  Reli- 
gion ;  but  he  was  uniformly  reserved  in  expressing  particular 
opinions  about  it ;  and  frani  liis  sentiments  of  decorum,  he 
never  introduced  religion  as  a  auhjcct  of  conversation  in  mixed 
society,  and  all  attempts  to  do  so  in  his  clubs  were,  by  biiH, 
checked  with  gravity  and  decision. 

He  was  seriously  indisposed  only  for  a  tew  weeks  before  hi* 
death,  having  through  a  very  long  life  enjoyed  a  uniform  state 
of  good  health.  He  died  on  the  1st  of  October,  \7fi8,  when 
his  81st  year  was  almost  completed. 

The  writings  and  publications  of  Dr.  8,  were  almost  exclu- 
sively of  tjie  pure  geometrical  kind,  after  the  genuine  muiuier 
flf  the  ancients.  He  has  only  two  pieces  printed  in  the  vo- 
lumes of  the  Philosophical  Transactions ;   viz. 

1.  Two  general  Propositions  of  Pappus,  in  which  many  of 
Euclid's  Poriams  are  included,  vol.  32,  ann.  )  723.— These 
two  propositions  were  afterwards  incorporated  into  the  au- 
thor's postliumous  works,  printed  in  177*!.  hy  Pliilip,  Earl 
Stanhope. 

2.  On  the  Extraction  of  the  Approximate  Boots  of  Num- 
bers by  infinite  Series;  vol.  411,  ann,  17^3. 

The  separate  publications  in  his  life-time  were: 

3.  Conic  Sections,  iu  17^5,  4to. 

4>  The  Loci  Plani  of  Apollonius,  restored  ;  in  1749,  4to. 

5.  Euclid's  Elements;  in  1756,  4to,  and  since  that  time, 
many  editions  in  8vo,  with  the  addition  of  Euclid's  Dota. 

6.  After  his  death,  Karl  Stanhope  was  at  the  expense  uf 
printing  in  1776.  under  the  title  of  "  Opera  Reliqiiri,"  several 
of  Dr.  S.'s  posthtunous  pieces:  which  were  (1)  -A pollouius'n 
Determinate  Section  :  (2)  A  Treatise  on  Porif^^na  ' :  (3)  A 
Tract  on  Logarithms:  (4)  On  the  Limits  of  Quuiitities  and 
Ratios:  (o)  Some  Select  Geometrical  Problem;. 


itL-d  ly  the  Rev.  Juli 


ELEMENTS     OF     EUCLID. 


HEFINITIONii. 


i  A  Point  i%  timl  wliich  hiitli 


ivlijrh  hath   no   Sr«  Nxn 


n.  A  line  a  length  witliuut  breadth. 
UI.  Thi-  «itr«inltle«  of  a  line  »tv  jmint*. 


t 


A  straight  Bne  ui  tint  which  lie*  uvenly  hMwern  im  « 
treme  poinU. 


A  •uperSde*  »  that  which  hath  nnly  length  anil  bmtilih- 
Tbe  extremltin  of  a  cupcrtidca  are  liiiM. 


VII.  A  phuie  iu|H^cifii  is  that  in  which  any  lu'o  pnints  Iir-   .W  N. 

ini;  taken,  the  nraight  line  between  them  lin  wholly  in 
rtlut  snjirrfidea. 

bl.  "  A  |>lai)tr  miglc  ia  the  inetinatitin  of  twA  line*  to  otir  Sr*  N. 
"  uDtheT  in  a  planr.  which  meet  together,  bnt,^  niA  in 
"  the  "nmc  dirrrtion" 


kt7Clid's  elements. 

IX.  A  plane  rectilineal  angle  is  the  inclination  of  two  straight 
lines  to  one  another,  which  meet  together^  but  are  not  in 
the  same  straight  line. 

N.B.  *  When  several  angles  are  at  one  point  B,  any  one  of 

*  them  is  expressed  by  three  letters,  of  which  the  letter  that 

*  is  at  the  vertex  of  the  angle,  that  is,  at  the  point  in  which 

*  the  straight  lines  that  contain  the  angle  meet  one  another, 

*  is  put  between  the  other  two  letters,  ^ 
'  and  one  of  these  two  is  somewhere 
'  upon  one  of  those  straight  lines,  and 

*  the  other  upon  the  other  line :  Thus,  ^ 

*  the  angle  which  is  contained  by  the  straight  lines  AB,  CB, 
'  is  named  the  angle  ABC,  or  CBA  ;  that  which  is  contained 
'  by  AB,  DB,  is  named  the  angle  ABD,  or  DBA ;  and  that 
'  which  is  contained  by  DB,  CB,  is  called  the  angle  DBC,  or 
'  CBD  ;  but,  if  there  be  only  one  angle  at  a  point,  it  may  be 
'  expressed  by  a  letter  placed  at  that  point ;  as  the  angle  at 

X.  When  a  straight  line,  standing  on  another 
straight  line,  makes  the  adjacent  angles  equal 
to  one  another,  each  of  the  angles  is  called  a 
right  angle ;  and  the  straight  line  which  stands 
on  the  other,  is  called  a  perpendicular  to  it. 


XI.  An  obtuse  angle  i^  that  which  is  greater 
than  a  right  angle. 


XII.  An  acute  a^igle  is  that  which  is  less  than  a 
right  angle. 


XIII.  "  A  term  or  boundary  is  the  extremity  of  any  thing." 

XIV.  A  figure  is  that  which  is  enclosed  by  one  or  more 
boundaries. 

XV.  A  circle  is  a  plane  figure  contained  by  one 
line,  which  is  called  the  circumference,  and 
is  such,  that  all  straight  lines  drawn  from  a 
certain  point  within  the  figure  to  the  circum- 
ference, are  equal  to  one  another. 
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XVI.  And  this  point  is  called  the  centre  of  the  circle.  Sec  last  fig. 

XVII.  A  diameter  of  a  drde  is  a  straight  line  drawn  through  See  N. 
the  centre^  and  terminated  both  ways  by  the  drcumferenoe.  See  last  fig. 

XVIII.  A  semicircle  is  the  figure  contained  by  a  diameter  and  See  last  fig. 
the  part  of  the  circumference  cut  off  by  the  diameter. 

XIX.  "  A  segment  of  a  circle  is  the  figure  contained  by  a 
'*  straight  line^  and  the  circumference  it  cuts  off." 


XX.  Rectilineal  figures  are  those  which  are  oontained  by 
straight  lines. 

XXI.  Trilateral  figures^  or  triangles^  by  three  straight  lines. 

XXII.  Quadrilateral^  by  four  straight  lines. 

XXTIT.  Multilateral  figures,  or  polygons,  by  more  than  four 
straight  lines. 


XXIV.  Of  three-sided  figures^  an  equilateral  tri- 
angle is  that  which  has  three  equal  sides. 


-A 


A 


XXV.  An  isosceles  triangle  is  that  which  has  only 
two  sides  equal. 


XXVI:  A  scalene  triangle  is  that  which  has  three 
unequal  sides. 


XXVII.  A  right-angled  triangle  is  that  which  has  >] 

a  right  angle.  y^  \ 


XXVIII.  An   obtuse-angled  triangle  is  that  which 
has  an  obtuse  angle. 

B  2 


Euclid's  slkmknta. 


XXIX.  An  acute-angled  triangle  is  that  which  has 

three  acute  angles.  /  \ 

XXX.  Of  four-sided  figures,  a  square  is  that  which 
has  all  its  sides  equals  and  all  its  angles  right 
angles. 


XXXI.  An  oblong  is  that  which  has  all  its  angles 
right  angles^  but  has  not  all  its  sides  equal. 


XXXII.  A  rhombus  is  that  which  has  all  its 
sides  equals  but  its  angles  are  not  right 
angles. 

"iSee  N.  XXXIII.  A  rhomboid  is  that  which  has  its  opposite 

sides  equal  to  one  another^  but  all  its  sides  are 
not  equals  nor  its  angles  right  angles. 

XXXIV.  All  other  four-sided  figures  besides  these^  are  called 
Trapeziums. 

XXXV.  Parallel  straight  lines  are  such  as  are  in     

the  same  plane^  and  which,  being  produced  ever     

so  far  both  ways,  do  not  meet. 


POSTULATES. 

I.  Let  it  be  granted,  that  a  straight  line  may  be  drawn 
from  any  one  point  to  any  other  point. 

II.  That  a  terminated  straight  line  may  be  produced  to  any 
length  in  a  straight  line. 

III.  And  that  a  circle  may  be  described  from  any  centre,  at 
any  distance  from  that  centre. 
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AXIOMS. 


L    Things  which  are  equal  to  the  same  thing,  are  equal  to 
one  another. 

II.  If  equals  be  added  to  equals,  the  wholes  are  equal. 

III.  If  equals  be  taken  ^m  equals,  the  remainders  are 
equal. 

IV.  If  equals  be  added  to  unequals^  the  wholes  are  unequal. 

V.  If  equals  be  taken  from  unequals,  the  remainders  are 
unequal. 

VI.  Things  which  are  double  of  the  sam?,  are  equal  to  one 
another. 

VII.  Things  which  are  halves  of  the  same,  are  equal  to  one 
another. 

VIII.  Magnitudes  which  coindde  with  one  another,  that  is, 
which  exactly  fill  the  same  space,  are  equal  to  one  another. 

IX.  The  whole  is  greater  than  its  part. 

X.  Two  straight  lines  cannot  enclose  a  space. 

XI.  All  right  angles  are  equal  to  one  another. 

XII.  '*  If  a  straight  line  meet  two  straight  lines,  so  as  to 
make  the  two  interior  angles  on  the  same  side  of  it  taken 
together,  less  than  two  right  angles,  these  straight  lines 
being  continually  produced,  shall  at  length  meet  upon 

"  that  side  on  which  are  the  angles  which  are  less  than  two 
"  right  angles."  See  the  notes  on  Prop.  XXIX.  of  Book  I. 


i€ 
it 
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PROPOSITION   I. 

pRUBLEAi. —  To  describe  an  equilateral  triangle  tq)on  a  given 

Jinite  straight  line. 

Let  AB  be  the  given  straight  line;  it  is  required  to  describe 
an  equilateral  triangle  upon  AB. 

From  the  centre  A^  at  the  distance  AB^ 

•  8  Posiu-     describe  *  the  circle  BCD  ;  and  from  the 

centre  B^  at  the  distance  BA,  describe  the 
circle  ACE ;  and  from  the  point  C^  in  which 
the    circles    cut  one  another^    draw    the 

•  1  Post.       straight  lines  *  CA^  CB^  to  the  points  A,  B  :  ABC  shall  be  an 

equilateral  triangle. 

Because  the  point  A  is  the  centre  of  the  circle  BCD^  AC  is 

•  16  Defi.     equal*  to  AB ;  and  because  the  point  B  is  the  centre  of  the 
nitioD.  circle  AC£^  BC  is  equal  to  BA  :  but  it  has  been  proved  that 

CA  is  equal  to  AB ;  therefore  CA^  CB  are  each  of  them  equal 
to  AB :  but  things  which  are  equal  to  the  same  thing  are 

•  1  Axiom,    equal*  to  one  another ;  therefore  CA  is  equal  to  CB ;  where- 

fore CA^  AB,  BC  arc  equal  to  one  another ;  and  the  triangle 
ABC  is  therefore  equilateral^  and  it  is  described  upon  the 
given  straight  line  AB.     Which  was  required  to  be  done. 

PROPOSITION  II. 

Paob. — From  a  given  point  to  draw  a  straight  line  equal  to  a 

given  straight  line. 

Let  A  be  the  given  pointy  and  BC  the  given  straiglit  line  ; 
it  is  required  to  draw  horn  the  })oint  A^  a  straight  line  equal 
toBC. 

•  1  Post  From  the  point  A  to  B,  draw  *  the  straight  line  AB ;  and 

•  fip'  upon  it  describe*  the  equilateral  triangle  DAB,  and  produce* 

the  straight  lines  DA,  DB,  to  £  and  F ;  from  the  centre  B,  at 

•  3  Post.       the  distance  BC,  describe  ♦  the  circle  CGH,  and  from  the  ecu- 
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tre  D^  at  the  distance  DO,  describe  the  circle  OKL :  AL  shall 
be  equal  to  BC. 

Because  the  point  B  is  the  centre  of.  the       y^'^TC^ 
circle  COH,  BC  is  equal*  to  BG;  and  because     /    J^     \       *  ^^  ^^' 
D  is  the  centre  of  the  circle  GKL,   DL  is     L^/_~r>^  i 
equal  to  DG ;  and  t  DA,  DB,  parts  of  them,       xTS^^^?^   *  ^°**''* 
are   equal ;  therefore   the  remainder  AL  is         ^pl^ 
equal  to  the  remainder  *  BG :  but  it  has  been  *  8  Ax. 

shewn,  that  BC  is  equal  to  BG;  wherefore  AL  and  BC  are  each 
of  them  equal  to  BG :  and  things  that  are  equal  to  the  same 
thing  are  equal  +  to  one  another  ;  therefore  the  straight  line  t  ^  ^^ 
AL  is  equal  to  BC.  Wherefore,  from  the  given  point  A,  a 
straight  line  AL  has  been  drawn  equal  to  the  given  straight 
line  BC.     Which  was  to  be  done. 

PROPOSITION  III. 

Pbob. — From  the  greater  of  two  given  straight  lines,  to  cut 

off  a  part  equal  to  the  less. 

Let  AB  and  C  be  the  two  given  straight  lines,  whereof  AB 
is  the  greater  ;  it  is  required  to  cut  oflf  from  AB,  the  greater, 
a  part  equal  to  C,  the  less. 

From  the  point  A,  draw  *  the  straight  line 
AD  equal  to  C ;  and  from  the  centre  A,  and     H    A     7FB 
at  the  distance  AD,  describe  *  the  circle  DBF :      \^    ^y^ 
A£  shall  be  equal  to  C. 

Because  A  is  the  centre  of  the  circle  DEF,  A£  is  equal  t  to  f  16  Def. 
AD  ;  but  the  straight  line  C  is  likewise  equal  tot  AD ;  whence  f  Constr. 
AE  and  C  are  each  of  them  equal  to  AD;   wherefore,   the 
straight  line  A£  is  equal  to  *  C,  and  from  AB,  the  greater  of  *  I  Ax. 
two  straight  lines,  a  part  AE  has  been  cut  off,  equal  to  C  the 
less.     AVliich  was  to  be  done. 

PROPOSITION  IV. 

Theobem.— 7/*  tfpo  triangles  have  two  sides  of  the  one,  equal 
to  two  sides  of  the  other,  each  to  each,  and  have  likewise 
the  angles  contained  by  those  sides  equal  to  one  another,  they 
shall  likewise  have  their  bases,  or  third  sides,  equal :  and 
the  two  triangles  shall  be  equal,  and  their  other  angles  shall 
be  equal,  each  to  each,  viz,  those  to  which  the  equal  sides 
are  opposite. 


•2.  L 

•  8  Post. 
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Let  ABC^  DEF  be  two  triangles^  which  have  the  two  sides 
AB,  AC  equal  to  the  two  sides  DIE,  DF,  each  to  each,  via.  AB 
to  DE,  and  AC  to  DF ;  and  the  angle 
BAC  equal  to  the  angle  EDF  :  the  base 
BC  shall  be  equal  to  the  base  EF ;  and 
the  triangle  ABC  to  the  triangle  DEF ; 
and  the  other  angles^  to  which  the  equal 
sides  are  opposite,  shall  be  equal,  each  to  , 
each,  viz.  the  angle  ABC  to  the  angle  DEF,  and  the  angle  ACB 
to  DFE. 

For  if  the  triangle  ABC  be  applied  to  DEF,  so  that  the  point 
A  may  be  on  D,  and  the  straight  line  AB  upon  DE,  the  point 

t  Hyp.  B  shsdl  coincide  with  the  point  E,  because  AB  is  equal  f  to 
DE  :  and  AB  coinciding  with  DE,  AC  shall  coincide  with  DF, 

t  Hyp,  because  the  angle  BAC  is  equal  t  to  the  angle  EDF  ;  where- 
fore also  the  point  C  shall  coincide  with  the  point  F,  becauae 

t  Hyiv  the  straight  line  AC  "^  is  equal  to  DF  :  but  the  point  B  was 
proved  to  coincide  with  the  point  E  ;  wherefore  the  base  BC 
shall  coincide  with  the  base  EF ;  because,  the  point  B  coin- 
ciding with  E,  and  C  with  F,  if  the  base  BC  does  not  coincide 
with  the  base  EF,  two  straight  lines  would  inclose  a  space, 

*  10  Ax.       which  is  impossible:  *  therefore  the  base  BC  coincides  with 

t  8  Ax.  the  base  EF,  and  therefore  is  equal  t  to  it.  Wherefore  the 
whole  triangle  ABC  coincides  with  the  whole  triangle  DEF, 
and  is  equal  to  it ;  and  the  other  angles  of  tlie  one,  coincide 
with  the  remaining  angles  of  the  other,  and  are  equal  to  them^ 
viz.  the  angle  ABC  to  the  angle  DEF,  and  the  angle  ACB  to 
DFE.  Therefore,  if  two  triangles  have  two  sides  of  the  one, 
equal  to  two  sides  of  the  other,  each  to  each,  and  have  like- 
wise the  angles  contained  by  those  sides  equal  to  one  another, 
their  bases  shall  likewise  be  eqiud  ;  and  the  triangles  shall  be 
equal,  and  their  other  angles,  to  which  the  equal  sides  are 
opposite,  shall  be  equal,  each  to  each.  Which  was  to  be  de<» 
inonstrated. 

PROPOSITION  V.  POJSft  A  i^iVO^U-  M- 

TiiEOR. —  The  angles  at  the  base  .of  an  isosceles  triangle  are 
equal  to  one  another  ;  and  if  the  equal  sides  be  produced, 
the  angles  upon  the  other  side  of  the  base  shall  be  equal. 

IjcX  ABf-  bo  an  isosceles  triangle,  of  which  the  said  AB  is 
equal  to  AC ;  and  let  the  straight  lines  AB,  AC  be  produced 
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to  D  and  £.:  the  angle  ABC  shall  be  equal  to  the  angle  AGB^ 
and  the  angle  CBD  to  the  angle  BG£. 

In  BD  take  any  point  F ;  and  from  AE^  the  greater,  cut  off 
AG  equal*  to  AF^  the  less,  and  join  FC,  GB.  *  3.  l. 

Because  AF  is  equal  to  t  AG,  and  AB  to  %  AC,  the  two  f  Constr. 
sides  FA,  AC  are  equal  to  the  two  GA,  AB,  each  to  each:   t  ^yp* 
and  they  contain  the  angle  FAG  eommon  to  the  two  tri- 
angles AFC,  AGB;  therefore  the  base  FC  is  equal*  to  the  *  4*  i. 
baae  OB,  and  the  triangle  AFC  to  the  triangle  AGB;  and 
the    remaining  angles  of  the  one,  are  equal  *   to  the  re-  *  4.  l. 
maiHing  angles  of  the  other,  each  to  each,  to 
which  the  equal  sides  are  opposite ;  viz.  the 
angle  ACF  to  the  angle  ABG,  and  the  angle 
AFC  to  the  angle  AGB :  and  because  the  whole 
AF  is  equal  to  the  whole  AG,  of  which  the 
parts  AB,  AC  are  equal,  the  remainder  BF  is 

eqnal^tothe  remainder  CO:  and  FC  was  proved     ^  "**'  ~  •  8  A^u 

to  be  equal  to  GB ;  therefore  the  two  sides  BF,  FC  arc  equal 
to  the  two  CO,  GB,  each  to  each  ^'And  the  angle  BFC  was 
prored  to  be  equal  to  the  angle  CGBj  and  the  base  BC  is  com- 
maa  to  the  two  triangles  BFC,  COB;  wherefore  these  triangles 
are  equal,*  and  their  remaining  angles,  each  to  each,  to  which  *  4-  !• 
the  equal  sides  are  opposite :  therefore  the  angle  FBC  is  equal 
to  the  angle  GCB,  and  the  angle  BCF  to  the  angle  CBG.  And, 
nnce  it  has  been  demonstrated,  that  the  whole  angle  ABG  is 
equal  to  the  whole  ACF,  the  parts  of  which,  the  angles  CBG, 
BCF  are  also  equal ;  therefore  the  remaining  angle  ABC  is 
equal  t  to  the  remaining  angle  ACB,  which  are  tH^  angles  at  f  3  Ax. 
the  base  of  the  triangle  ABC :  and  it  has  also  been  proved  that 
the  angle  FBC  is  equal  to  the  angle  GCB,  which  are  the  angles 
upon  the  other  side  of  the  base.  Therefore,  the  angles  at  the 
bttse,  Sec.    Q.  £.  n. 

CoBOLi.ARY. — Hence,  every  equilateral  triangle  is  also  equi- 
angular. 

PROPOSITION  VI. 

TuEOR. — //*  two  angles  of  a  triangle  be  equal  to  one  another, 
ike  tides  also  which  subtend,  or  are  opposite  lo,  tlus  equal 
angles,  shall  be  equal  to  one  an<Hher. 

.  Let  ABC  be  a  triangle,  having  the  angle  ABC  equal  to  the 
angle  A€i3 :  the  side  AB  shall  be  equal  to  tlie  side  AC. 
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For  if  AB  be  not  equal  to  AC,  one  of  them  is  greater  than 

*  d.  1.  the  other :  let  AB  be  the  greater ;  and  from  it  cut  *  off  DB 

equal  to  AC,  the  less,  and  join  DC  :  therefore,  because  in  the 
triangles  DBC,  ACB,  DB  is  equal  to  AC,  and  BC  common  to 
both,  the  two  sides  DB,  BC  are  equal  to  the  two  AC,  CB,  each 
to  each ;  and  the  angle  DBC  is  equal  to  the 
f  Hyp.  angle  t  ACB  ;  therefore  the  base  DC  is  equal  to 

the  base  AB,  and  the  triangle  DBC  is  equal  to 

*  4.  1.  the  triangle  *   ACB,   the  less  to  the  greater, 

which  is  absurd.  Therefore  AB  is  not  unequal 
to  AC,  that  is,  it  is  equal  to  it.  Wherefore,  if 
two  angles,  &c.     q,  b.  d, 

C0R01.LARY. — Hence,  every  equiangular  triangle  is  also 
equilateral. 

PROPOSITION  VII. 

See  N.  Theor. —  Ujx)n  the  same  base,  and  on  the  same  side  of  it, 

there  cannot  he  two  triangles  that  have  their  sides  which  are 
terminated  in  one  extremity  of  the  hose,  equal  to  one  another, 
and  likewise  those  which  are  terminated  in  the  other  rj:- 
iremiti/. 

If  it  be  possible,  upon  the  same  base  AB,  and  upon  the  same 
side  of  it,  let  there  be  two  triangles  ACB,  ADB,  which  have 
their  sides  CA,  DA,  terminated  in  the  extremity  A  of  the  base, 
equal  to  one  another,  and  likewise  their  sides  CB,  DB,  that  are 
terminated  in  B. 

Join  CD ;  then,  in  the  case  in  which  the  ver- 
tex of  each  of  the  triangles  is  without  the  other 
t  Hyp.  triangle,  because  AC  is  equal  t  to  AD,  the  angle 

*  b.  1.  ACD  is  equal*  to  the  angle  ADC:  but  the  angle 
t  9  Ax.         ACD  is  greater t  than  the  angle  BCD;  therefore 

the  angle  ADC  is  greater  also  than  BCD;  much 

more  then  is  the  angle  BDC  greater  than  the  angle  BCD. 

t  Uyy.         Again,  because  CB  is  equal  t  to  DB,  the  angle  BDC  is  equal  * 

*  ^' ''  to  the  angle  BCD  ;  but  it  has  been  demonstrated  to  be  greater 

than  it ;  which  is  impossible. 

But  if  one  of  the  vertices,  as  D,  be  within  the  other  triangle 

ACB,  produce  AC,  AD  to  £,  F  :  therefore,  because,  AC  is 

t  H>-p.         equal  t  to  AD  in  the  triangle  ACD,  the  angles  BCD,  FDC, 

*  5. 1.  upon  the  other  side  of  the  base  CD,  are  equal  *  to  one  another : 
t  9  Ax.        but  the  angle  £CD  is  greater  t  than  the  angle  BCD ;  wherefore 
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the  angle  FDG  is  likewise  greater  than  BCD';  much  more 
tken  is  the  angle  BDC  greater  than  the  angle  BCD.  Again^ 
because  CB  is  equal  t  to  DB^  the  angle  BDC 
is  equal  *  to  the  angle  BCD  ;  but  BDC  has 
been  proved  to  be  greater  than  the  same  BCD; 
which  is  impossible*  The  case  in  which  the 
vertex  of  one  triangle  is  upon  a  side  of  the 
otber^  needs  no  demonstration. 

Therefore^  upon  the  same  base^  and  on  the  same  side  of  it^ 
there  cannot  be  two  triangles  that  have  their  sides^  which  are 
terminated  in  one  extremity  of  the  base,  equal  to  another, 
and  likewise  those  which  are  terminated  in  the  other  ex- 
tremity.    Q.  JE.  D« 

PROPOSITION  VIII. 

Theor. — If  two  triangles  have  two  sides  qf  the  one,  equal  to 
two  sides  of  the  other,  each  to  each,  and  have  likewise  their 
bases  equal;  the  angle  which  is  contained  by  the  two  sides 
of  the  one,  shall  be  equal  to  the  angle  contained  by  the  two 
sides  equal  to  them,  of  the  other. 

Let  ABC,  DEF  be  two  triangles,  having  the  two  sides  AB, 
AC  equal  to  the  two  sides  D£,  DF,  each  to  each,  viz.  AB  to 
I>£,  and  AC  to  DF ;  and  also  the  base  BC  equal  to  the  base 
EF :  the  angle  BAC  shall  be  equal  to 
the  angle  EDF. 

For  if  the  triangleABC  be  applied 
to  DEF,  so  that  the  point  B  may 
be  on  £,  and  the  straight  line  BC 
upon  EF,  the  point  C  shall  also  coin- 
cide with  the  point  F,  because  BC 

is  equal  t  to  EF.  Therefore  BC  coinciding  with  EF,  BA  t  Hy^ 
and  AC  shall  coincide  with  ED  and  DF :  for  if  the  base  BC 
coincides  with  the  base  EF,  but  the  sides  BA,  CA  do  not  coin- 
<dde  with  the  sides  ED,  FD,  but  have  a  different  situation,  as 
£G,  FO ;  then  upon  the  same  base  EF,  and  upon  the  same  side 
of  it,  there  can  be  two  triangles  that  have  their  sides  which 
are  terminated  in  one  extremity  of  the  base,  equal  to  one 
another,  and  likewise  their  sides  terminated  in  the  other 
extremity;  but  this  is  *  impossible;  therefore,  if  the  base  BC  *  7.  i. 
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•8  Ax. 


coincides  with  the  base  £F^  the  sides  BA^  AC  cannot  but  coin- 
cide with  the  sides  ED^  DF ;  wherefore  likewise  the  angle  BAC 
coincides  \nth  the  angle  EDF,  and  is  equal  *  to  it.  Therefore^ 
if  two  triangles,  Sec,     q.  e,  d. 


•3.  I. 
•  1. 1. 


f  Coiistr. 


f  Constr. 
•8.  I. 


PROPOSITION  IX. 

Prob. — To  bisect  a  given  rectilineal  angle;  thai  is,  to  divide 

it  into  two  equal  angles. 

Let  BAC  be  the  given  rectilineal  angle ;  it  is  required  to 
bisect  it. 

Take  any  point  D  in  AB^  and  from  AC^  cut  *  off  AE  equal 
to  AD ;  join  DE,  and  upon  it  describe  *  an  equilateral  triangle 
DEF;  then  join  AF:  the  straight  line  AF  shall  bisect  the 
angle  BAC. 

Because  AD  is  equal  t  to  AE^  and  AF  is  com- 
mon to  the  two  triangles  DAF^  EAF^  the  two 
sides  DA,  AF  are  equal  to  the  two  sides 
£A,  AF,  each  to  each;  and  the  base  DF  is 
equal  t  to  the  base  £F;  therefore  the  angle 
DAF  is  equal  ^  to  the  angle  EAF:  wherefore, 
the  given  rectilineal  angle  BAC  is  bisected  by  the  straight  line 
AF.     Which  was  to  be  done. 


B    F 


PROPOSITION  X. 


•  1.  1. 
«  9.1. 


f  Coii&tr. 

f  Conslr. 
*  ♦.  1. 


Prob. — To  bisect  a  given Jinlte  straight  Une  ;  that  is,  to  divide 

it  into  two  equal  parts. 

Let  AB  be  the  given  straight  line;  it  is  required  to  divide 
it  into  two  equal  parts. 

Describe*  upon  it  an  equilateral  triangle 
ABC,  and  bisect*  the  angle  ACB,  by  the  straight 
line  CD  :  AB  shall  be  cut  into  two  equal  parts 
in  the  point  D. 

Because  AC  is  equal  t  to  CB,  and  CD  common 
to  the  two  tnangles  ACD,  BCD,  the  two  sides  AC,  CD  arc 
equal  to  BC,  CD,  each  to  each  ;  and  the  angle  ACD  is  equal  f 
to  the  angle  BCD ;  therefore  the  l)ase  AD  is  equal  to  the  base* 
DB,  and  the  straight  lino  AB  is  divided  into  two  equal  parts 
iu  the  point  D.     Which  wa:i  to  be  done. 
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PROPOSITION  XI. 


Prob. —  To  draw  a  straight  line  at  right  angles  to  a  given 
straight  line^Jrom  a  given  point  in  the  same, 

"Let  AB  be  a  given  straight  line,  and  C  a  point  given  in  it ;   See  N. 
it  is  required  to  draw  a  straight  line  from  the  point  C,  at  right 
angles  to  AB« 

Take  any  point  D  in  AC,  and  make*  C£  equal  to  CD;   *S.  l. 
and  upon  D£,  describe*  the  equilateral  triangle  DFE,  and   *  i.  i. 
join  FC :  the  straight  line  FC,  drawn  from  the  given  point 
C,  shall  be  at  right  angles  to  the  given 
straight  line  AB, 

Because  DC  is  equal  t  to  CE,  and  FC  /  \  t  Constr. 

common  to  the  two  triangles  DCF,  ECF, 
the  two  sides  DC,  CF  are  equal  to  the      /T^" 
two  EC,  CF,  each  to  each ;  and  the  base 

DF  is  equal  t  to  the  base  EF  ,*  therefore  the  angle  DCF  is  f  Constr. 
equal*   to  the  angle   ECF ;   and  they  are  adjacent  angles.   *  8.  i. 
Bat  when  the  adjacent  angles  which  one  straight  line  makes 
with  another  straight  line,  are  equal  to  one  another,  each  of 
them  is  called  a  right  *  angle ;  therefore  each  of  the  angles  •  lo  DcT. 
DCF,   £CF,   is  a  ri|^t  angle.     Wherefore,  from  the  given 
point  C,  in  the  given  straight  line  AB,  FC  has  been  drawn  at 
Tight  angles  to  AB.    tVkich  was  to  be  done. 

Cob. — By  help  of  t)iis  problem  it  may  be  demonstrated, 
ihst  two  straight  lines  cannot  have  a  common  segment. 

If  it  be  possible,  let  the  two  straight  lines  ABC,  ABD  have 
the  segment  AB  common  to  both  of  them.     From  the  point 
Bf  drawt  BE  at  right  angles  to  AB ;  and  because  ABC  is  a  f  1 1.  i. 
itnight  line,  the  angle  CBE  is  eqiM*  to  the  •  lo  Dcf. 

.  tn^  EBA ;  in  the  same  manner,  because 
ABD  is  a  straight  line,  the  angle  DBE  is 
tqnal  to  the  angle  EBA;  wherefore t  the 

fkpgle  DBE  is  equal  to  the  angle  CBE,  the     ^       ^ ^ 

<Bii  to  the  greater;   which  is  impossible: 


I>    t»  Ax. 


.therefore,  two  straight  lines  cannot  have  a  common  segment. 


PROPOSITION  XII. 


Fbob. — To  draw  a  straight  line  perpendicular  to  a  given 
straight  line  <^  an  unlimited  length,  froin  a  given  point 
.  without  it. 


k 
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Let  AB  be  the  given  straight  line^  which  may  be  produced 
to  any  length  both  ways^  and  let  C  be  a  point  without  it;  it  is 
required  to  draw  a  straight  line  perpendi- 
cular to  AB,  from  the  point  C. 

Take  any  point  D  upon  the  other  side  of 
AB,  and  from  the  centre  C,  at  the  distance 

*  3  Post       CD,  describe*  the  circle  EOF,  meeting  AB 

*  10.  1,         in  F,  O;  bisect*  FG  in  H,  and  join  CH:  the  straight  line 

CH,  drawn  from  the  given  point  C,  shall  j^e  perpendicular  to 

the  given  straight  line  AB. 
t  Constr.  Join  CF,  CO:  and  because  FH  is  equal t  to  HO,  and  HC 

common  to  the  two  triangles  FHC,  GHC,  the  two  sides  FH, 

HC  are  equal  to  the  two  OH,  HC,  each  to  each ;  and  the  base 
•i5Def.      CF  is  equal*  to  the  base  CO:   therefore  the  angle  CHF  is 

*  8.  1.  equal  *  to  the  angle  CHO  ;  and  they  «re  adjacent  angles :  but 

when  a  straight  line,  standing  on  another  straight  line,  makes 
the  adjacent  angles  equal  to  one  another,  each  of  them  is  a 
right  angle,  and  the  straight  line,  which  stands  upon  the 
f  10  Def.  other,  is  called  a  perpendicular  f  to  it:  therefore,  from  the 
given  point  C,  a  perpendicular  CH  has  been  drawn  to  the 
given  straight  line  AB.     Which  was  to  be  done. 

PROPOSITION  XIII. 

Theor. — The  angles  which  one  straight  line  makes  with  an^ 
other  upon  one  side  of  it,  are  either  two  right  angles,  or  are 
together  equal  to  two  right  angles. 

Let  the  straight  line  AB  make  with  CD,  upon  one  side  of 
it^  the  angles  CBA,  ABD:  these  shall  either  be  two  right 
'  angles,  or  shall  together  be  equal  to  two  right  angles. 

For  if  the  angle  CBA  be  equal  to  ABD,  each  of  them  is  a 
1 10  DeC  right  t  angle:  but  if  not,  from  the  point  B  draw  BE  at  right 
•11.1.        angles*  to  CD;  therefore  the 

*  10  Def.      angles  CBE,   EBD  *   are  two 

right  angleA  and  because 
the  angle  CBE  .is  equal  to  the 
two  angles  CBA,  ABE  to- 
gether, add  the  angle  EBD  to 
each  of  these  equals;  therefore  the  angles  CBE,  USD  are 

*  2  Ax»        equal*  to  the  three  angles  CBA,  ABE,  £BD.    Again,%ecau8e 

the  angle  DBA  is  equid  to  the  two  angles  DBE,  EBA,  add  to 
each  of  these  equals  the  angle  ABC;  therefore  the  angles 
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DBA>  ABC  are  equal  f  to  the  three  angles  DBE^  EBA^  ABC  :    f  2  Ax. 
bat  the  an^es  CBE,  EBD  have  been  demonstrated  to  be  equal 
to  the  same  three  angles ;  and  things  that  are  equal  to  the 
same  things  are  equal  *  to  one  another ;  therefore  the  angles   *  l  Ax. 
CBE,  EBD  are  equal  to  the  angles  DBA,  ABC :  but  CBE,  EBD 
are  two  right  angles;   therefore,   DBA,  ABC  are  together 
equal  t  to  two  right  angles.     Wherefore,  the  angles  which  ^  1  Ax. 
one  straight  line,  &c.     q.  e,  d. 

•    PROPOSITION.  XIV. 

Theor. — If,  at  a  point  in  a  straight  line,  two  other  straight 
lines,  upon  the  opposite  sides  of  it,  make  the  adjacent  angles 
ti^ether  equal  to  two  right  angles,  these  two  straight  lines 
shaU  be  in  one  and  the  same  straight  line. 

At  the  point  B,  in  the  straight  line  AB, 
let  the  two  straight  lines  BC,  BD  upon  the  ^  > 

opposite  side  of  AB,  make  the  adjacent 
angles  ABC,  ABD  equal  together  to  two 
right  angles:  BD  shall  be  in  the-  same 
straight  line  with  CB. 

For  if  BD  be  not  in  the  same  straight  line  with  CB,  let 
B£  be  in  the  same  straight  line  with  it :  therefore,  because 
the  straight  line  AB  makes  with  the  straight  line  CBE,  upon 
one  side  of  it,  the  angles  ABC,  ABE,  these  angles  are  to- 
gether equal  *  to  two  right  angles ;  but  the' angles  ^BC,  ABD    *  IS.  1. 
are  likewise  together  equal  t  to  two  right  angles ;  therefore,   t  ^yp* 
the  angles  CBA,  ABE  are  eqpal  t  to  the  angles  CBA,  ABD :  take  t  ^  ^^ 
away  the  common  angle  ABC,  and  the  remaining  angle  ABE  is 
equal  *  to  the  remaining  angle  ABD,  the  less  to  the  greater,    *  s  Ax. 
which  is  impossible ;  therefore  BE  is  not  in  the  same  straight 
line  with  BC.  And  in  like  manner,  it  may  be  demonstrated,  that 
no  other  can  be  in  the  same  straight  line  with  It  but  BD,  which^ 
.therefore,  is  in  the  same  straight  line  with  CB.    Wherefore,  if 
at  a  point,  &c    q.  b.  d.  ^ 

PROPOSITION  XV. 

TasoR      If  two  sirair'h*  lives  cut  one  another,  the  vertical,  or 

.opposite,  angks  shall  be  rq^^d. 

Let  tht  \f9  straight  lines  AB,  CD  cut  one  another  in  the 
point  £ :  Im  angle  AEC  shall  be  equal  to  the  angle  DEB,  and 
CEB  to  AKD. 
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Becanae  the  Btraigbt  line  AE  makes  with  CD  theangleii 
*  IS.  1.         CEA,  AED,  these  angles  are  together  equal  *  to  two  right 

angles.     Again^   because  the  straight  line  D£  makes  with 
AB  the  angles  AED^  DEB^  these  also  are 


•  IS.  1.         together  equal  *  to  two  right  angles ;  and     ^^^\^ 

CEA^  AED  have  been  demonstrated  to  be     jf — Tf^T^ fe 

equal  to  two  right  angles ;  wherefore  the  ^^ 

t  1  Ax.        angles  CEA,  AED  arc  equal  t  to  the  angles 

AED;  deb  :  take  away  the  common  angle  AED,  and  tfie  re- 

*  S  Ax.         maining  angle  CEA  is  equal  *  to  the  remaining  angle  DEB. 

In  the  same  manner  it  can  be  demonstrated^  that  the  angles 
CEB,  AED  are  equal.     Tlierefore^  if  two  straight  lines^  &c. 

Q,  £.  D. 

Cor.  ].  From  this  it  is  manifest^  that  if  two  straight  lines 
cut  one  another,  the  angles  which  they  make  at  the  point  where 
they  cut,  are  together  equal  to  four  right  angles. 

Cor.  2.  And  consequently,  that  all  the  angles  made  by  any 
numb^  of  lines  meeting  in  one  point,  are  together  equal  to 
four  right  angles. 


PROPOSITION  XVI. 

Theor  — If  one  side  of  a  triangle  be  produced,  the  ejrlerior 
angle  is  greater  than  either  of  the  interior  opposite  angles. 

Let  ABC  be  a  triangle,  and  let  its  side  BC  be  produced  to 
D :  the  exterior  angle  ACD  shall  be  greater  than  either  of  the 
interior  opposite  angles  CBA,  BAC. 

*  10. 1.  Bisect  *  AC  in  E  ;  join  BE  and  produce  it  to  F,  and  make 
f  8.  I.           EF  equal  t  to  BE,  and  join  FC. 
t  CoDttr.           Because  AE  is  equal  f  to  EC,  and  BE  t 

to  EF ;  AE,  EB  are  equal  to  CE,  EF,  each 

*  15, 1.        to  each  ;  and  the  angle  AEB  is  equal  *  to 

the  angle  CEF,  because  they  are  opposite 
vertical  anghi ;  therefore  the  base  AB  is 

*  4.  ].  equal*  to  the  base  CF,  and  the  triangle 

AEB  to  the  triangle  CEF,  and  the  remaining  angles  to  the  re- 
maining angles,  each  to  each,  to  which  the  equal  sides  are 
opposite :  wherefore  the  angle  BAE  is  equal  to  the  angle  ECF  : 
f  9  Ax.  but  the  angle  ECD  is  greater  f  than  the  angle  ECF,  therefore 
the  angle  ACD  is  greater  than  BAE.  In  the  same  manner, 
if  the  side  BC  be  bisected,  and  AC  be  prodacad  to  O,  it  nmj 
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ha  desMiaatntetl.  that  the  angle  B£0,   UiM  ia,  the  wgin  *    ' 
ACO,  H  gRMter  thu  tha  angle  AOC     ThenAn^  if  mm  rid*, 
te.     ••  K.  D. 

PROPOSITION  SVII. 
Trnmom.^-Aajf  tmo  angUt  of  a  iriangU  arr  li^lMtr  lot  limm 

lira  right  angUw. 
.  Xict  ABC  be  any  triangle ;  any  two  of  its  an^es  tagctlm 
•  than  two  right  angles, 
e  BC  to  D :  and  tieoiii>c  ACD  In  the 
r  angle  of  the  triangle  ABC,  AC'U  ii 
grMter  *  than  the  tnt«riur  and  oppoaite  au);le 
ABC  ;  to  each  of  thew?  odd  the  angle  ACB  ; 
thcrefurc  the  anglen  ACD,  ACB  are  gre«te»+    ' 
th&n  the  angles  ABC,   ACB:  but  ACD,  ACB 
are  ingetlier  M]iuil  *  tu  tnu  right  angleii ;  therefore  the  angle*   ■ 
ABC,  DCA  are  let*  than  two  right  onglva.    In  like  manner,  it 
inay  be  demonstrated,  that  DAC,  ACB,  at  alw  CAB,  Alt,  are 
IcH  than  two  right  onglm.     There/pre,  any  two  angln,  &c> 

q.  K.  D. 


^^.ht^  ABC 

^VVraduce  B 

^Bfcrior  angi 


A 


PROPOSITION   XVIII. 


,  of  which  the  side  A 

KidcAD:   the  angle  /\^^                         , 

n  the  angle  BCA.  ^/^^J^^^ 

T  limn  All,  make*  6"^"^         T    "fci. 


^^Bnoa^—T'A^ ^eofer  *i<Je  o^  eicrif  iriangU  u  oftponte  lo  the 
^■^  grraler  angk. 

^^^HiVC  ABC  b«  a  triangle,  of  which  the  ■: 
^^A  la  greater  thm  the  u 
^^nc  dial]  be  greater  than  tl 
necanse  AC  is  greater  1 

AO  equnl  ta  AB,  and  join  DD  :   and   becaUKO 

ADB  i»  the  exterior  angle  of  the  trianglr  BDC,  it  i»  greater  •    •  l«.  ■■ 

than  ihir  interior  and  op]<o«itp  angle  UCIl ;  hut  ADB  in  equal  *   *  ft<  t. 

to  ABD.  bnnuwthc  lidcAU  i>ioi|iial  t  tu  the  aide  AO;  there-    f  Coattr. 

fnre  the  angle  AHD  is  likewixr  grnutrr  than  the  angle  ACB  ; 

therefore  nnch  mure  Em  the  angle   ABC  greater  than  ACB. 

Tliavfjrc,  the  grcnter  xide.  &c.     9.  k.  d. 

PROPOBITION    XIX. 
Tbkob. — TAf  grtaier  angle  qf  tvery  triangle  it  nblfndeil  hy 


i. 


(Ae  grtaier  tide,  or  baa  the  greater  side  opposite  t 

ABC  be  a  triangle  iif  which  thv  angle  ADC  is  grmler 
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than  the  angle  BCA :  the  side  AC  shall  be  greater  than  the 
side  AB. 

For  if  it  be  not  greater^  AC  must  either  be  equal  to  AB,  or 
less  than  it :  it  is  not  equal,  because  then  the  angle  ABC 

*  5.  ].  would  be  equal  *  to  the  angle  CAB  ;  but  it 
t  Hyp.         is  t  not ;  therefore  AC  is  not  equal  to  AB : 

neither  is  it  less,  because  then,  the  angle 

*  18. 1.        ABC  would  be  less  *  than  the  angle  ACB; 

but  it  is  not ;  therefore  the  side  AC  is  not 

less  than  AB  :  and  it  has  been  shewn  that 

it  is  not  equal  to  AB:  therefore  AC  is  greater  than  AB. 

Wherefore,  the  greater  angle,  &c.     q.  £•  d. 

PROPOSITION  XX. 
See  N.  Theor. — Any  two  sides  of  a  triangle  are  together  greater 

than  the  third  side* 

Let  ABC  be  a  triangle :  any  two  sides  of  it  together  shall 
be  greater  than  the  third  side  ;  viz.  the  sides  BA,  AC  greater 
than  ttie  side  BC ;  and  AB^  BC  greater  than  AC ;  and  BC,  CA 
greater  than  AB. 

*  S.  I.  Produce  BA  to  the  point  D,  and  make  * 

AD  equal  to  AC  ;  and  join  DC. 

Because  DA  is  equal  to  AC,  the  angle 

*  5. 1.  ADC  is  equal  *  to  ACD;  but  the  angle  BCD 
f  9  Ax.         is  greater  t  than  the  angle  ACD ;  therefore 

the  angle  BCD  is  greater  than  the  angle  ADC  :  and  because  the 
angle  BCD  of  the  triangle  DCB,  is  greater  than  its  angle  BDC, 

*  19. 1.        and  that  the  greater  *  angle  is  subtended  by  the  greater  side, 

therefore  the  side  DB  is  greater  than  the  side  BC :  but  DB  is 
equal  to  BA  %  and  AC  ;  therefore  the  sides  BA,  AC  are  greater 
than  BC.  In  the  same  manner  it  may  be  demonstrated,  that 
the  sides  AB,  BC  are  greater  than  CA ;  and  BC,  CA  greater 
than  AB.     Therefore,  any  two  sides.  Sec.     g.  s.  d. 

PROPOSITION  XXI. 

See  N.  TuEOR. — If  from  the  ends  of  the  side  of  a  triangle,  there  be 

drawn  two  straight  lines  to  a  point  within  the  triangle,  these 
shall  be  less  than  the  other  two  sides  of  the  triangle,  but  shall 
contain  a  greater  angle. 

Let  ABC  be  a  triangle,  and  from  the  points  B,  C,  the  ends 

*  Constr.  t  Because  AD  is  equal  *  to  AC,  add  BA  to  each,  therefore  the  whole  BD 
f  2  Ax.          is  equal  f  to  the  two  BA,  AC 


*■- 


\ 
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of  the  aide  B€^  let  the  two  straight  lines  BD,  CP  be  drawn 
to  the  point  D  within  the  triangle :  BD  and  DC  shall  be  less 
thaa  the  other  two  sides  BA,  AC  of  the  triangle,  but  shall 
contain  an  angle  BDC  greater  than  the  angle  BAC. 

Produce  BD  to  £ :  and  because  two  sides 

of  a  triangle  *  are  greater  than  the  third  side^^ ^^  *  ^  *  so.  i. 

the  two  sides  BA,  A£  of  the  triangle  ABE,, 
are  greater  than  BE :  to  each  of  these  add 

EC  ;  therefore  the  sides  BA,  AC  are  greaterf      £_ 2^^     t  4  Ax. 

than  BE,  EC.    Again,  because  the  two  sides 

C£,  ED  of  the  triangle  CED,  are  greater  t  than  CD,  add  DB  f  80.  l. 
to  each  of  these;  therefore  the  sides  CE,  £B  are . greater  f  f  4  Ax. 
than  CD,  DB :  but  it  has  been  shewn  that  BA,  AC  are  greater 
than   BE,  EC ;  much  more  then  are  BA,  AC  greater  than 
BD^  DC. 

Again,  because  the  exterior  angle  of  a  triangle  *  is  greater  *  16.  i. 
than  the  interior  and  opposite  angle,  the  exterior  angle  BDC 
of  the  triangle  CDE,  is  greater  than  CED  :  for  the  same  rea- 
son, the  exterior  angle  CEB  of  the  triangle  ABE,  is  greater 
than  BAC :  and  it  has  been  demonstrated,  that  the  angle  BDC 
is  greater  than  the  angle  CEB ;  much  more  then  is  the  angle 
^  BDC  greater  than  the  angle  BAC.  Therefore,  if  from  the  ends 
of,  &c«     Q.  B.  D. 

PROPOSITION  XXII. 

Pbob. — To  make  a  triangle  of  which  the  sides  shall  be  equal  See  N. 
to  three  given  straight  lines,  but  any  two  whatei^er  of  these 
must  be  greater  than  the  third  *.  *  20.  i. 

Let  A,  B,  C  be  the  three  given  straight  lines,  of  which  any 
two  whatever  are  greater  than  the  third;  viz.  A  and  B  greater 
than  C ;  A  and  C  greater  than  B ;  and  B  and  C  gireater  than 
A ;  it  is  required  to  make  a  triangle,  of  which  the  sides  shall 
be  eqoal  to  A,  B,  C,  each  to  each. 

Take  a  straight  line  D£  terminated 
^t  ther  point  D,  but  unlimited  towards 

^»  and  make*  DF  equal  to  A,  FO     d[ t^'IT  ^IJHS        •s.  i. 

^Qal  to  B,  and  GH  equal  to  C  :  from 
^  centre  F,  at  the  distance  FD,  de- 

*^T)e  •  the  circle  DKL  ;  and  from  the  •  s  Pogt. 

•    ^tre  O,  at  the  distance  OH,  describe  *  another  circle  HLK  ;'  •  3  Post. 
^  join  KF»  KG  :  the  triangle  KFG  shall  have  its  sides  equal 
to  the  three  straight  lines  A,  B,  C. 

c  2 


p. 
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•  16  Def. 
f  Constr. 
t  1  Ax. 

•  16Det 

f  CoQstr. 


Because  the  point  F  is  the  centre  of  the  circle  DKL,  FD  is 
equal  *  to  FK ;  but  FD  is  equal  t  to  the  straight  line  A ;  there- 
fore FK  is  equal  t  to  A  :  again,  because  O  is  the  centre  of  the 
circle  LRU,  GH  is  equal  *  to  OK ;  but  OH  is  equal  to  C  ; 
therefore  also  OK  is  equal  to  C :  and  FO  is  equal  f  to  B  ; 
therefore  the  three  straight  lines  KF>  FO,  OK  are  equal  to  the 
three  A,  B,  C :  and  therefore  the  triangle  KFO  has  its  three 
sides  KF,  FO,  OK  equal  to  the  three  given  straight  lines  A, 
B,  C.     Which  was  to  be  done. 


•  22. 1, 


8.1. 


PROPOSITION  XXIII. 

Prob. — At  a  giveti  point  in  a  given  straight  line,  to  fmike  a 
rectilineal  angle  equal  to  a  given  rectilineal  angle. 

Let  AB  be  the  given  straight  line,  and  A  the  given  point  in 
it,  and  DC£  the  given  rectilineal  angle ;  it  is  required  to  make 
an  angle  at  the  given  point  A,  in  the 
given  straight  line  AB,  that  shall  be 
equal  to  the  given  rectilineal  angle 
DOE. 

In  CD,  CE,  take  any  points  D,  £, 
and  join  DE ;  and  make  *  the  triangle 
AFO,  the  sides  of  which  shall  be  equal  to  the  three  straight 
lines  CD,  DE,  EC  ;  so  that  CD  be  equal  to  AF,  CE  to  AG,  and 
DE  to  FO :  the  angle  FAG  shall  be  equal  to  the  angle  DC£.  . 

Because  DC,  CE  are  equal  to  FA,  AG,  each  to  each,  and  tl^ 
base  DE  to  the  base  FO,  the  angle  DCE  is  equal*  to  the  angle 
FAG.  Therefore,  at  the  given  point  A,  in  the  given  straight 
line  AB,  the  angle  FAG  is  made  equal  to  the  given  rectilineal 
angle  DCE.    Which  was  to  be  done. 


SeeN. 


PROPOSITION  XXIV. 

Theor. — If  two  triangles  have  two  sides  of  the  one,  equal  to 
two  sides  of  the  other,  each  to  each,  but  the  angle  contained 
by  the  two  sides  of  one  of  them,  greater  than  the  angle  cat^ 
tained  by  the  two  sides  equal  to  them,  of  the  other,  the  base 
of  thai  which  has  the  greater  angle,  shall  be  greater  than 
the  base  qf  the  other. 


Let  ABC,  DEF  be  two  triangles,  which  have  the  two 
AB,  AC  equal  to  the  two  DE,  DF,  each  to  each ;  viz.  AB  equal 


/ 


mfl  AC'toDF,  but  the  angle  BAC  greater  tlian  tlio 
jglc  EDF  :  the  base  BC  shall  be  greater  than  the  base  EF, 

f  the  two  sides  DE,  DF,  let.Dl!  be  the  side  which  is  not 

^ter  than  the  other  rand  at  the  point  D,  in  the  straight 

e  DE,  make  "  the-angle  EDO  equal  to  the  angle  BAC  ;  unil    ' 

"  c  DO  equal  *  to  AC  or  HE^  anjj  jifliTEG,  OF.  ' 

ecause  AB  isequalt  toDE,  and  ACf  toDO,  the  twosidcs   < 

A\,  AC  are  equal 'to  the  two  ED,  DO,  each  to  each,  and  the   ^ 

ftngle  BAC  is  equal  f  to  the  angle 

EDO ;    therefore   the    base  BC    in 

equal '  to  the  base  CO.     And  be- 

ttooe  DO  is  equal  to  DF,  the  angle 

DFO  is  equal*  to  the  angle  UOP; 

but  the  angle  DGF  is  greater  f  than 

the  fingJe  EOF  ;  tlierefiire  the  angle  DFO  is  greuter  than  EOF ; 

tlieKfare,  much  tnore  Ig  the  angle  EFO.  greater  than  the  angle 

EOF :  «nd  beuiiisc  the  angle'  EFjO  of  the  triangle  EFO,   ia 

greater  than  its  angle  EOF,  and  that  the  greater*  angle  ii   •  13,  I. 

subtended  bjr  the  greater  side,  therefore  the  side  EO  is  greater 

thftn  tlie  side  EF :  but  EO  tvns  proved  to  be  equal  to  Bf ; 

'  «  BC  is  greater  than  EF.     Therefore,  if  two  triangles, 

"-'■-^   ■       ■      ■       ' 

PROPOSITION  XX.V. 

IB. — If  two  Irianglex  have  Itvo  tides  of  the  one,  equal  lo  Sec  N. 

two  ndct  of  the  olher,  each  lo  each,  but  llie  base  of  the  one, 

iter  than  the  bate  of  the  other,  the  angle  contained  bif 

fkc  sides  {if  thai  which  has  Ike  greater  base,  shall  be  greater 

than  the  angle  contained  by  the  sides  equal  to  them,  of  the 

Let  ABC,  DEF  be  two  triangles,  which  have  the  two  sides 
AB,  AC  equal  to  the  two  sides  DE,  DF,  each  to  each  ;  viz.  AB 
eqtud  to  DE,  and  AC  to  DF,  but  the 
hftf«  BC  greater  than  the  base  EF :  the  . 
angle  BAC  shall  be  greater  than  the 
angle  EDF. 

For  if  it  be  not  greater,  it  must 
dthcT  be  equal  to  it,  or  less  than  it : 
but  the  angle  BAC  is  not  equal  to  the  : 


>  the  base  BC  would  be  equal  *  to 
itirc  tLc  an^c  BAC  ia  not  equal  to 
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*  24. 1.        is  it  less,  because  then,  the  base  BC  would  be  lets  *  than  the 

t  Hyp.         base  £F ;  but  it  is  t  not ;  therefore  the  angle  BAC  is  not  less 

than  the  angle  £DF :  and  it  was  shewn,  that  it  is  not  equal 

to  it ;  therefore  the  angle  BAC  is  greater  than  the  angle  EDF. 

Wherefore,  if  two  triangles,  &c.     Q.  «.  d. 


PROPOSITION  XXVI. 

Theor. — If  two  triangles  have  two  angles  qf  the  one,  eqwd 
to  two  angles  of  the  other,  each  to  each,  and  one  side  equml 
to  one  side,  viz,  either  the  sides  adjacent  to  the  equal  angles, 
or  the  sides  opposite  to  equal  angles  in  each,  then  shall  the 
other  sides  be  equal,  each  to  each,  and  also  the  third  angle 
of  the  one,  to  the  third  angle  of  the  other. 

Let  ABC,  D£F  be  two  triangles,  which  have  the  angles 

ABC,  BCA  equal  to  the  angles  DBF,  EFD,  each  to  each,  viz. 

ABC  to  DBF,  and  BCA  to  EFD;  also  one  side  equal  to  one 

side :  and  first,  let  tho^  sides  be 

equal   which   are    adjacent  to  the 

angles  that  at%  equal  in  the  two 

triangles,  viz.  BC  to  EF :  the  other 

sides  shall  be  equal,  each  to  each, 

viz.  AB  to  DE,  and  AC  to  DF,  and 

the  third  angle  BAC  to  the  third  angle  £DF. 

For  if  AB  be  not  equal  to  D£,  one  of  them  must  be  greater 

than  the  other :  let  AB  be  the  greater  of  the  two,  and  make 
t  S.  1.  BO  equal  t  to  DE,  and  join  GC :  therefore,  because  BG  is  equal 

t  Hyp.         to  DE,  and  BC  f  to  EF,  the  twO  sides  GB,  BC  are  equal  to  the 
t  Hyp.         two  DE,  EF,  each  to  each ;  and  the  angle  OBC  is  equal  t  to 

*  4. 1 .  the  angle  DEF ;  therefor^  the  base  GC  is  equal  *  to  the  base 

DF,  and  the  triangle  OBC  to  the  triangle  DEF,  and  the  other 

angles  to  the  other  angles,  efich  to  each,  to  which  the  equal 

sides  are  opposite ;  therefore  the  angle  QCB  is  equal  to  the 

angle  DFE :  but  DF£  is,  by  the  hypothesis,  equal  to  the  angle 

1 1  Ax.         BCA ;  wherefore  alM  the  angle  BCG  is  equal  t  to  dhteogle 

BCA,  the  less  to  thegreater ;  which  is  impossible ; mfk^are 

AB  is  not  unequal  to  ^g£,  that  is,  it  is  equal  to  it :  Siii  BC  V 

f  Hyp.         equal  t  to  EF :  therefore  the  two  AB,  BC  #re  equal  to  the  twA 

t  Hyp.         DE,  £F,  each  to~~  each ;  and  the  angle  ABC  is  equal  t  to  tVe 

*  4. 1.  angle  DEF ;  therefore  the  base  AC  is  equal  *  to  the  base  DF, 

and  the  third  angle  BAC  to  the  third  angle  EDF.    . 
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Next,  let  the  sides  wbich  are  opposite*  to  equal  angles  in 
cadi  triangle  be  eqnal  to  one  another,  viz.  AB  to  DE ;  like- 
wise in  diis  case,  the  other  sides  shall  be  equal,  AC  to  DF, 
and  BC  to  EF ;  and  also  the  third  . 
angle  BAG  to  the  third  angle  EDF. 

For  if  BC  be  not  equal  to  EF,  let 
BC  be  the  greater  of  tluom,  and  make 

BH  equal  t  to  EF,  and  join  AH  ;  and       L ^^    ^ ^    t  »•  1' 

because  BH  is  equal  to  £P,  and  AB 

tot  D£,  the  two  AB,  BH  are  equal  to  the  two  DE,  EF,  t  Hyp. 
eadi  to  each ;  and  thej  contain  equal  f  angles ;    therefore  f  Hyp. 
the  base  AH  is  equal  t  to  the  base  DF,  and  the  triangle  ABH  t  4<  l* 
to  the  triangle  DEF,  and  the  other  angles  to  the  other  an- 
gles, each  to  each,  to  which  the  equal  sides  are  opposite; 
therefore  the  angle  BHA  is  equal  to  the  angle  EFD;  but 
EFD  is  equal  t  to  the  angle  BCA ;  therefore  also  the  angle  f  Hyp. 
BHA  is  equal  t  to  the  angle  BCA ;  that  is,  the  exterior  angle  f  l  Ax. 
BHA  of  the  triangle  AHC,  is  equid  to  its  interior  and  opposite 
angle  BCA  ;  which  ia^impossible  * :    wherefore  BC  is  not  un-  *  16*  i* 
equal  to  EF,  that  is,  it  is  equal  to  it :  and  AB  is  equal  t  to  f  Hyp. 
DE  ;  therefore  the  two  AB,  BC  are  equal  to  the  two  DE,  EF, 
each  to  each  ;  and  they  contain  f  equal  angles :  wherefore  the  f  Hyj). 
base  AC  is  equal  t  to  the  base  DF,  and  the  third  angle  BAC,   f  4.  I- 
to  the  third  angle  EDF.     Therefore,  if  two  triangles.  Sec.      r       , 

Thkor. — If  a  Mtraighl  line,  foiling  upon  two  olhet'  straight 
HneSj  make  ike  aUernale  angles  equal  to  one  another,  these 
two  straight  lines  shaU  he  parallel. 

Let  the  straight  line  EF,  which  falls  upon  the  two  straight 
lines  AB,  CD,  make  the  alternate  angles  AEF,  EFD  equal  to 
one  another :  AB  shall  be  parallel  to  CD. 

For  if  it  be  not  parallel,  AB  and  CD, 
being  produced,  will  meet  either  towards 
B>  D,  or  towards  A,  C :  let  them  be  pro- 
dnoad  and  meet  towards  B,  D,  in  the  point 
10 ;  therefore  GEF  is  a  triangle,  and  its  exterior  angle  AEF  is 
greater  *  than  the  interior  and  opposite  angle  EF6  ;  but  it  is   •  16.  l. 
also  equal  t  to  it ;  which  is  impossible ;  therefore,  AB  and  CD,  f  Hyp. 
being  produced,  do  not  meet  towards  B,  D.     In  like  manner 


M 
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it  may  be  demonfitfaied,  that  they  do  not  meet  toward?  A,  C^: 
bat  those  straight  lines  which  meet  neither  way^  though  pti^ 
•  85  Dcf.      duced  ever  so  far,  are  parallel  *  to  one  another :  therefore  AB 
is  parallel  to  CD.  Wherefore^  if  a  straight  line^  &c.     Q.  b.  d^ 

PROPOSITION  XXVIII. 

Theor. — If  a  straight  line.  Jailing  upon  two  other  HrmgM 
lines,  make  the  exterior  angle  equal  to  the  interior  and 
opposite  upon  the  same  side  of  the  line,  or  make  the  interhr 
angles  upon  the  same  side  together  equal  to  two  right  angles, 
the  two  straight  lines  shall  be  parallel  to  one  another. 

Let  the  straight  line  EF,  which  falls  upon  the  two  straight 
lines  AB^  GD>  make  the  exterior  angle 
EOB  equal  so  the  interior  and  opposite 
angle  OHD  upon  the  same  side  ;  or  make 
the  interior  angles  on  the  same  side>  BOH, 
GHD  together  equal  to  two  right  angles : 
AB  shall  be  parallel  to  CD. 
f  Hyp.  Because  the  angle  EGB  is  equal  t  to  the 

*  16. 1.         angle  OHD,  and  the  angle  EOB  is  equal  * 

1 1  Ax.  to  the  angle  AOH,  therefore  the  angle  AOH  is  equal f  to  the 
angle  OHD;  and  they  are  the  alternate  angles ;  therefore  AB 

*  87. 1.  is  parallel  *  to  CD.    Again,  because  the  angles  BOH,  Off  D  are 

*  Hyp.  equal  *  to  two  right  angles,  and  that  AOH,  BOH  are  also 

*  IS.  I.  equal  *  to  two  right  angles,  therefore  the  angles  AOH,  BOH 
f  1  Az.  are  equal  t  to  the  angles  BOH,  OHD :  take  away  the  common 
1 8  As.  angle  BOH ;  therefore  the  remaining  angle  AOH  is  equal  t  to 

the  remaining  angle  OHD ;  and  they  are  alternate  angles  ; 
1 87. 1.        therefore  AB  is  parallel  t  to  CD.  Wherefore,  if  a  straight  line, 

&C.      Q,  B.  D. 


f 
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PROPOSITION  XXIX. 


See  the  Theor. — If  a  straight  line  foil  upon  two  parallel  straight 

uTiiTpropo-         liti^^f  it  makes  the  alternate  angles  equal  to  one  another  / 

sition.  and  the  exterior  angle  equal  to  the  interior  and  oppoeOe 

upon  the  same  side  ;  and  likewise  the  two  interior  am^9 

upon  the  same  side  together  equal  to  two  right  angles. 

Let  the  straight  line  £F  fisdl  upon  the  parallel  straight  lines 


cTx; 
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:  tliealtemateangles  AOH,  OHDghHUbeequoI  to 
uotb«r;  anil  the  exterior  angle  EOB  shall  l>e  equal  to  the 
|cri«H'  and    o[ipo«ite,   upon   the   same   side, 

tGflD;  and   iht:   two  iaterior  angles   BUH, 
flHD  npon  the  same  side,  shall  be  together 
C^nal  to  two  right  angles. 
For  if  AOIl  be   not  equal  to  OHD,  one 
•£  tli«m  muBt  be  greater  than  the  other ; 
it  AGH  be  the  greater ;  and  because  tbe 
^ngle    AGB    is  greater    than  the   angle    OHD,  add   t 
<f  rhein  the  anglu  BGH  ;  therefore,  tbc  angles  AGH,  uuH 
are  greater  +  than  the  angles  BOH,  OUD :  but  tbe  angles  i  i  As. 
AGH,   BGH  are  equal  •  to  two  right  angles ;  therefore  the   *  13.  I. 
apglea  BQll,  GHD  are  less  than  two  right  angles:  but  those 
straight  lines  which,  with  another  straight  line  falling  upon 
them,  moke  the  interior  angles  on  the  same  side  leas  than 
two  right  angles,  will  meet  '  together  if  continually  produced;    '  18  Ai. 


T^^ 


fttberef 
■iriUti 
^(jpot] 


;forc  the  straight  lines  AB,  CD,  if  produced  fer  enough,  ^■"'e 

but  they  never  meet,  since  they  are  parallel  by  the  ihi,''™o'|>o- 

:he»it;  therefore  the  angle  AGH  is  not  unequal  to  the  >ltion. 
BDgle  GBD,  ttiat  is,  it  is  equal  to  it:    but  the  angle  AGH  ia  .■  , 

equal  •  to  the  angle  EGB  ;  therefore  likewise  EGB  is  cqiial  +  •  15,  ^i  jj.» 

ta  GBD  :  add  to  each  of  these  the  angle  BGH ;  therefore  the  t  >  -A*^  j  . 

angles  EGB,  BGH  are  equal  t  to  the  angles  BOH,  GHD :  but  f2  AxT 

EGB,  BOH  arc  equal*  to  two  right  angles;  therefore  also  •  13. 1,  ^j  , 

BGH,  GHD  are  equal  f  to  two  right  angles.     Wherefore,  if  a  f  '  **■,«  • 
,t  line,  &C. 


PROPOSITION  XXX. 

■OE. — Straight  Unet  ivhich  are  jtaraUcl  lo  the  tame  straight 
line,  tire  parallel  lo  each  other. 

IJet  AB,  CD  be  each  of  them  parallel  to  EF :  AB  shall  be 
lei  to  CD. 
'  Let  the  utraight  line  GlIK  cut  AB,  EF, 
D:  ftod  because  GHK  cuta  the  parallel 
itnJght  lines  AB,  EF,  the  angle  AGH  is 
e^ul  *  to  tbe  angle  GHF.  Again,  because 
I      tluB  straight  line  GE   cuta   the   parallel 

I  night  lines  EF,  CD,  the  angle  GHF  is  equal  "  to  the  angle   ' 
y  ntnnilit  was  fthawiij  that  the  angle  AQKiaegnol  to  the  angle 
L? 


26  Euclid's  SLEMSNTti. 

t  1  Ax.         OHF ;  therefore  also  AOK  is  equal  +  to  OKD  :  and  they  are 

•  27. 1.         alternate  angles ;  therefore  AB  is  parallel  *  to  CD.    Where- 

fore, straight  lines,  &c«     q.  e.  d. 

PROPOSITION  XXXI. 

Prob. — To  draw  a  straight  line,  through  a  given  point,  pa^ 

rallel  to  a  given  straight  line. 

Let  A  be  the  given  point,  and  BC  the  given  straight  line  ; 
it  is  required  to  draw  a  straight  line  through  the  point  A, 
parallel  to  the  straight  line  BC. 

In  BC  take  any  point  D,  and  join  AD ;  ,,  a  ir 
and  at  the  point  A,  in  the  straight  line  AD,      ~ ~7 

•  28. 1.         make*  the  angle  DAE  equal  to  the  angle  / 

ADC ;  and  produce  the  straight  line  EA  to      ^     ^^  ^ 

F  :  £F  shall  be  parallel  to  BC. 

Because  the  straight  line  AD,  which  meets  the  two  straight 
lines  BC,  £F,  makes  the  alternate  angles  £AD,  ADC  equal  to 

•  27.  1.        one  another,  EF  is  parallel  *  to  BC.      Therefore  the  straight 

line  EAF  is  drawn  through  the  given  point  A,  parallel  to  the 
given  straight  line  BC.     Which  was  to  be  done. 

PROPOSITION  XXXII. 

Theor. — If  a  side  of  anif  triangle  he  produced,  the  exterior 
angle  is  equal  to  the  two  interior  and  opposite  angles  ;  and 
the  three  interior  angles  of  every  triangle  are  equal  to  two 
right  angles. 

Let  ABC  be  a  triangle,  and  let  one  of  its  sides  BC  be  pro- 
duced to  D ;  the  exterior  angle  ACD  shall  be  equal  to  the  two 
interior  an'd  opposite  angles  CAB,  ABC ;  and  the  three  interior 
angles  of  the  triangle,  viz.  ABC,  BCA,  CAB  shall  together  be 
equal  to  two  right  angles. 

Through  the  point  C,  draw  CE  pa- 

•  31.  I.         rallel*  to  the  straight  line  AB:  and 

because  AB  is  parallel  to  CE,  and  AC 
meets  them,  the  alternate  angles  BAC, 

•  29. 1.        ACE  are  equal  ^.    Again,  because  AB 

is  parallel  to  CE,   and  BD   falls  upon  them,  the  'exterior 
t  29.  1.        angle  BCD  is  equal  t   to  the  interior  and  opposite  angle 
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ABC:    but   the  angle    ACE   was   shcwu  to  be  equal   to  the 
■Bgle  BAC  ;  therefiire  the  wlialc  £xterior.aiigle  ACIJ  is  equal  +   I 
to  the  two  iiitcriur  and  opposite  nnglos  CAB,  ABC :  to  each 
of  these  equals  add   the  angle  ACB  ;  and   the  angles  ACD, 
ACB  are  cqualt  tothGthreeauglesC3A,BAC,  ACB;  but  the   | 
angles  ACD,  ACB  are  equal  *  to  two  right  angles  ;  therefore   ' 
also  the  angles  CBA,   BAC,   ACB  nre  equal  f  to  two  right  1 
angles.     Wherefore,  if  a  side  of  an^  triangle,  &c.     <j.  E.  D, 

Cob.  1.     All  the  interior  angles  of  any  reetilineal  figure, 
tegethef  with  four  right    angles,  are  equal 
to  twice  as  many  right  .angles  as  the  figure 
bas  sides. 

Pot  any  rectilineal  figure  ABCDE,  can  be 
divided  into  as  many  triungles  as  the  figure 
has  sides,  by  draiving  straight  lines  from  a 
point  F  within  the  figure,  to  each  of  its  angles. 
preceding  proposition,  all  the  angles  of  thcst 
equal  to  twice  as  many  right  angles  as  there  are  triangles, 
tbiit  is,  as  there  are  sides  of  the  figure  :  and  the  same  angles 
ftre  equal  to  the  angles  of  the  fip^ire,  together  with  the  angles 
tt  the  point  F,  which  is  the  common  verteic  of  the  triangles ; 
that  is  *,  together  with  four  right  angles.  Therefore  all  the  • 
angles  of  the  figure,  together  with  four  right  angles,  are  equal  ' 
to  twice  as  many  right  augles  as  the  figure  has  aides. 

Con.  2.    All  the  exterior  angles  of  any  rectilineal  figure  are 
tagethcr  equal  to  four  right  angles. 

Because  every  interior  angle  ABC,  with  its  adjacent  exterior 
ABD.is equal*  to  two  right  angles,  there-  ' 

fine  all  the  interior,  together  with  ail  the 
exterior  angles  of  the  figure,  nre  equal  to 
'twice  as  many  right  angles  as  there  arc 
'tides  of  the  figure  ;  that  is,  by  the  forc- 
'{^Dg  corollary,  they  are  equal  to  atl  the 
'iiterior  angles  of  the  figure,  together  with  four  right  angles; 
therefore  atl  the  exterior  angles  are  equal  to  four  right  angles. 


PROPOSITION  XXXIIL 

-I'beob. — The  straight  lines  which  join  the  extremities  of  Itvo 
tqiuil  and  purulUl  slraig/il  lines  lotearda  Ike  same  parts, 
are  alto  thematlres  equal  atid  parnllel. 
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Let  AB,  CD  be  equal  and  parallel  straight  lines,  and  joinea 
towards  the  same  parts  by  the  straight  lines  AC,  BD :  AC, 
BD  shall  be  equal  and  parallel. 

Join  BC :  and  because  AB  is  parallel  to 
CD,  and  BC  meets  them,  the  alternate  an- 

*  29. 1.        gles*  ABC,  BCD  are  equal :  and  because  AB 

is  equal  to  CD,  and  BC  common  to  the  two 

triangles  ABC,  DCB,  the  two  sides  AB,  BC 

are  equal  to  the  two  DC,  CB,  each  to  each  :  and  the  an|^ 

ABC  was  proved  to  be  equal  to  the  angle  BCD;  therefore 

the  base  AC  is  equal   to    the   base    BD,   and  the  triangle 

ABC  to  the  triangle  BCD,  and  the  other  angles  to  the  other 

*  4. 1.  angles*,  each  to  each,  to  which  the  equal  sides  are  opposite : 

therefore  the  angle  ACB  is  equal  to  the  angle  CBD :  and  be- 
cause the  straight  line  BC  meets  the  two  straight  lines  AC, 
BD,  and  makes  the  alternate  angles  ACB,  CBD  equal  to  one 

*  27.  1.        another,  AC  is  parallel  *  to  BD ;  and  it  ^vas  shewn  to  be  equal 

to  it.     Therefore,  straight  lines,  8cc.     q.  £.  d. 

PROPOSITION  XXXIV. 

Theor. —  The  opposite  sides  and  angles  of  paraleliograms  are 
equal  to  one  another,  and  the  diatneter  bisects  them,  iliai  is, 
divides  them  into  two  equal  parts, 

N.B.  A  parallelog^m  !s  a  four-tided  figure,  of  which  the  opposite  sides  ire 
parallel :  and  the  diameter  is  the  straight  line  joining  two  of  its  opposite  anglew 

Let  ACDB  be  a  parallelogram,  of  which  BC  is  a  diameter : 
the  opposite  sides  and  angles  of  the  figure  shall  be  equal  to 
one  another,  and  the  diameter  BC  shall  bisect  it. 

Because  AB  is  parallel  to  CD,  and  BC 

meets  them,  the  alternate  angles  ABC,  BCD 

f  29.  ].         <u*e  equal*  to  one  another :  and  because  AC 

is  parallel  to  BD,  and  BC  meets  them,  the 

*  29. 1.        alternate  angles  ACB,  CBD  are  equal  *  to 

one  another  :  wherefore  the  two  triangles  ABC,  CBD  have  two 
angles  ABC,  BCA  in  the  one,  equal  to  two  angles  BCD,  CBD 
in  the  other,  each  to  each,  and  one  side  BC  common  to  the 
two  triangles,  which  is  adjacent  to  their  equal  angles ;  there- 
fore their  other  sides  are  equal,  each  to  each,  and  the  third 

*  26. 1.        angle  of  the  one,  to  the  third  angle  of  the  other  *,  viz.  the 

side  AB  to  the  side  CD,  and  AC  to  BD,  and  the  angle  BAC 
equal  to  the  angle  BDC :  and  because  the  angle  ABC  is  equal 


fctbc  angle  BCD,  and  the  angb  CBD  to  the  iingle  ACS,  the 

'e  angle  ABD  is  equalt  to  the  whole  angle  ACD ;  and  the  \  S  Ax. 
e  BAC  has  been  shewn  to  be  equal  to  thi;  angle  DDC  i 

refore  the  opposite  aides  and  angles  of  parallelograms  are 

equal  to  one  another.     Also,  their  diameter  bisects  them :  fur 
AB  being  equal  to  CD,  and  BC  common,  the  twu  AB,  BC  are  .  r^i 

equal  to  the  two  DC,  CB,  each  to  each  ;  and  tlie  angle  ABC 
has  been  proved  equal  to  the  angle  BCD:  thereforcj  the  tri- 
angle ABC  is  equal*  to  the  triangle  BCD,  and  the  diameter  BC    '  *■  '■ 
divides  the  parallelogram  ACDB  into  two  equal  parts,    ij.e.d. 


PROPOSITION   XXXV. 

kBOB. — Paridielograms  upon  I  he  name   base,   and   belwcen   Sevfi. 
the  tame  jHiralleh,  are  equal  to  one  anoi/icr. 


A       p       F 
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^Hbbob 

^^^%iet  the  parallelograms  ABCD,  EBCF  be  upon  the  same  hiuo  : 
^HK',  and  between  the  same  parallels  AP,  BC :  the  parulldo-  ' 
^^fcio  ABCD  shall  be  equal  to  the  parallelogram  EBCF,  ' 

If  the  sides  AD,  DF  of  the  parallclt^rams 
ABCD,  DBCF,  opposite  to  the  base  BC,  be  ter- 
'[latcd  in  the  same  point  D,  it  is  plain  that 
h  of  the  parallelograms  'm  double  '  of  the 
agle  BDC ;  and  they  arc  therefore  equal  + 
P  one  another. 

,  if  the  sides  AD,  EF,  opposite  to  the  base  BC  of  the 
ros  ABCD,  EBCF,  be  not  terminated  in  the  same 
,   because  ABCD  is  a  parallelogram,  AD  is  equal'   ' 
ItKi  fur  the  ^me  reason,   EF  is  equal  to  BC;  wherefore 
o  b  equal '  to  EF,  and  D£  is  common  ;  therefore  the  whole,    ' 
Irthc  remainder  AE,  is  equal  *  to  the  whole,  or  the  remaia-   < 
tr  DF :  AB  also  is  equal  t  to  DC ;  therefore  the  two  EA,  AB  \ 
ire  equal  to  the  two  FD,  DC,  each  to  each;  and  the  e 
ugle  FDC  is  equal '  to  the 
ir  EAB  :  therefore  the  base 
L  is  equal  to  the  base  FC, 
B.  tiie  triangle   EAB  equal  * 
'e  triangle  FDC.    Take  the 
'  I  FDC  from  the  trape- 
flABCF,  and  from  the  same  trapezium  take  the  triangle 

i  the  remainders  *  are  equal ;  that  is,  the  paralliilo-   •  3  As. 
PiABCD  is  equal  to  the  parallelogram  EBCF.     Therefore, 
ms  upon  the  same  base,  &c.     q.  e.  d. 


^^V 
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PROPOSITION  XXXVI. 


Theor. — Parallelograms  upon  equal  bases,  and  between  tht^ 
same  parallels,  are  equal  to  one  another. 

Let  ABCD,  EFOH  be  parallelograms  ^ 
upon  equal  bases  BC,  FO^  and  between 
the  same  parallels  AH,  EG :  the  paral- 
lelogram ABCD  shall  be  equal  to  EFOH. 
Join   BE,   CH :  and   because  BC   is 
t  Hyp.         equal  t  to  FO,  and  FG  to  •  EH,  BC  is  equal  to  t  EH ;  and 
t  I  Ax.         ^^^7  ^^^"^  parallels,  and  joined  towards  the  same  parts  by  the 
t  Hyp.         straight  lines  BE,  CH :  but  straight  lines  which  join  the  ex- 
tremities of  equal  and  parallel  straight  lines  towards  the  same 

*  SS.  1.         parts,  arc  themselves  *  equal  and  parallel ;  therefore  EB,  HC 
t  Def.Si.  1.  are  both  equal  and  parallel ;  and  therefore  EBCH  is  at  parallel- 

*  S5. 1.         ogram ;  and  it  is  equal  *  to  ABCD,  because  they  are  upon  the 

same  base  BC,  and  between  the  same  parallels  BC,  AH :  for 
the  like  reason,  the  parallelogram  EFOH  is  equal  to  the  same 
f  1  Ax.         EBCH:  therefore  the  parallelogram  ABCD  is  equal t  to  EFGH. 
Wherefore,  parallelograms,  &c.     q,  e.  d. 

PROPOSITION  XXXVII. 

Theor. — Triangles   upon    the  same  base,  and  between  the 
same  parallels,  are  equal  to  one  another. 

Let  the  triangles  ABC,  DBC  be  upon 

the  same  base  BC,  and  between  the  same 

parallels  AD,  BC :  the  triangle  ABC  shall 

be  equal  to  the  triangle  DBC. 

t  2  Post.  Produce  t  AD  both  ways  to  the  points 

*  31. 1.         £,  F ;  and  through  B,  draw*  BE  parallel  to  CA ;  and  throng 

C,  draw  CF  parallel  to  BD :   therefore  each  of  the  figures 

t Def.Si.  1.  EBCA,  DBCF,  is  af  parallelogram;  and  EBCA  is  equal*  to. 

S5. 1.        DBCF,  because  they  are  upon  the  same  base  BC,  and  between 

the  same  parallels  BC,  £F ;  and  the  triangle  ABC  is  the  half 

*  34. 1.         of  the  parallelogram  EBCA,  because  the  diameter  AB  bisects  * 

it ;  and  the  triangle  DBC  is  the  half  of  the  parallelogram 
DBCF,  because  the  diameter  DC  bisects  it :  but  the  halves  of 

*  7  Ax.        equal  things  are  *  equal ;  tlierefore  the  triangle  ABC  is  equal 

to  the  triangle  DBC.     Wherefore,  triangles^  &c.     Q.  fi.  d. 


X 
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PROPOSITION  XXXVIII. 

Thbor. — Triangles  upon  equal  bases,  and  between  the  same 

parallels,  are  equal  to  one  another. 


\ 


Let  the  triangles  ABC^  DEF  be  upon  equal  bases  BC^  £F, 
and  between  the  same  parallels  BF,  AD :  the  triangle  ABC 
shall  be  equal  to  the  triangle  DEF. 

Produce  t  AD  both  wajs  to  the  points  O^  H  ;  and  through  f  2  Post. 
B,  draw  BO  parallel  *  to  CA^  and  through  ¥,  draw  FH  parallel   •  81. 1, 
to  ED :  then  each  of  the  figures  GBCA^ 

DEFH,  is  a  t  parallelogram ;  and  they    S -4 ^- r^  t  Def.  Si.  I 

are  equal*  to  one  another,  because  they    \     /\      /\     /•S6.I. 
are  upon  equal  bases  BC,  EF,  and  be- 
tween the  suae  parallels  BF,  OH ;  and 
the  trian^e  ABC  is  the  half  of  the  pa- 
rallelogram GBCA,  because  the  diameter  AB  bisects  *  it ;  and  *  S4. ). 
the  triangle  DEF  is  the  half  of  the  parallelogram  D£FH>  be- 
cause the  diameter  DF  bisects  it :    but  the  halves  of  equal 
thinga  are  *  equal ;  therefore  the  triangle  ABC  is  equal  to  the  •  7  Ax. 
triangle  DEF.     Whefefore,  triangles,  &c.     q.  e,  d. 

PROPOSITION  XXXIX. 

THEom. — Equal  triangles  upon  the  same  base,  and  upon  the 
same  side  of  U,  are  between  the  same  parallels. 

Let  the  equal  triangles  ABC,  DBC  be  upon  the  same  base 
BC,  and  upon  the  same  side  of  it :  they  shall  be  between  the 
same  parallels. 

Join  AD :  AD  shall  be  parallel  to  BC.     For  if  it  is  not, 
through  the  point  A,  draw  *  AE  parallel  to  BC,  and  join  EC.  •  si.  t. 
The  triangle  ABC  is  equal  *  to  the  triangle  EBC,  because  they   *  87.  i. 
arc  upon  the  same  base  BC,  and  between  the 
same  parallels  BC,  AE  :  but  the  triangle  ABC     A_^^ 
is  equal  f  to  the  triangle  DBC ;  therefore  also     \^^^\  *T. 

the  triangle  DBC  is  equal  t  to  the  triangle  EBC,      \  >/^\A 
the  greater  to  the  less ;  which  is  impossible ;       b  C 

therefore  AE  is  not  parallel  to  BC.      In  the 
same  manner  it  can  be  demonstrated,  that  no  other  line  but 
AD  it  paraUel  to  BC ;  AD  is  therefore  parallel  to  it.    Where- 
fore, oqual  triangles,  &e.    q.  e.  d. 


kuclid's  blbments. 

PROPOSITION  XL. 

Thbor. — Equal  triangles,  upon  equal  bases  in  the  same 
straight  line,  and  towards  the  same  parts,  are  between  the 
same  parallels* 

Let  the  equal  triangles  ABC,  DBF  be 
upon  equal  bases  BC,  £F>  in  the  same 
straight  line  BF,  and  towards  the  same 
parts ;  thej  shall  be  between  the  same 
parallels. 

Join  AD :  AD  shall  be  parallel  to  BC.     For  if  it  is  not, 

*  81. 1.         through  A,  draw  *  AG  parallel  to  BF,  and  join  OF.     The  tri- 

*  88.  1.       angle  ABC  is  equal  *  to  the  triangle  OEF^  because  thej  are 

upon  equal  bases  BC,  £F,  and  between  the  same  parallels  BF, 
t  Hypb  AO :  but  the  triangle  ABC  is  equal  t  to  the  triangle  DBF ; 
t  1  Ax.  therefore  also  the  triangle  DEF  is  equal  t  to  the  triangle  OEF, 
the  greater  to  the  less ;  which  is  impossible :  therefore  AG  is 
not  parallel  to  BF.  And  in  the  same  manner  it  can  be  de- 
monstrated, that  there  is  no  other  parallel  to  it  but  AD ;  AD 
is  therefore  parallel  to  BF.    Wherefore,  equal  triangles,  &c. 

Q.  IS.  D. 

PROPOSITION   XLI. 

Theor. — If  a  parallelogram  and  a  triangle  be  upon  the  same 
base,  and  between  the  same  parallels,  the  parallelogram  shall 
be  double  of  the  triangle. 

Let  the  parallelogram  ABCD  and  the  triangle  EBC  be  upon 
the  same  base  BC,  and  between  the  same  parallels  BC,  A£ : 
the  parallelogram  ABCD  shall  be  double  of  the 
triangle  EBC. 

*  87. 1.  Join  AC :  then  the  triangle  ABC  is  equal* 

to  the  triangle  EBC,  because  they  are  upon  the 
same  base  BC,  and  between  the  same  parallels 
BC,  AE :  but  the  parallelogram  ABCD  is  double 
of  the  triangle  ABC,  because  the  diameter  AC  divides  it  into 

*  84. 1.        two  equal  *  parts ;  wherefore  ABCD  is  also  double  of  the  tri- 

angle EBC.     Therefore,  if  a  parallelogram,  &c.     q.  e,  d. 

PROPOSITION  XLII. 
Prob. — To  describe  a  parallelogram  that  shall  be  equal  to  a 


given  triangle,  and  haet  out  qf  ilt  aitglet  equal  fu  a  pen 
rtctilineal  angle. 

,  Lvt  ABC  be  the  given  trUngle,  ind  D  ihu  giren  nvtUiDcd 
■pgle ;  it  in  required  tu  describe  b  panllelograin  that  iludl  be 
eqnm]  to  the  gircn  triangle  ABC,  and  have  one  uf  its  BngJe* 
equal  t«  D. 

Biwct*  DC  iu  E.  join  AB,  and  at  the  point  K,  in  tlw  •  lo.  I. 
Btnight  line  EC,  make  *  tlie  angle  CBF  equal  to  P  ;  uul  •  ts.  1. 
tjtroiq^  A,  draw  *  A¥0  pondlel  to  EC,  and  thfuuch  ('.  draw  •  SI.  I. 
CO  pundli-l  tu  EF  ;  therefore  tVXii  inu  t  pondtcli^ratn.   And    T  IM1U.I. 


^  BE  ia  cqiul  t  lo  EC,  the  trkngk- 
ABB  I'l  equal  *  to  the  tmngle  AEC,  since 
tbey  ur  upon  equal  bases  BE,  EC,  and  be- 
tween ibv  siune  |)9ralIeU  Bf',  Afi  ;  there- 
f«rv  ihe  trian(;le  A  RC  is  double  of  the  tri- 
angle AEC :   but  the   [mraUcIogniDi    FI-XU 

•■  likewise  double  *  of  tlio  trJAngla  AEC,  *  * 

•iMcAiise  tbey  are  upon  the  aanie  base  EC,  and  betwnen  ilie 
•Mine  fttrullrli  EC,  AU  ;  therefiire  the  parol  lei  ugralii  FECCr  ■« 
•^nal  \  to  the  triangle  AUr ;  nnd  it  hue  one  uf  its  aaglea  t ' 
TEF  cqilai  f  to  the  given  angle  11 ;  wherefore,  a  parol  lei  ogram  '  ^ 
FECO  hos  been  described  equal  to  the  given  triangle  ABC, 
having  one  of  its  angle*  TEF  equal  to  the  given  ongUi  P. 
AVhich  was  to  be  doTie. 


PROPOiilTION   Xl.Itl. 

^azOB. — The  complementt  ^' Ihe  juiralUlagramt   n 
-     «&>•*<  the  diameirr  o^  itnif  paralleiogram.  are  riftii 

L«t  ABC1>  be  a  parallel ugroiu.  of  which 
lll«  diameter  is  AC;  and  Ell.  OF  parol- 
Idognuns  about  At;,  tha!  it,  Ihrough  rvkich 
AC  pa»»e»  !  and  BK,  KD  the  other  parol- 
lelogronu  which  make  up  tbe  whole  ligiire 
•AaCtf,  which  are  therefore  called  the  eum- 
plentnits  :  the  complement  BK  shall  be  equal  lo  (he  coRipln- 
Bieiit  KO. 

Becaaw  ABCD  is  a  parullelogram,  and  AC  iti  diameter,  tk« 

triangle  ABC  is  equal  "  to  the  triangle  ADC.     Again.  t>eaiuiic   ' 

ESHA  is  a  parallelogmn).  the  diameter  of  which  ia  AK,  the 
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t2  Ax. 


fS  Ax. 


BUCLID8   RLEMENT8. 

triangle  AEK  is  equal  t  to  the  triangle  AHK ;  and  for  the 
same  reason^  the  triangle  KGC  is  equal  to  the  triangle  KFC. 
Therefore,  because  the  triangle  AEK  is  equal  to  the  triangle 
AHK,  and  the  triangle  KOC  to  KFC,  the  triangle  AEK  to- 
gether with  the  triangle  KG€  is  equal  j-  to  the  triangle  AHK 
together  with  the  triangle  KFC  :  but  the  whole  triangle  ABC 
was  proved  equal  to  the  whole  ADC  ;  therefore  the  remaining 
complement  BK  is  equal  t  to  the  remaining  complement  KD. 
Wherefore,  the  complements,  &c.     q.  js.  d. 


•48.1. 


•31.1. 
•  29.  1. 


•  12  Ax. 


•4S.1. 

f  Conitr. 
t  1  Ax. 
•16.  1. 
f  Constr. 

t  1  Ax. 


PROPOSITION  XLIV. 

Prob. — To  a  given  straight  line,  to  apply  a  parallelogram 
which  shall  be  equal  to  a  given  triangle,  and  have  one  of  its 
angles  equal  to  a  given  rectilineal  angle. 

Let  AB  be  the  given  straight  line,  and  C  the  given  triangle^ 
and  D  the  given  rectilineal  angle ;  it  is  required  to  apply 
to  the  straight  line  AB,  a  parallelogram  equal  to  the  triangle 

C,  and  having  an  angle  equal  to  D. 
Make  *  the  parallelogram  BEF6 

equal  to  the  triangle  C,  and  having 
the  angle  £BG  equal  to  the  angle 

D,  so  that  BE  be  in  the  same 
straight  line  with  AB ;  and  pro* 
duce  FG  to  H ;  and  through  A, 

draw  •  AH  parallel  to  BG  or  EF,  and  join  HB.  Then,  because 
the  straight  line  HF  falls  upon  the  parallels  AH,  EF,  the 
angles  AHF,  HFE  are  together  equal  *  to  two  right  angles ; 
wherefore  the  angles  BHF,  HFE  arc  less  than  two  right  angles  ; 
but  straight  lines,  which,  with  another  straight  line,  make  the 
interior  angles  upon  the  same  side  less  than  two  right  angles^ 
do  meet  *  if  produced  far  enough  ;  therefore  HB,  F£  shall 
meet  if  produced ;  let  them  meet  in  K,  and  through  K,  draw 
KL  parallel  to  EA  or  FH,  and  produce  HA,  GB  to  the  points 
It,  M :  then  HLKF  is  a  parallelogram,  of  which  the  diameter 
is  HK ;  and  AG,  ME  are  parallelograms  about  HK  ;  and  LB, 
BF  are  the  complements ;  therefore  LB  is  equal  *  to  BF :  bat 
BF  is  equal  t  to  the  triangle  C  :  wherefore  LB  is  equal  t  to 
the  triangle  C  :  and  because  the  angle  GBE  is  equal  *  to  the 
angle  ABM,  and  likewise  t  to  the  angle  D,  the  angle  ABM  is 
equal  t  to  the  angle  D.     Therefore,  to  the  straight  line  AB, 


BOOK   I.      PROP.  XLV. 

D  pttrallelf^nm  LB  is  applied,  cqnal  to  the  triangle  C,  end 
liHTiag  the  angle  ABM  equal  to  the  angle  D.  Which  w-as  to 
be  done. 

»  PROPOSITION   XLV. 

iOB. — To  describe  a  para/lelograin  equal  lo  a  givm  recti-   See  N. 
Uitealjigurc,  and  having  an  angle  equal  to  a  given  recti- 
lineal angle. 

Let  ABCD  be  the  given  rectilineal  figure,  and  E  the  given 
rectilineal  angle;  it  is  required  to  describe  a  parallelogram 
■Mnal  to  ABCD,  and  having  an  angle  equal  to  E. 
^^  Join  DB  ;  and  describe*  the  parallelogram  FU  equal  tu  the  *  43. ). 
^BDongle  ADB,  and  having  the  angle  PKU  equal  to  the  angle 
BB;  and  to  the  straight  line  GU,  apply'  the  parnllelugrani   *  41. 1. 
Won  equal  to  the  triangle   DBC,   having  the  angle  OHM  equal 
E^>l«  the  angle  E:  the  figure  FKML  shall  be  the  parnllclogrsm 
required. 

Because  the  angle   E  is  equal  t  tu  each  of  the  angles  KKU,   f  Conttr 
GUM,   the  angle   PKH   is  equal  +   to   OHM:   add  to  each  of  i 
lliese  the  angle  KHOj  therefore  the  angles  FKU,  K HO  are 
equal  +  to  the  angles  KHG,  OHM: 
but  FKII,  KUO  are  equal'  to  two 
right  angles ;    therefore  also  KHG, 
OHM    arc    equal   t    to    twi>    right 
anglea :    and   because   at  the  puint 
H,  in  the  straight  line  GH,  the  two 
straight   lines   KH,    HM,    upon    the 
opposite  sides  of  it,  make  the  adjacent  angles 
right  angles,    KO  ia  in  the  same  Btraight  Hn( 
and  because  the  straight  tine  HO  meets  the  parallels  EM, 
FG,  the  alternate  angles  MHO,  HOF*  are  equal;  add  tu  each  ' 
of  these  the  angle  HGL  ;  therefore  the  angles  MHO,  HOI.  are 
tqaal-t  to  the  angles  HOF,  HGL:   hut  the  angles  MHO,  HGL   -j 
■re  equal  *  to  two  right  angles ;  wherefore  also  the  angles  ' 
HOF,  nOL  are  equal  +  to  two  right  angles,  and  therefore  FG  1 
ii  in  the  same  straight  Unci-  withGL:  and  because  KF  is  ] 
pnaUel  lo  Hot,  and  HO  to  ML,  KF  is  parallel  '  to  ML:   i 
Ud  KM,  FL  arc  +  parallels  ;   wherefore  KFLM  is  +  n  pa-   ! 
tallelngram  :   and  because  the  triangle  ADD   is   equal  to  the   ■\ 
plraUfli^^m   HF  f ,    and   the   triangle  DBC   to  the  paral-  i 
Uogram  GM  ;   the   whole   rectilineal  figure  ABCD  is  equal  f    1 


vith   I!.M: 
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44.  1. 


to  the  whole  paraUelogram  KFLM.  Therefore,  the  paral- 
lelogram KFLM  has  been  described  equal  to  the  given  rec- 
tilineal figure  ABCD,  having  the  angle  FKM  equal  to  the 
given  angle  £.     Which  was  to  be  done. 

Cor.  From  this  it  is  manifest,  how,  to  a  given  straight 
line,  to  apply  a  parallelogram,  which  shall  have  an  angle 
equal  to  a  given  rectilineal  angle,  and  shall  be  equal  to  a 
given  rectilineal  figure ;  viz.  by  applying  *  to  the  given 
straight  line  a  parallelogram  equal  to  the  first  triangle  ABD, 
and  having  an  angle  equal  to  the  given  angle. 


PROPOSITION  XLVI. 


♦  11.1. 
•S.  1. 

•  31.  1. 

f  Dei:  34.1. 
♦34.  1. 

f  Cooitr. 

t  I  Ax. 


•  29.  1. 

f  Constr. 

tSAx. 

•  34.  1. 

t  1  Ax. 
fSODef. 


Prob. — To  describe  a  square  upon  a  given  straight  line. 

Let  AB  be  the  given  straight  line ;  it  is  required  to  de- 
scribe a  square  upon  AB. 

From  the  point  A,  draw  *  AC  at  right  angles  to  ABj  and 
make  *  AD  equal  to  AB ;  through  the  point  D,  draw  D£  pa- 
rallel* to  AB;  and  through  B,  draw  BE  parallel  to  AD; 
therefore  ADEB  is  a  f  parallelogram :  whence  AB  is  equal  * 
to  DE,  and  AD  to  BE :  but  BA  is  equal  f  to  q 
AD ;  therefore  the  four  straight  lines  BA, 
AD,  DE,  £B  are  equal  \  to  one  another,  and 
the  parallelogram  ADEB  is  equilateral :  like- 
wise all  its  angles  are  right  angles ;  for,  since 
the  straight  line  AD  meets  the  parallels  AB,  DE, 
the  angles  BAD,  ADE  are  equal  *  to  two  right 
angles :  but  BAD  is  a  f  right  angle ;  therefore  also  ADE  is 
a  f  right  angle :  but  the  opposite  angles  of  parallelograms  * 
are  equal ; .  therefore  each  of  the  opposite  angles  ABE^  BED 
is  a  f  right  angle ;  wherefore  the  figure  ADEB  is  rectangular : 
and  it  has  been  demonstrated  that  it  is  equilateral ;  it  is 
therefore  a  f  square,  and  it  is  described  upon  the  given 
straight  line  AB.     Which  was  to  be  done. 

Cor.    Hence,  every  parallelogram  that  has  one  right  angle, 
has  all  its  angles  right  angles. 


PROPOSITION  XLVII. 


Theor. — In  any  right-angled  triangle,  the  square  which  is 
described  upon  the  side  subtending  the  right  angle,  is  equal 


rnup.  nr.vir.  xl^ 


ht  iAe  t^uaret  detcrihrd  upon  tkt  tide*   which  fonl 
rigAtamgU. 


Let  ABC  b*  B  r)glit>atigleil  triangle,  harinfc  the  right  iag\<t 
iC  •  thi:  (quare  iIeMri))od  upon  the  (idc  B<^  iHmll  be  equal 
Uw  iquftrea  dcscribetl  upuii  BA,  AC. 
.    On  BC  describe  *  Uie  Miuarc  BDEC ;  Aiid  on  BA,  AC,  the 
^gmra  OB,  tic ;  and  thruugh  A,  dnw  *  AL  parmllcl  to  BO, 
«r  CE,  and  jiun  AD,  FC.     Then,  Iimiium  the  angle  BAC  i*  af 
ngbt  angle,  and  that  the  angle  BAH  ia  aliia  a  *  right  angle,  the 
two  straight  lines  AC',  AO  upon  the  up- 
posite  sides  of  AB,  make  with  it  at  the 
|Kiint  A,  the  udjiieent  angles  equal  to 
two  right  angles :    therefore  CA  {>  in 
die  tame  atniight  line  *  with   AO  :    fur 
the  same  reanoD,  AB  and  All  are  in  tKe 
aame  stnughl  line.      And  becaUHC  the 
Snglc  DBC  ia  equal  ^  tu  the  angle  FB.\, 
each  nf  them  being  n  right  f  angle,  add 
to  each  the  angle  ABC;  therefore  the  whole  angle   DBA  ia 
equal  *   to  the   whole   FBC. :   and  benune  the  tivu  Mdei  AB,    * 
BU  ore  equal  t  to  the  twn  FB,  Bt,  euch  to  each,  und  the  angle   t 
DBA  equal  to  the  angle  FBI',  thi-refnc  the  baiw  AD  is  ei|ua]  *    * 
to  the  hue  FC,  and  the  triangle  ABO  to  the  triangle  PBC: 
now  the  parallelu-^rsni  BL  in  double  '  of  the  triangle  ABI),    * 
because  they  are  upon  the  lame  Ihuw  BU,  tud  heiwe«n  the 
same  panlleU  BD,   AI> ;  and  the  Mjuore  OB  i«  double  of  the 
triangle  FBI',  becnnac  these  nhu>  art-  upon  the  same  tnue  FB. 
and  between  the  aame  paralleU  FB,  OC  :  but  the  douldca  nf 
equals  aiv  equal  *  to  one  another ;  therefore  the  parallelo-    • 
gram  Bl,  is  equal  to  the  square  IIB.     In  the  same  manner, 
by  joining  AG,    BK,   it  cnn  b^  demon Ktrated,  th.'it  the  poral- 
l^egram  CL  is  equal  to  the  i^uaic  lIC  ;  therefore  the  whole 
Mjtura  BDEC  is  equal  f  to  the  two  tMiusren  OB,  BC :  and  the  t 
square  BDEC  is  deHcribed  upon  the  straight  line  BC,  and  the 
aqnare*  OB,   IK.',  u]ian   BA,  AC  ;  therefore,   the  square  npoo 
tho  thle  BC,  is  equal  to  the  iqunrei)  upon  the  sidm  BA,  A('. 
Thgwfae,  in  any  right-angled  trisiigle,  &c.     if.  a.  n, 

PROPOSITION    XLVril. 

ThkHI. — If  Ike  tqvare  dtxcrtbrd  upon  oxr  of  thr  liHri  nf  a 
triangle,  he  tqnoi  to  ikt  tifiarct  dtmribed  h/khi  lit  d her 
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•1.1. 

ts.  1. 


t2  Ax. 
♦47.1. 
f  Constr. 


t  1  Ax. 

f  Constr. 


•8.1. 
f  Conttr. 
t  1  Ax. 


Irvo  sides  of  it,  the  angle  contained  by  these  two  sides  is  a 
right  angU. 

Let  the  square  described  upon  BC,  one  of  the  sides  of  the 
triangle  ABC,  be  equal  to  the  squares  upon  the  other  sides 
BA,  AC :  the  angle  BAC  shall  be  a  right  angle. 

From  th^  point  A,  draw  *  AD  at  right  angles  to  AC^  and 
make  f  AD  equal  to  BA,  and  join  DC.  Then,  because  DA  is 
equal  to  AB,  the  square  of  DA  is  equal  to  the  square  of  AB  : 
to  each  of  these  add  the  square  of  AC ;  therefore  the  squares 
of  DA,  AC  are  equal  f  to  the  squares  of  BA, 
AC :  but  the  square  of  DC  is  equal  *  to  the 
squares  of  DA,  AC,  because  DAC  is  at  right 
angle ;  and  the  square  of  BC,  by  hypothesis, 
is  equal  to  the  squares  of  BA,  AC ;  therefore  the 
square  of  DC  is  equal  t  to  the  square  of  BC ; 
and  therefore  also  the  side  DC  is  equal  to  the  side  BC.  And 
because  the  side  DA  is  equal  f  to  AB,  and  AC  common  to  the 
two  triangles  DAC,  BAC,  the  two  DA,  AC  are  equal  to  the 
two  BA,  AC,  each  to  each ;  and  the  base  DC  has  been  proved 
equal  to  the  base  BC  :  therefore  the  angle  DAC  is  equal  *  to 
the  angle  BAC  :  but  DAC  is  a  t  right  angle ;  therefore  also 
BAC  is  a  t  right  angle.    Therefore,  if  the  square,  &cc*  q.  s.  d. 
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DEFINITIONS. 


I.  Every  right-angled  parallelogram,  or  rectangle,  is  said  to 
be  contained  by  any  two  of  the  straight  lines  which  contain 
one  of  the  right  angles. 

II.  In  every  parallelograni,  any  of  the  parallelograms  about 
a  diameter,  together  with  the  two  com- 
plements, is  called  a  Gnomon.     '  Thus 
'  the  parallelogram  HG,  t(^ether  with 

•  the  complements  AF,  FC,  is  the  gno- 

*  mon,  which  is  more  briefly  expressed 
'  by  the   letters  AOK,  or  EUC,  which 

'  arc  at  the  opposite  angles  of  the  parallelograms  which 
'  make  the  gnomon.' 

PROPOSITION  I. 

Theorem. — If  there  be  two  straight  lines,  one  qf  which  is  di-' 
vided  into  any  number  qf  parts,  the  rectangle  contained  by 
the  two  straight  lines,  is  equal  to  the  rectangles  contained  by 
the  undivided  line,  and  the  several  parts  qf  the  divided  line. 

Let  A  and  BG  be  two  straight  lines ;  and  let  BC  be  di- 
^ded  into  any  parts  in  the  points  D,  £ :  the  rectangle  con-*- 
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tained  by  the  straight  lines  A^  BG^  shall  be  equal  to  the  rect- 
angle contained  by  A,  BD,  together  with  that  contained  by 
A^  D£^  and  that  contained  by  A,  EC. 

•  11. 1.  From  the  point  B,  draw  *  BF  at  right 

•  S.  1.  angles  to  BC,  and  make  BG  equal  *  to  A ; 
•31.1.  and  through  O,  draw*  GH  parallel  to 
•81.1.         BC;  and  through  D,  E,  C,   draw*  DK,      ^ 

EL,  CH  parallel  to  BG :  then  the  rectangle       f' 
BH  is  equal  to  the  rectangles  BK,   DL, 
EH :  but  BH  is  contained  by  A,  BC,  for  it  is  contained  by 
t  Constr.       GB,  BC,  and  GB  is  equal  t  to  A ;  and  BK  is  contained  by  A, 
BD,  for  it  is  contained  by  GB,  BD,  of  which  GB  is  equal  to 

•  S4. 1.         A ;  and  DL  is  contained  by  A,  DE,  because  DK,  that  is  *  BO^ 

is  equal  to  A  ;  and  in  like  manner  the  rectangle  EH  is  con- 
tained by  A,  EC :  therefore  the  rectangle  contained  by  A, 
BC,  is  equal  to  the  several  rectangles  contained  by  A,  BD, 
and  by  A,  DE,  and  by  A,  EC.  Wherefore,  if  there  be  two 
straight  lines,  &c.     g.  e.  d. 

PROPOSITION   II. 

Theor. — IJ^a  straight  line  be  divided  into  any  two  parts,  the 
rectangles  contained  by  the  whole  and  each  of  the  parts,  are 
together  equal  to  the  square  of  the  whole  line. 

Let  the  straight  line  AB  be  divided  into  any  two  parts  in 
the  point  C  :  the  rectangle  contained  by  AB,  BC,  together 
with  the  rectangle  %  AB,  AC,  shall  be  equal  to  the  square 
of  AB. 

•  46. 1.  Upon  AB  describe*  the  square  ADEB ;  and 

•  81. 1.         through  C,  draw  •  CF,  parallel  to  AD  or  BE  : 

then  A£  is  equal  to  the  rectangles  AF,  CE : 
but  AE  is  the  square  of  AB ;  and  AF  is  the 
rectangle  contained  by  BA,  AC,  for  it  is  con-      D        F  E 
t  80  Def.      tained  by  DA,  AC,  of  which  AD  is  equal  t  to 

AB  ;  and  CE  is  contained  by  AB,  BC,  for  BE  is  equal  to  AB : 
therefore  the  rectangle  contained  by  AB,  AC,  together  with 
the  rectangle  AB,  BC,  is  equal  to  the  square  of  AB.  If,  there- 
fore, a  straight  line,  &c.     q.  e.  d. 

\  K.B. — To  avoid  repeating  the  word  contained  too  frequently,  the  rect- 
angle contained  by  two  straight  lines  AB,  AC  is  sometimes  simply  called  the 
recungle  AB,  AC. 
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PROPOSITION  in. 
;    TubOB. — IJ  a  ■etraiglil  line  fie  dividtd  into  any  Iwo  parts,  the 
rtcUiHgle  contained  by  the  tvhole  and  one  o/*  the  parts,  it 
equal  to  the  rectangle  contained  by  the  two  parts,  together 
teitk  Ike  square  of  the  aforesaid  part. 

Let  the  straight  line  AB  be  divided  into  any  two  parts  in 
the  point  C :  tbe  rectangle  AB,  6C  shall  be  equal  to  the 
rectangle  AC,  CB,  together  with  the  square  of  BC. 

Upon  BC,  describe"  the  square  CDEB,  ' 

and  produce  ED  to  F ;  and  through  A, 

draw"  AFparalJeltoCD  or  BE:  then  the 

I   rectangle  AE  is  equal  to  the  rectangles 

CEt  but   AE   is   the  rectangle   con- 

I    tained  by  AB,  BC,  for  it  is  contained  by 

AB,  BE,  of  which  BE  is  equal  t  to  BC  ;  and  AD  is  contained  f  30  Def. 
by  AC,  CB,  for  CD  is  equal  to  CB ;  nnd  DB  is  the  square  of 

BC  :  therefore  the  rectangle  AB,  BC  is  equal  to  the  rectangle 

AC,  CB,  together  tvith  the  square  of  BC.     If,  therefore,  a 
nraight  line,  &c.     e.  k-  o. 

PROPOSITION  IV. 

r  Theoh. — If  a  straight  line  be  divided  into  any  Irpo  parts,  the 
square  of  the  whole  line  is  equal  to  the  squares  of  the  Irvo 
parls,  together  with  Irrtce  the  rectangle  contained  by  the 
parts. 

Let  the  straight  line  AB  be  divided  into  any  two  parts  in 
C;  the  square  of  AB  shall  be  equal  to  the  squares  of  AC, 
CB,  and  to  tniee  the  rectangle  contained  by  AC,  CB. 

Upon  AB,  describe  •  the  square  ADEB,  and  join  BD ;  and    •  t6.  1. 


ind  through   ' 


[  through  C,  draw*  CfsF  parallel  i 

I  O,  draw  HK  parallel  to  AB  or  DE,      And  be- 

I  cause  CF  is  parallel  f  to  AD,  aud   BD  falls 

Dpoa  them,  the  exterior  angle  BOC  is  equal  * 
'   to  the  interior  and  opposite  angle  ADB  ;  but 

ADB  IB  equal  *  to  the  angle  ABD,  because 

BA  is  equal  to  AD  t,  being  sides  of  a  square  ;  f  3< 

wherefore  the  angle  COB  is  equal  t   to  the  angle  CBO ;  and  f  i 


D 

,      B 

3 

therefore  the  side  BC  i 


)  the  side  CO;  but  CB  is 


equal  *  also  to    QK,  und  Ct>  to  BK ;  wherefore  the   figure   *  St.  I 
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1 1  Ax.  COKB  is  t  equilateral :  it  is  likewise  rectangular ;   for^  Mince 

CO  is  parallel  to  BK^  and  GB  meets  them^  therefore  the  amgles 

f  29. 1.  KBC^  0€B  are  equal  t  to  two  right  angles:  but  KBC  is  a  t 

t  ^  ^^*  right  angle ;  wherefore  GCB  is  a  t  right  angle :  and  there- 

*  Si.  l!  ^^^^  ^^^  ^^^  angles  *  CGK^  QKB,  opposite  to  these  are  right 
and  1  Ax.  angles ;  and  therefore  CGKB  is  rectangular ;  but  it  is  also 
f  so  Def.  equilateral,  as  was  demonstrated ;  wherefore  it  is  a  t  square, 

and  it  is  upon  the  side  CB  :  for  the  same  reason  HF  also  is  a 

f  S4.  ].         square,  and  it  is  upon  the  side  HG,  which  is  equal f  to  AC: 

therefore  HF,  CK  are  the  squares  of  AC,  CB :  and  because  the 

•  4S.  1.  complement  AG  is  equal  *  to  the  complement  G£,  9nd  that 
f  so  Dd,  AG  is  the  rectangle  contained  by  AC,  CB,  for  GC  is  equal  t 
t  1  Ax.        to  CB,  therefore  G£  is  also  equal  t  to  the  rectangle  AC,  CB ; 

wherefore  AG,  GE  are  equal  to  twice  the  rectangle  AC,  CB  ; 
and  HF,  CK  are  the  squares  of  AC,  CB ;  wherefore  the  four 
figures  HF,  CK,  AG,  GE  arc  equal  to  the  squares  of  AC,  CB, 
and  to  twice  the  rectangle  AC,  CB:  but  HF,  CK,  AG,  GE 
make  up  the  whole  figure  AD£B,  which  is  the  square  of  AB : 
f  1  Ax.  therefore  the  square  of  AB  is  equal  f  to  the  squares  of  AC> 
CB,  and  twice  the  rectangle  AC,  CB.  Wherefore,  if  a  strught 
line,  &c.     Q,  E,  D, 

Con.  From  the  demonstration  it  is  manifest,  that  paral- 
lelograms about  the  diameter  of  a  square  are  likewise 
squares,    ^x* 

PROPOSITION  V. 

Theob. — If  a  straight  line  be  divided  into  two  equal  parts  and 
also  into  trvo  unequal  parts,  the  rectangle  contained  by  the 
unequal  parts,  together  with  the  square  of  the  line  between 
the  points  of  section,  is  equal  to  the  square  of  half  the  line. 

Let  the  straight  line  AB  be  divided  into  two  equal  parts 
in  the  point  C,  and  into  two  unequal  parts  at  the  point  D : 
the  rectangle  AD,  DB,  together  with  the  square  of  CD,  shall 
be  equal  to  the  square  of  CB. 

•  46. 1.  Upon  CB,  describe  *  the  square  CEFB, 
•SI.  1.        join  BE:  and  through  D,  draw*  DHG 

parallel  to  C£  or  BF ;  and  through  H, 

draw  KLM  parallel  to  CB  or  EF  ;  and  ^ — ^-^ 

also  through  A,  draw  AK  parallel  to 

*  is.  1.         CL  or  BM.     And  because  the  complement  CH  is  equal  *  to 

the  complement  HF,  to  each  of  these  add  DM  ;  therefore  the 


whole   CM  is  equal  +   to   the  whole  DF :   but  CSI  is  equal  *    t  8  Ax. 
to  AL,   because  AC  is  equal  +  to  CB  ;  therefore  also  AI.  U   !  fj':  '" 
equal  t    to   DF :  to  each  of  these   add    CH,   and   the    whole   \  |  Ax. 
AS  is  equal f  to   DF   and   CH:  but  AH   is   the  rectangle  f&Ai. 
contained  by  AD,  DB,  for  DH  is  equal  •  to  DB ;  and  DF  to-  •  Cor.  ♦.  e. 
gcther  with  CII  is  the  gnomon  CMG  (  therefore  the  gnomon  *  '"  ^'^' 
GMO  is  equal  t  to  the  rectangle  AD,  DB :  to  each  of  these  add  t  '  Ai. 
LG,   which   is  equal*    to  the  square   of  CD;    therefore   the   •Cnt.  l.S. 
goouioD  CMO,  together  with  LO  is  equal  t  to  the  rectangle  TgAx.'" 
AD,  DB,  together  with  the  square  of  CD :  but  the  gnomon 
CMG  and  LO  make  up  the  whole  figure  CEFB,  which  ia  the 
Kquare  of  CB  ;  therefore  the  rectangle  AD,  DB,  together  ivith 
the  square  of  CDj  is  equal  to  the  square  of  CB.     Wherefore, 
if  a  straight  line.  Sec.     Q.  E.  D. 

From  this  proposition  it  ia  manifest,  that  the  difference  of 
the  squurcR  of  two  unequal  lines,  AC,  CD,  ia  equal  tu  the  rect- 
aiigle  cuntaiued  by  their  sum  and  difference. 

PROPOSITrON  VI.    ■ 

Tbeor. — If  a  ttraighl  tine  be  bisecled,  and  produced  lo  oHy 
point,  the  rectangle  conlainett  ht/  the  whole  line  thus  pro- 
duced,  and  the  part  of  It  produced,  together  with  the  square 
of  half  the  Ihie  bisected,  U  equal  to  the  square  of  the  straight 
line  ivhieh  is  made  up  of  the  half  and  the  part  produced. 

Ziet  the  Blruight  line  AB  be  bisected  in  C,  and  produced  to 
the  point  D :  the  rectangle  AD,  DB,  together  with  the  square 
of  CB,  shall  be  equal  to  the  square  of  CD. 

Upon  CD,  deacrilK;'' the  square  CEFD,  A  C  B  D 
join  DE  ;  and  through  B,  draiv  *  BUG 
pftDillel  to  TE  or  DF  ;  and  through  H, 
dtaw  KI..M  parallel  lo  AD  or  EF;  and 
also  through  A,  draw  AK  parallel  to  CL 
or  DM.     And  because  AC  is  equal  t   to  f  Hyp, 

CB,  the  rectangle  AL  is  equal  ■  to  CH  ;  but  CH  is  equal  *  to   'se,  1. 
HF ;  therefore  also  AL  is  equal  f  to  HF  :  to  each  of  these  add   ?  J*^^" 
CM  ;  therefore  the  whole  AM  is  equal  f  to  the  gnomon  CMG  :    \  %  Ax. 
tnit  AM  is  the  rectangle  cuntaineJ  by  AD,  DQ,  tor  DM  is 
equal  *  to  DB  :  therefore  the  gnomon  CMG  is  equal  +  to  the   '  Cor.  i,  B. 
rectangle  AD,  DO :  add  to  each  of  these  LO,  which  is  equal  f  ^  j 


^=^ 


Z!m' 
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t  S  Ax.  gether  with  the  square  of  GB>  is  equal  f  to  the  gnomon  CMO, 
and  the  figure  LG :  but  the  gnomon  CM 6  and  LG  make  ap 
the  whole  figure  C£FD,  which  is  the  square  of  CD ;  therefore 
the  rectangle  AD,  DB>  together  with  the  square  of  CB,  is 
equal  to  the  square  of  CD.    Wherefore,  if  a  straight  line^  &c 

Q.  E.  D. 

PROPOSITION  VII. 

Theor. — If  a  straight  line  be  divided  into  any  two  parts,  the 
squares  of  the  whole  line,  and  of  one  of  the  parts,  are  equal 
to  twice  the  rectangle  cotitained  by  the  whole  and  thai  part, 
together  with  the  square  of  the  other  part. 

Let  the  straight  line  AB  be  divided  into  any  two  parts  in 
the  point  C  :  the  squares  of  AB,  BC  shall  be  equal  to  twice 
the  rectangle  AB,  BC,  together  with  the  square  of  AC. 

•  46.  i.  Upon  AB,  describe  *  the  square  ADEB,  and  construct  the 

figure  as  in  the  preceding  propositions.     And  because  AG  is 

•  i3.  1.         equal*  to  GE,  add  to  each  of  them  CK;  therefore  the  whole 

AK  is  equal  to  the  whole  C£  ;  therefore  AK,  CE  arc  double  of 
AK :  but  AK,  CE  are  the  gnomon  AKF,  to- 
gether with  the  square   CK;    therefore  the 
gnomon  AKF,  together  with  the  square  CK, 
f  ]  Ax.         is  t  double  of  AK :  but  twice  the  rectangle 

•  Cor.  4. 2.  AB,  BC  is  double  of  AK,  for  BK  is  equal  *  to 
&  SO  Def.  gQ .  therefore  the  gnomon  AKF,  together 
f  1  Ax.  ^th  the  square  CK,  is  equal  t  to  twice  the  rectangle  AB,  BC : 
f  Cor.  4.  2.  to  each  of  these  equals  add  HF,  which  is  equal  t  to  the  square 
&  84.  1.  of  AC ;  therefore  the  gnomon  AKF,  together  with  the  squares 
f  8  Ax.         CK,  HF,  is  equal  t  to  twice  the  rectangle,  AB,  BC,  and  the 

square  of  AC :  but' the  gnomon  AKF,  together  with  the  squares 
CK,  HF,  make  up  the  whole  figure  ADEB  and  CK,  which  are 
the  squares  of  AB  and  BC ;  therefore  the  squares  of  AB  and 
BC  are  equal  to  twice  the  rectangle  AB,  BC,  together  with  the 
square  of  AC.     Wherefore,  if  a  straight  line,  &c.     Q.  e,  d. 

PROPOSITION  VIII. 

•  Theor. — If  a  straight  line  be  divided  into  any  two  parts.  Jour 
times  the  rectangle  contained  by  the  whole  line  and  one  ^ 
the  parts,  together  with  the  square  of  the  other  part,  is  equal 
to  the  square  of  the  straight  line  which  is  made  up  qf  the 
whole  and  that  part. 


t  Cor.  *.  «. 
A  SO  Det. 


lA 

i-  liet  the  straiglit  line  AB  be  diriik-il  inta  onjr  two  parts  in 
^  point  C  ;  four  timm  the  rectangle  AB,  DC,  togetti«r  with 
the  square  uf  AC,  shali  be  equal  to  the  aquan?  of  the  itraigfat 
line  made  up  of  AB  and  BC  t<^etber. 

Produce f  AB  to  D,  so  that  BD  be  equal  t  to  CB  ;  and  upon  1 1  Pm. 
AD,  deacribe  +  the  square  AEFD  ;  and  construct  two  Agurvs   J  ^  'j 
such  as  in  the  preceding.      Because  CB  is  eqanl  to  BD,  nod 
that  CB  i^  equal  *  to  UK,  and  BU  to  KN,  therefore  OK  ii   *  St.  I. 
equal  t  to  KN :  for  the  same  reason,  PR  ia  equal  t«  HO :  and  i  1  Ai. 
becauKc  CB  is  equal  to  BD.  and  GK  to  KN,  the  rectangle  CK 
is  equal  '  to  BN,  and  GH  to  RN  :   but  CK  is  equal  "  to  HN,    •  W.  I. 
becauae  they  are  the  complements  of  the  parallelogram   CO  ;    *  *^  '■ 
therefore  also  BN  is  equal  t  to  OR :  therefore  the  four  rcct-  f  I  Ax. 
angles  BN,  CK,  GR,  RN  ore  equal  M  one  unotlicr,  and  so  are 
qnadmple  of  one  of  them  CK.     Agnin,  Ih-cuuhd  CB  iaeqoal  to 

^BD,  and  that  BD  is  equal  *  to  BK,  that  is+,  ''i'L'-JiJ- 

KMCG.and  CB  equal  f  toOK,  that  is  t,  to  OP, 

MSwrefore  CO  is  equal  t  tu  GP  :  and  because 

■'CD  is  equal  to  OP,  and  PR  to  RO,  the  rect- 

B'Mlgle  AG  is  equal  t  to  MP,  and   PI.  to  HP  : 

~feltt  MP  is  equal*  to  PL,  because  they  are 
the  complements  of  the  [mndlcldgram   MI.  ; 
wherefore  AO  >»  equal  t  a].=o  to  RF  :  tbiTofore  the  four  rect-   f  '  A». 
angles  AO,  MP,  PL,  RF  are  equal  to  one  another,  and   so  an    . 
quadruple  of  one  of  them  AO.     And  it  was  dcmonitnited  that 
the  four  CK,  BN,  OR,  and  HN  are  quadruple  of  CK  :  there- 
fore the  eight  rectangles  which  contain  the  gnnmon  Atill,  are 
qnsdruple  of  AK:   and  because  AK  in  the  rectangle  contained 

^y  AB,  BC,  for  BK,  J  is  equal  to  BC,  therefore  four  times  the 
ingle  AB,  BC,  ia  quadruple  of  AK  :  but  the  gnomon  AOH 
I  demonstrated  to  lie   quadruple  of  AK  ;     therefore   four 

'    tlmea  the  rectangle  AB,  BC,  is  equal  t  to  the  gnomon  AOH  :   t  ■  Ai. 
to  each  of  those  add  XH,  which  is  equal  *  ti>  the  square  of  •  Cur.  4,  (. 
AC  ;  therefore  four  times  tiie  rectangle  AH,  BC,  together  with   »"■*  8*-  '  ■ 
the  square  of  AC,  is  equal  t  to  the  gnomon   AOH   and   the   ^  t  A%. 
square    XII  :     but  the  gnomon  AOH  luid   XII   make  up  (he 
figure  A  Km.  which  is  the  square  of  All;  therefore  four  times 
~  e  rectangle  AB,  BC,  leather  with  the  square  of  AC,  is  equal 
'  e  aqnare  of  AD,  that  is,  of  AB  and  BC  added  together  tn 
ftMraight  line.    ^V'he^eiltre,  if  u  straight  line,  &c.     9.  s.  o. 

.  .,«!,»  BD,l.,BDl.tg'^.«. 
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PROPOSITION  IX. 


Theor. — If  a  straight  line  be  divided  into  two  equal,  and  alto 
into  two  unequal  parts,  the  squares  of  the  two  unequal  parts 
are  together  double  of  the  square  of  half  the  line,  and  of  the 
square  qf  the  Une  between  the  points  of  section, 

"Let  the  straight  line  AB  be  divided  into  two  equal  parts  at 
the  point  C>  and  into  two  unequal  parts  at  the  point  D :  the 
squares  of  AD^  DB^  shall  together  be  double  of  the  squant  of 
AC,  CD. 

•  11. 1.  From  the  point  C,  draw^  C£  at  right  angles  to  AB,  and 
f  S.  I.          make  it  equal  t  to  AC  or  CB,  and  join  EA^  £B  ;  through  D, 

•  SI.  1.         draw  *  DF  parallel  to  CE ;  and  through  F,  draw  FG  parallel  to 

BA ;  and  join  AF.     Then,  because  AC  is  equal  to  CE,  the 

•  5. 1.  angle  EAC  is  equal  *  to  the  angle  AEC :    and  because  the 

angle  ACE  is  a  right  angle,  the  two  others  AEC,  EAC  to- 

*  32. 1.        gether  make  one  *  right  angle  ;  and  they  are  equal  to  one  an- 

other ;  therefore  each  of  them  is  half  of  a  right  angle.     For 
the  same  reason,  each  of  the  angles  CEB,  EBC  is  half  a  right 
angle,  and  therefore  the  whole  AEB  is  a  right 
angle.     And  because  the  angle  GEF  is  half 
a  right  angle,  and  EGF  a  right  angle,  for  it 

*  29.  1.         is  equal  *  to  the  interior  and  opposite  angle 

ECB,  the  remaining  angle  EFG  is  half  a  right 
angle ;  therefore  the  angle  GEF  is  equal  to 

*  6.  1.  the  angle  EFG,  and  the  side  EG  equal  *  to  the  side  GF. 

Again,  because  the  angle  at  B  is  half  a  right  angle,  and  FDB 

•  29. 1.         a  right  angle,  for  it  is  equal  *  to  the  interior  and  opposite 

angle  ECB,  the  remaining  angle  BFD  is  half  a  right  angle ; 
therefore  the  angle  at  B  is  equal  to  the  angle  BFD,  and  the 

*  6«  !•  side  DF  to  *  the  side  DB.     And  because  AC  is  equal  to  CE, 

the  square  of  AC  is  equal  to  the  square  of  CE ;  therefore  the 
squares  of  AC,  CE  are  double  of  the  square  of  AC :  but  the 

*  47. 1.         square  of  A E  is  equal  *  to  the  squares  of  AC,  CE,  because  ACE 

is  a  right  angle ;  therefore  the  square  of  AE  is  double  of  the 
square  of  AC :  again,  because  EG  is  equal  to  GF,  the  square 
of  EG  is  equal  to  the  square  of  GF ;  therefore  the  squares  of 
EG,  GF  are  double  of  the  square  of  GF :  but  the  square  of  SF 
t  47.  1.         is  equal  t  to  the  squares  of  EG,  GF;  therefore  the  square  of 

•  S4.  1.         EF  is  double  of  the  square  of  GF ;  and  GF  is  equal  *  to  CD ; 

therefore  the  square  of  EF  is  double  of  the  square  of  CD  :  but 
the  square  of  AE  is  likewise  double  of  the  square  of  AC ; 
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I  Aerefore  tlic  squares  of  AE,  EF  are  double  of  the  squares  of 

AC.  CU:  but  the  square  of  AF  is  equal*  to  the  squares  of  " 
AE,  EF,  beranse  AEF  is  a  right  angle  ;  therefore  the  square 
of  AF  IB  double  of  the  squares  of  AC,  CD :  but  the  squares  of 

AD,  DF  are  equal  to  the  square  of  AF,  because  the  angle  ADF 
is  a  right  angle  ;  therefore  the  squares  of  AD,  DF  are  double 
of  the  squares  of  AC,  CD  :  and  DF  is  equal  ti>  DB  ;  therefore 

t  squares  of  AD,  DB  arc  double  of  the  squares  of  AC,  CD, 
t  therefore,  a  straight  line,  &c.     q.  e.  d. 


..  y.P|lOPOSITION  X, 


taEOB. — If  a  straight  line  be  bisected,  and  produced  to  any 
}r  fmnt,  the  square  of' the  whole  line  thus  protbieed,  and  the 
tquare  of  Ike  part  qfil  produced,  are  together  double  oj'the 
r'aqnaTe  of  half  the  line  bisected,  and  of  the  square  of  the 
*'line  made  up  of  the  half  and  the  part  produced. 

Let  the  straight  line  AB  be  bisected  in  C,  and  produced  to 
the  point  D:  the  squares  of  AD,  DB  shall  be  double  of  the 
squares  of  AC,  CD. 

From  the  point  C  draw  *  CE  at  right  angles  to  AB,  and  • 
make  t  it  equal  to  AC  or  CB,  and  join  AE,  EB;  through  E,  t 
draw*  EF  parallel  to  AB;  and  through  D,  draw  DF  parallel  ■ 
to  CE.     And  because  the  straight  tine  EF  meets  the  parallels 
EC,  FD,  the  angles  CEF,  EFD  are  equal  *  to  two  right  angles ;   • 
and  therefore  tlic  angles  BEF,  EFD  are  leas  than  two  right 
inglea:  but  straight  lines,  which  with  another  stcaigl^  line 
make  the  interior  angles  upon  tlic  same  side  les^  thah  two 
tight  angles,  will  meet  •  if  moducdl^far  enough  ;  therefore   ■ 
EB.  FD  will  meet,  if  produced,  towards  B,  D:  let  them  meet 
itt  O,  and  join  AO.     Then,  because  AC  is  equal  to  CE,  the 
angle  CEA  is  equal  *  to  the  aiigle  EAC  ;  , 

uid  the  angle  ACE  is  a  righ^  angle ; 
tkeiefore  each  of  the  angles  CE)&,  EA4C 
it  half*  a  right  angle.  For  tho  wkma 
nuon,  each  of  the  angles  CEB,  ETBC  ia 
^eit  a  right  angle  ;  therefore  AKB  i 
I  right  nngle-  And  because  KBC  is  ha 
1  right  Angle,  DBG  is  also  *  half  n  nglh  dbgW,  for  they  a 
nttMally  opposite:  hut  BD<i  is  a  right  angle,  because  it  is 
npui.*  to  the  alternate  angle  DtE;  therefore  the  remaining   ■ 
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angle  DOB  is  half  a  right  angle^  and  it  therefore  equat  to 

•  6.  I.  the  angle  DBO ;  wherefore  also  the  side  BD  is  equal  *  tg^  th^ 

side  DO.  Again^becauseEOFishalf  a  right  angle,  and  that  (^e 

•  Si.  1.        angle  at  F  is  a  right  angle,  because  it  is  equal  *  to  the,  qd^ 

posite  angle  ECD,  the  remaining  angle  F£0  is  half  a  rig^t 
angle,  and  therefore  equal  to  the  angle  EOF ;  wherefore  alao 
*6. 1.  the  side  OF  is  equal*  to  the  side  F£.     And  because  EC'ii 

equal  to  CA,  the  square  of  EC  is  equal  to  the  square  of  CA ; 
therefore  the  squares  of  EC,  CA  are  double  of  the  square,  pf 

•  47.  1.        CA  ;  but  the  square  of  EA  is  equal  *  to  the  squares  of  EC^ 

CA;  therefore  the  square  of  EA  is  double  of  the  square  of 
AC :  again,  because  OF  is  equal  to  F£,  the  square  of  OF  .is 
equal  to  the  square  of  FE ;  and  therefore  the  squares  of  OF,  1^ 
are  double  of  the  square  of  £F :   but  the  square  of  £6  is 

•  47. 1.        equal  *  to  the  squares  of  OF,  FE  ;  therefore  the  square  of  M 
184.  1.         is  double  of  the  square  of  EF ;  and  EF  is  equal  t  to  ClJf; 

wherefore  the  square  of  £0  is  double  of  the  square  of  Cl> : 
but  it  was  demonstrated,  that  the  square  of  EA  is  double  of 
the  square  of  AC ;  therefore  the  squares  of  AE,  £0  are  doubU 

•  47. 1.         of  the  squares  of  AC,  CD :  but  the  square  of  AO  is  equal*  t6 

the  squares  of  AE,  EO ;  therefore  the  square  of  AO  is  doabte 
of  the  squares  of  AC,  CD :  but  the  squares  of  AD,  OD  are 

•  47. 1.        equal  *  to  the  square  of  AO ;  therefore  the  squares  of  AD,  DO 

are  double  of  the  squares  of  AC,  CD :  but  DO  is  equal  to  DB ; 
therefore  the  squares  of  AD,  DB  are  double  of  the  squares  of 
AC,  CD.     Wherefore,  if  a  straight  line,  &c.     q  b.  d,  •'  ^' 

<  PROPOSITION  XI. 

Pboblem. — To  divide  a  given  straight  line  into  two  parts, 
so  that  the  rectangle  contained  by  the  rvhol^  and  omt  of 
the  parts,  shall  be  equal  to  the  sqvare  of  the  oilier  pari* 

Let  AB  be  the  given  straight  line  ;  it  is  required  to  divide 
it  into  two  parts,  so  that  the  rectangle  contained  by  the  whole 
and  one  of  the  parts,  shall  be  equal  to  the  square  of  the  oth^ 
part." 

•  46.  I.  Upon  AB,  describe  *  the  square  ABDC ;  bisect  *  AC  in  F, 

•  10. 1.         and  join  BE ;  produce  CA  to  F,  and  make  ♦  EF  equal  to  EB; 

•  46. 1.        ^^^  upon  AF  describe  ^  the  square  FOHA  :  AB  shall  be  di- 

vided in  H,  so  that  the  rectangle  AB,  BH  is  equal  to  the 
square  of  AH. 


aqua 


K  D 


-  Pmduce  0H  to  R :  and  because  the  straight  line  AC  is  bi- 
Kcted  ia  E,  and  produced  to  the  point  F,  the  rectangle  CF, 
TA,  together  with  the  square  of  AE,  is  equal  *  to  the  square 
tf  EF:  but  EF  is  equal  +  to  EB;  therefore  _ 
*fte  rectangle  CF,  FA,  together  with  the 
«qii»rc  of  AE,  h  equal  to  the  square  of  EB : 
tnt  the  squares  of  BA,  AE  are  equal  •  to  tlie 

Iuare  nf  EB,  because  the  angle  EAB  is  a 
it  angle;  therefore  the  rectangle  CF,  FA, 
Sogetber  with  the  square  of  AE,  is  equal  to 
tlie  squares  of  BA,  A  E  :  take  aivay  the  square 
of  AE,  vhieh  is  common  to  both;  therefore  the  remaining 
jectangle  CF,  FA  is  equd  +  to  the  square  of  AB:  but  the 
fffirt:  FK  is  the  rectangle  contained  by  CF,  FA,  for  FA  is 
r%ual  t  to  FO ;  and  AD  is  the  square  of  AB  ;  therefore  FK 
U  equal  "f  to  AD  :  take  away  the  common  part  AK,  and  the 
ivmiunder  FH  is  equal  f  to  the  remainder  HD:  but  UD  is 
Hhe  rectangle  contained  bj-  AB,  BU,  fur  AB  is  equal  f  to  BD  ; 

rd  PH  is  the  square  of  AH  ;  therefore  the  rectangle  AB,  BH 
equal  to  the  square  of  AH.    Wherefore,  the  straight  line 
B  is  divided  in  H,  so  that  the  rectangle  AB,  BH  is  equal  to 
the  square  of  AH.     Wbich  was  to  be  done. 

PROPOSITION  XII. 
EOK. — In  obluie-angled  Iriangtes,  if  a  perpendicular  be 
dratvn  Jram  either  o/'  the  acute  angle*  to  the  opposite  ride 
produced,  the  tquare  of  Ike  tide  subtending  the  o/>lase  angle, 
is  greater  than  the  squares  of  the  sitics  containing  the  obtuse 
angle,  bt/  tnice  the  rectangle  conlmned  by  the  side  upon 
ffhick,  ithen  produced,  the  perpendicular  falls,  and  Ike 
ttraighl  liite  intercepted  mthoiit  ike  triangle,  belweea  Ike 
perpradicutar  and  the  obtuse  angle. 

Lut  ABC  be  an  obtose-angled  triangle,  having  the  obtuse 
Igle  ACB;  and  from  the  poiut  A,  let   AD  be  drawn  *  per-    ' 
Midiculnr  to  BC  produced  :   the  square  of  AB 
•11  be  greater  than  the  squares  of  AC,  CIl, 
J  twice  the  rectangle  BC,  CD. 

i;  the  straight  line  BD  is  divided 
)  two  parts  in  the  point  C,  the  square  of 
[>  is  eqiud  *  to  the  squares  of  BC,  CD,  and 

:  the  recUnglc  BC,  CD  :  to  each  of  these  equals  add  thi' 


t  8  Ax. 
t  so  Def. 


t3A». 
t  so  Def. 
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f  2  Ax.         square  of  DA ;  therefore  the  squares  of  BD>  DA  are  equal  f 
to  the  squares  of  BC^  CD^   DA,  and  twice  the  rectangk 

•  47. 1.        BC,  CD :  but  the  ^uare  of  BA  is  equal  *  to  the   squares 

of  BDj  DA^  because  the  angle  at  D  is  a  right  angle ;  and  the 

*  47. 1.         square  of  CA  is  equal  *  to  the  squares  of  CD,  DA ;  therefore 

the  square  of  BA  is  equal  to  the  squares  of  BC,  CA,  and  twice 
the  rectangle  BC,  CD ;  that  is,  the  square  of  BA  is  gneattf 
than  the  squares  of  BC,  CA,  by  twice  the  rectangle  BC^  CD. 
Therefore,  in  obtuse-angled  triangles,  &c«     Q.  e,  d, 

PROPOSITION  XIII. 

See  N.  Thror. — In  evert/  triangle,  the  square  of  the  side  snhiending 

either  qf  the  acute  angles,  is  less  than  the  squares  of  the 
sides  containing  that  angle,  by  twice  the  rectangle  contained 
htf  either  qf  these  sides,  and  the  straight  line  intercepted 
bcttveen  the  perpendicular  let  Jail  upon  it  from  the  opposite 
angle,  and  the  acute  angle. 

Let  ABC  be  any  triangle,  and  the  angle  at  B  one  of  its 
acute  angles ;  and  upon  BC,  one  of  the  sides  containing  it, 

*  ]2.  1.        let  fall  the  perpendicular^'  AD  from  the  opposite  angle:  the 

square  of  AC,  opposite  to  the  angle  B,  shall  be  less  than  th^ 
squares  of  CB,  BA,  by  twice  the  rectangle  CB,  BD. 

First*  let  AD  fall  within  the  triangle  ABC :  and  because 
the  straight  line  CB  is  divided  into  two  parts  in  the  point  D, 

•  7. 8.  the  squares  of  CB,  BD  are  equal  *  to  twice 

the  rectangle  contained  by  CB,  BD,  and  the 
square  of  DC :  to  each  of  these  equals  a^d 
the  square  of  AD ;  therefore  the  squares  of 
t  8  Ax.  CB,  BD,  DA  are  equal  t  to  twice  the  rect- 
angle CB,  BD,  and  the  squares  of  AD,   DC: 

*  47.  I.        but  the  i^quare  of  AB  is  equal*  to  the  squares 

of  BD,  DA,,  because  the  angle  BDA  is  a  right  angle ;  and  the 
square  of  AC  is  equal  to  tlie  squares  of  AD,  DC;  therefore 
the  squares  of  CB,  BA  are  equal  to  the  square  of  AC,  and 
twice  the  rectangle  CB,  BD ;  that  is,  the  square  of  AC  alone^ 
is  less  than  the  squares  of  CB,  BA,  by  twice  the  rectangle 
CB,  BD. 

Secondly )  let  AD  fall  without  the  trian^rle  ABC :  then,  be-; 
causae  the  angle  at  D  is  a   right  angle,   the  angle  .ACB  is 

•  Id.  I.        greater  *  than  u   right  angle ;  and  therefore  the  aquare^cf 
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AB  is  equal*  to  the  squares  of  AC^  CB^  and  twice  the  rectangle  *  is*  2* 

BC,  CD :  to  each  of  thede  equals  add  the  square  of  BC ;  there* 

fore  the  squares  of  AB^  BC  are  equal  f  to  the  square  of  AC,  f  ^  ^^^ 

and  twice  the  square  of  BC>  and  twice  the 

rectangle  BC^  CD :   but  because  BD  is  di- 

Tided  into  two  parts  in  C,  the  rectangle, 

DB,  BG  »  equal  *  to  the  rectangle  BC,  CD 

and  the  square  of  BC ;  and  the  doubles  of 

these  are  equal ;  therefore  the  squares  of  AB,  - 

BC  are  equal  to  the  square  of  AC,  and  twice  the  rectangle  DB, 

BC :  therefore  the  square  of  AC  alone,  is  less  than  the  squares 

of  AB,  BC,  by  twice  the  rectangle  DB,  BC. 

Lastly,  let  the  side  AC  be  perpendicular  to  BC : 
then  BC  is  the  straight  line  between  the  perpen- 
dicular and  the  acute  angle  at  B :  and  it  is  mani- 
fest, that  the  squares  of  AB,  BC  are  equal  *  to  the  /  •  47.  I.  and 
sqaore  of  AC,  and  twice  the  square  of  BC.  There- 
fore, in  every  triangle,  &c.     q.  e,  d. 


PROPOSITION  XIV. 


Pbob.— To  describe  a  square  that  shall  be  equal  lo  a  given   See  N. 

rectilineal  Jigure. 


•  45. 1. 


fSODef. 


Let  A  be  the  given  rectilineal  figure ;  it  is  required  to  de- 
scribe a  square  that  shall  be  equal  to  A. 

Describe  *  the  rectangular  paraU 
lelogram  BCD£  eq^  to  the  recti* 
lineal  figure  A.     Then  if  the  sides 
of  it,  BE,  £D  are  equal  to  one  an- 
other, it  is  t  a  square,  and  what 
was  required  is  now  done :  but  if  they  are  not  equal,  produce 
one  of  them  BE  to  F,  and  make  t  EF  equal  to  ED,  and  bisect  +  f  S.  1. 
BFin  O;  and  from  the  centre  G,  at  the  distance  GB,  or  t  'O- ' 
GF,  describe,  the  semicircle  BHF,  and  produce  DE  to  H  :  the 
iqoare  described  upon  EH  shall  be  equal  to  the  given  rectili- 
neal figure  A. 

Join  OH :  and  because  the  straight  line  BF  is  divided  into 
two  equal  parts  in  the  point  G,  and  into  two  unequal  at  £, 
flto  rectangle  BE,  EF,  to^^er  with  the  square  of  EG,  is 
Cmi*  to  the  square  of  w:  but  GF  is  equalt   to   GH; 


5.2. 


iwflbttf  the  rectangle  BE,  EF,  together  with  the  square  of  ^^''  ^"^ 

E  2 


■•* 
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BO,  is  equal  to  the  square  of  OH :  but  the  squares  of  HE, 
*  47. 1.  £0  are  equal  *  to  the  square  of  OH ;  therefore  the  rectangle 
t  1  Ax.        BE,  £F,  together  with  the  square  of  EO,  is  equal  t  to  the 

squares  of  HE,  EQ :  take  away  the  square  of  £0,  which  it 

common  to  both;  and  the  remaining  rectangle  BE,  EF  is 
1 8  Ax.        equal  t  to  the  square  of  EH :  but  the  rectangle  contained  by 

BE,  EF  is  the  parallelogram  BD,  because  EF  laeq^aL  ta^B; 
f  Cbnstr.      therefore  BD  is  equal  to  the  square  of  EH :  but  BD  is'eqbal  t 

to  the  rectilineal  figure  A ;  therefore  the  rectilineal  figure  A 
1 1  Ax.        is  equal  f  to  the  square  of  EH.     Wherefore,  a  square  has  been 

made  equal  to  the  given  rectilineal  figure  A ;  viz.  the  square 

described  upon  EH.    Which  was  to  be  done. 


•'     I 


\ 
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ELEMENTS    OF    EUCLID. 


BOOK  III. 


DEFINITIONS. 

I.  Equal  circles  are  those  of  which  the  diameters  are  equals 
or  from  the  centres  of  which  the  strught  lines  to  the  cir« 
cumferences  are  eqnal. 

''  This  is  not  a  definition,  but  a  theorem,  the  truth  of 
which  is  evident ;  for,  if  the  circles  be  applied  to  one  another, 
so  that  their  centres  coincide,  the  circles  must  likewise  coin- 
cide, since  the  straight  lines  from  the  centres  are  equal." 

II.  A  straight  line  is  said  to  touch  a  circle,  when  it  meets 
the  circle,  and  being  produced  does  not 
cut  it. 

III.  Circles  are  said  to  touch  one  an« 
other,  which  meet  but  do  not  cut  one 
another. 

IV.  Straight  lines  are  said  to  be  equally  distant  from  the 
centre  of  a  circle,  when  the  perpendiculars 

drawn  to  them  from  the  centre  are  equal. 

V.  And  the  straight  line  on  which  the  greater 
perpendicular  falls,  is  said  to  be  fisurther  from 
the  centre. 
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VI.  A  segment  of  a  circle  is   the  figure  contained  by  a 
straight  line  and   the  circumference  it  cuts 
off.  •> 


VII.  ''  The  angle  of  a  segment  is  that  which  is 
contained  by  the  straight  line  and  the  circum- 
ference.' 


If 


VIII.  An  angle  in  a  segment^  is  the  angle  contained  by  two 
straight  lines  drawn  from  any  point  in  the  circumference 
of  the  segment^  to  the  extremities  of  the  straight 
line  which  is  the  base  of  the  ses:ment. 


IX.  And  an  angle  is  said  to  insist  or  stand  upon 
the  circumference  intercepted  between  the 
straight  lines  that  contain  the  angle. 

X.  A  sector  of  a  circle  is  the  figure  contained  by 
two  straight  lines  drawn  from  the  centre^  and 
the  circumference  between  them. 

XI.  Similar  segments  of  circles  are  those 

in  which  the  angles  are  equals  or  which      /'^T?^.     >cr-^ 
contain  equal  angles.  L^"^  \  ^^^ 

PROPOSITION  I. 
S^  N.  Problem. — Tojind  the  centre  of  a  given  circle. 

Let  ABC  be  the  given  circle;  it  is  required  to  find  its 
centre. 

*  10.  1.  Draw  within  it  any  straight  line  AB^  and  bisect  *  it  inr 

*  IK  1.         D ;  from  the  point  D^  draw  *  DC  at  right  angles  to  AB,  and 

produce  it  to  E^  and  bisect  CJB  in  F :  the 
point  F  shall  be  the  centre  of  the  circle 
ABC. 

For  if  it  be  not,  let,  if  possible,  G  be  the 
centre,   and  join  6A,  GD,   GB:   then,   be- 

f  Constr.  cause  DA  is  equal  f  to  DB,  and  DG  common 
to  the  two  triangles  ADG^  BDG,  the  two 
sides  AD,  DG  are  equal  to  the  two  BD,  DG,  each  to  each; 

t  i6Def.  I.  and  the  base  GA  is  equal  f  to  the  base  GB,  because  they  sre 


dnwH  &«■■>   lite   cMitre   uX-  ihervbre  the  an^U  ADO    i» 
I  thu  auglu  ODB :  but  h  bcD  a  atraiitht  line.  Maud-   ' 
u{>ua  auuther  alraight  line,  mukeii  the  adJNceiit   anglM 

mother,  cnch  of  the  nnglcii   i*   n  *    right  angle;    ' 

erefura  tlii;  aiiglir  ODB  U  a  right  uiigl«  :  but  FDU  is  likrwiM.' 

S+    rigbl  angli';  whureforo  tlie  ttiiglu  FIIIl  i*  equal  f   to  the    1 

Iglfi  ODB,  the  grrater  to  th«  Ici>« ;    which  ji  ini[KMMlile : 

:  nut  the  I'vntrp  uf  ihr  circle  AOC.     In  the  xunc 

r  it  cun  be  «hcivii,  that  iw  oth«r  piHiil  but  r  i*  iho 

ifkUti  that  is,  r  in  the  ccutre  uf  the  circle  AUL'.     Which 

a  be  fcmud. 
[  Com.  From  thiM  it  is  inunifiiit,  that  if  iu  u  dicli!  a  tinught 
!  biaect  Riit>thL-r  ut  right  aiigleii,  the  ei-ntri.-  uf  tlic  nrcic  Ja 
i  the  line  which  bii«t;ts  the  tith«r. 


PROPOSITICIS  II, 

iixuiiKM. — l/anji  IwofviiaU  U  lairn  iii  theencuin/tmiceof 
I  a  eirclr,  the  ttraighl  line  wkkh  Joint  Ihem  shall  Jali  mihin 
ff Ae  dnle. 

Let  ABC  be  a  circle,  aii^  A,  B  any  two  foUiU  in  the  cir- 
ifercitoc :  the  straight  line  drawn  fran  A  to  B  ibnll  fUl 
thc'  circle. 
For  if  it  do  not.  let  it  full,  if  pnWhIc,  with- 
OOt,  as  AEIl :   tinil  *   D  the  centra  of  the  circle 
ABC,  and  join  DA,  DB  {  In  the  circu.Tifvrcncv 
AB  take  aoy  point  V,  join  DK,  and  prvxiuee  it 
to  B.     Then,  becaUM!  DA  1%  equal  t  tu  1)B,  the 
CDgle  DAB  in  equal  *  to  the  angle  DBA  ;  and  '  ^ 

becanae  AE,  a  tide  uf  the  iriiingle  DA  E,  U  produced  to  D,  the 
exterior  angle  DEU  is  grenler  *  than  the  un^fle  DAE:  but  *  ■< 
DAE  was  proved  efjiid  Iu  the  itngle  DBE ;   therefore  the  angle 
OKU  ia  i^eBter  than  tlie  angle  DBE  :   but  tu  the  greatur  angle 
greater  side  is*  opposite,  therefore  DB  is  grenter  ibun   "I! 
bat  DB  in  equul-^  to  DV  ;  whcrefifre  DF  U  gnciler  than    t  " 
si,  the  Ins  than  the  greater  ;  which  i»  imposnible :  thervfun 
ibc  alraight  line  drawn  frum  A  to  B  duea  not  full  without  the 

t  N.  B.— WbHWVK   Ihi-  rX)irci«i"n  '■  itnSijhl  linn  fton.  Ihc  «(ilf«  "  o( 
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circle.  In  the  same  manner  it  may  be  demonstrated^  that  it 
does  not  fall  upon  the  circumference  ;  therefore  it  falls  within 
it.     Wherefore,  if  any  two  points,  &c.     Q.  e.  d. 

PROPOSITION  III. 

Thbob»— 7/*  a  straight  line  drawn  through  the  ctntre  qf  a 
circle,  bisect  a  straight  line  in  it  which  does  not  pass  through 
the  centre,  it  shall  cut  it  at  right  angles :  and  ifUcuiUai 
right  angles,  it  shall  bisect  it,  -«-•   ' 

Let  ABC  be  a  circle ;  and  let  CD,  a  straight  line  drawn 
through  the  centre,  bisect  any  straight  line  AB,  which  does 
not  pass  through  the  centre,  in  the  point  F :  it  shall  cat  AB 
at  right  angles. 

*  >.  S.  Take  *  £  the  centre  of  the  circle,  and  join  £A,  £B.     Then, 
t  Hyp.          because  AF  is  equal  t  to  FB,  and  F£  common  to  the  two 

triangles  AF£,  BF£,  there  arc  two  sides  in 

H^e  one,  equal  to  two  sides  in  the  other,  each 

1 15  Def.  1.  to  each ;  and  the  base  £A  is  equal  t  to  the 

*  8. 1.  base  £B ;  therefore  the  angle  AF£  is  equal  * 

to  the  angle  BF£  :  but  when  a  straight  line, 
standing  upon  another  straight  line,  makes  the 
adjacent  angles  equal  to  one  another,  each  of 

*  10  Def.  1.  them  is  a  right  *  angle ;  therefore  each  of  the  angles 

BFE  is  a  right  angle :  wherefore  the  straight  line  CD  dra'trn 
through  the  centre,  bisecting  another  AB  that  does  not  pass 
through  the  centre,  cuts  the  same  at  right  angles. 

But  let  CD  cut  AB  at  right  angles  :  CD  shall  also  bisect  h, 
that  is,  AF  shall  be  equal  to  FB. 

The  same  construction  being  made,  because  £A,  EB^  from 
t  15  Def.  1.  the  centre,  are  equal  t  to  one  another,  the  angle   £AF    ^ 

*  5.  1.  equal  *  to  the  angle  £BF ;  and  the  right  angle  AF£  is  equal  f 
1 10  Def.  1.  ^Q  ^ijg  fight  angle  BFE  ;  therefore,  in  the  two  triangles  BAf, 

£BF,  there  are  two  angles  in  the  one,  equal  to  two  angles  an 
the  other,  each  to  each ;  and  the  side  £F,  which  is  opposite 
to  one  of  the  equal  angles  in  each,  is  common  to  both  ;  there- 

*  26. 1.        fore  the  other  sides  arc  *  equal ;  therefore  AF  is  equal  to  FB. 

Wherefore  if  a  straight  line,  &c.     q.  e,  p. 
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I 


^SCOK. — If  in  a  circle  two  strnighl  lines  cut  one  anothef, 
tvAieh  Ho  not  both  paM  Ihrotigh  Ike  centre,  Ikey  do  not  bi- 
aect  each  other. 

Let  ABCD  be  a  circle,  and  AC,  BD  two  straight  lines  in  it, 
which  cut  one  another  in  the  point  E,  and  do  nut  butli  pass 
through  the  centre :  AC,  BD  shall  not  bisect  one  another. 

For,  if  it  be  possible,  let  AE  be  equal  to  EC,  and  BE  to 
]^D.  If  one  of  the  tinea  pass  through  the  centre,  it  ia  plain 
that  it  cannot  be  bisected  by  the  other  which 
idoca  not  pass  through  the  centre :  but  if 
neither  of  them  pass  through  the  centre, 
take  "  F  the  centre  of  the  circle,  and  join 
iBF  :  and  because  FE,  a  straight  line  through 
the  centre,  bisects  another  f  AC  which  does 
not  pass  through  the  centre,  it  cuta  it  at  right"  angles; 
wherrfore  FEA  ia  a  right  angle:  again,  becooBe  the  straight 
Ijne  FE  bisects  f  the  straight  line  BD,  which  doea  not  pass 
ftircn^h  the  centre,  it  cuts  it  at  right  •  angles ;  (vhcrefore 
KB  is  a  right  angle:  but  FEA  was  shewn  to  be  a  right  angle: 
UiereAire  FEA  is  equal  t  to  the  angle  FEB,  the  less  to  the 
Iter ;  which  is  impossible  :  therefore  AC,  BD  do  not  bigait 
another.     Wherefore,  if  in  a  circle,  &c.     a.  e.  d. 

PROPOSITION  V. 

JheoE. — IJ  iTi'o  circles  cut  one  another,  l/iei/  shall  not  have 

the  snme  centre.. 

f'Xct  the  two  circles  ABC,  CDOcutone  another  in  the  points 
:  they  shall  not  have  the  same  centre. 
Per,  if  it  be  ptxaible,  let  E  be  their  centre ; 
ir  anjr  straight  line  EFU  meeting  them  in 
t  and  Q  :  and  beeatisc  E  is  the  centre  of  the 
cirde  ABC,  EC  is  equal  t  to  EF:  again,  be- 
ouiae  B  is  the  centre  of  the  circle  CDO-,  EC  is 
equal  ■»■  to  EG  ;  but  EC  was  shewn  to  be 
equal  Xa  EF  ;  therefore  EF  is  equal  t  to  EO, 
the  less  to  the  greater  ;  which  is  ini]K)ssible  : 
liierefore  E  is  not  the  centre  of  the  circles  ABC,  CDO.  Where- 
fore, if  two  circles,  &c.     v-  e.  d. 


t  1  Ax. 
J  W)  01  • 


1  EC,  and 
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PROPOSITION  VI. 

Theor. — If  two  circles  touch  one  another  iniemalitf,  they  shall 

not  have  the  same  centre. 

Let  the  two  circles  ABC^  CDE  touch  one  another  iutenudly 
in  the  point  C :  they  shall  not  have  the  same  centre. 

For  if  they  have,  let  it  be  F :  join  FC, 
and  draw  any  straight  line  FEB,  meeting 
them  in  £  and  B :  and  because  F  is  the 
t  IdDef.  1.  centre  of  the  circle  ABC,  FC  is  equal  t  to 
FB :  also,  because  F    is  the  centre  of  the 
f  idDef.  1.  circle  CDE,  FC  is  equal  f  to  F£:  but  FC 
t  1  Ax.         was  shewn  to  be  equal  to  FB ;  therefore  F£  is  equal  f  to  FB, 
the  less  to  the  greater ;  which  is  impossible:  therefore  F  it 
not  the  centre  of  the  circles  ABC,  CDE.     Therefore,  if  two 
circles,  &c.    q.  e,  d. 


PROPOSITION  VII. 

Theor. — If  any  point  be  taken  in  the  diameter  of  a  drde, 
which  is  not  the  centre,  of  all  the  straight  lines  which  cam 
be  drawn  from  it  to  the  circumference,  the  greatest  u  iiat 
in  which  the  centre  is,  and  the  other  part  of  that  diamsUr 
is  the  least ;  and^  of  any  others,  that  which  is  nearer  to  ike 
line  which  passes  through  the  centre,  is  always  greaUr  than 
one  more  remote :  and,  from  the  same  point  there  can  be 
drawn  only  two  straight  lines  that  are  equal  to  one  asHdher, 
one  upon  each  side  of  the  shortest  line. 

Let  A  BCD  be  a  circle,  and  AD  its  diameter,  in  which  kt 
any  point  F  be  taken  which  is  not  the  centre :  let  tke  emtn 
be  E :  of  all  the  straight  lines  FB,  FC,  FG, 
&c.  that  can  be  drawn  from  F  to  the  circum- 
ference, FA  shall  be  the  greatest,  and  FD,  the 
other  part  of  the  diameter  AD,  shall  be  the 
least :  and  of  the  others,  FB  shall  be  greater 
than  FC,  and  FC  greater  than  FO. 

Join  BE,  CE,  G£ :  and  because  two  sides  of 
*  20.  1.        a  triangle  are  greater  *  than  the  third,  therefore  BE,  EF  are 
fldDef.  1.  greater  than  BF:  but  AE  is  equal  t  to  BE;  therefore  AE, 
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,  tint  h  AF,  U  greater  tliati  DF:  ogaiii,  b«nuK  1)E  » 

I  tn  CE,  nnd  FE  cntnnion  to  the  triangle*  BKK,  VKF,  tho 

sides  BE,    EF  are  equal  tu  (lie  inu  IE,    EF,  MuA  tu 

;  but  tlie  angle  BEF  b  gn-nlcr  f  than  the  uigk  CEF  ^ 

kerefurc  the  lituc  CF  is  grauter  *  than  th«  baac  CF:  iur  the 

I,  (JF  i«  greater  tbnn  OF:  again,  lipcnuw  Uf,  fS 

e  ^renter  *  than  Eci,  and  EU  is  rqnal  tu  Kl>.  thrrcfure  OF, 

D  ^at«r  than  EU  :  tuke  nwny  the  cuinniuii   port   FE, 

1  the  tetniiinder  OF  ih  greater  +  tlian  ibr  remainder  FD : 

Flbercfofv  FA  is  the  greatest,  aod  FI>  the  least,  uf  mil  the 

L  Mnu^t  lines   frum    F  to  the   circumference;    nnd    HP  Ja 

enter  than  CF.  and  TF  tlian  OF. 

.  Also  there  c&n  be  dniim  anly  two  in]nnl  stmiglit  line*  from 

e  point  P  to  the  circumference,  une  u|>on  each  side  uf  the 

X  line  FD.     At  the  point  E.  in  the  stmight  line  EF, 

ikc  •  die  angle  FEH  equal  to  thp  nngle  FEU,   and  join  F«  : 

I'tten,  because  OB  is  equal  f  to  EH,  and  EF  common  to  the 

ro  triangles  GEF,  HEP,  the  two  siibtn  OE,  EF  ore  equal  ta 

a  two  uf:,  EF,  each  ta  each  ;  and  thu  unglo  OEF  is  equal  t 

tltl  the  angle  HEF;  thi-nrforu  the  base  Ffl  is  equal*  tu  the 

U  :   but,   besidea   FH,    no   other   Ktraight    line   can   be 

nini  from  F  to  the  circumrercnci:,  equal  tu  FO  :   fur  if  therfl 

m,  Wt  it  be  FK  :   oud  becau«c  FK  ia  f^ual  to  Fit,  and  FO  U 

:,  FK  ia  equftl  +  to  FH  ;  that  is.  a  line  ueurer  to  that  which 

•%  tbniogb  the  mutro,  is  vqual  to  one  which  is  muri!  rv- 

;  which  ba»  been  proved  tu  be  im|iumiblu.     I'bereforc, 

lllf  any  ptant  be  token,  &o.     c-  R-  o- 


tCo»tr. 


PROPOSITION  vni. 

a. — IJ"  amf  point  be  taken  wilhoul  a  circle,  ami  tlraigkt 

I  b€  dranu  from  it  to  ihc  circumfertace.  whcrrof  ohc 

mparte*  Ihnmgh  the  crnlrr  ;  </f  Ihtue    nhich /nil  u/ion   (he 

drcumfertmcc,  Ike  greatttt  it  thai  which   ptutca 

liAroa^A  Ihe  entire,  and  of  the  rest,  that  mMch  i*  nrarer  to 

w  4IIM  paaing  ikrougk  the  centre  ir  altvat/t  greater  lha» 

t  wiort  remule  ;  luU  of  Ihote  ivhich  fall  upon  the  vonitx 

mmfereiKe,  the  leatt  it  that  bclwceH  the  junnt    nithuut 

t  circle  and  Iht  diamrler :  and  of  the  rest,  'hat  whith  i$ 

riothe  Itust  t>  atrvai/f  ietj  than  o»e  more  remote  ;  and 

tnly  Iwa  equal  xiraigkt  lines  can  be  drawn  frum  the  tame 
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point  to  the  circumference,  one  upon  each  tide  of  ike  leaH 
line. 

Let  ABC  bo  a  circle,  and  D  any  point  without  it,  ham 
which  let  the  straight  lines  DA,  DE,  DF,  DC  be  drawn  t» 
the  circumference,  whereof  DA  passes  through  the  oentsei 
Of  those  which  fall  upon  the  concave  part  of  the  mcomta* 
ence  AEFC,  the  greatest  shall  be  DA,  which  passes  throu^ 
the  centre;  and  the  nearer  to  it  shall  be  greater  than  the 
more  remote,  viz.  DE  greater  than  DF,  and  DF  greater  than 
DC :  but  of  those  which  fall  upon  the  convex  drcumferenoe 
HLKO,  the  least  shall  be  DO,  between  the  point  D  and  the 
diameter  AO ;  and  the  nearer  to  it  shall  be  less  than  the  more 
remote,  vis.  DK  less  than  DL,  and  DL  less  than  DH. 

•1.8.  Take  *  M  the  centre  of  the  circle  ABC,  and  join  ME,  MF, 

MC,  MK,  ML,  MH.    And  because  AM  is  equal  to  Bf£,  add 

1 2  Ax.        MD  to  each,  therefore  AD  is  equal  t  to  EM,  MD :  but  SM, 

•  80. 1.        MD  are  greater  *  than  ED ;  therefore  also  AD  ia  greater  tlian 

ED.    Again,  because  ME  is  equal  to  MF,  and  MD  eomnum 

to  the  triangles  EMD,  FMD ;   EM,  MD  are  equal  to  FMj 

MD,  each  to  each :  but  the  angle  EMD  is 

t  9  Ax.        greater  t  than  the  angle  FMD ;  therefore  the 

•  Si.  1.        base  ED  is  greater  *  than  the  base  FD.     In 

like  manner  it  may  be  shewn,  that  FD  is 
greater  than  CD :  therefore  DA  is  the  great- 
est, and  DE  greater  than  DF,  and  DF  greater 

•  20. 1.        than  DC.  And  because  MK,  KD  are  greater  * 
1 15  Den  1.  than  MD,  and  MK  is  equal  t  to  MG^  the  re- 

•  5  Ax.        mainder  KD  is  greater  *  than  the  remainder 

OD ;  that  is,  GD  is  less  than  KD :  and  because  MLD  is  a  tii« 
angle,  and  from  the  points  M,  D,  the  extremities  of  its  side 
MD,  the  straight  lines  MK,  DK  are  drawn  to  the  point  K 

•  91.  1.  within  the  triangle,  therefore  MK,  KD  arc  less  *  than  ML, 
1 15  Def.  1.  LD  :  but  MK  is  equal  t  to  ML ;  therefore  the  remainder  DK 
f  5  Ax.        is  less  f  than  the  remainder  DL.     In  like  manner  it  may  be 

shewn,  that  DL  is  less  than  DH :  therefore  DO  is  the  least, 
and  DK  less  than  DL,  and  DL  less  than  DH.  Also,  there  can 
be  drawn  only  two  equal  straight  lines  from  the  point  D  to 
the  circumference,  one  upon  each  side  of  the  least  line.  At 
t  23. 1.  the  point  M,  in  th^  straight  line  MD,  make  f  the  angle  DMB 
equal  to  the  angle  DMK,  and  join  DB :  and  because  MK  is 
equal  to  MB,  and  MD  oommoa  to  the  triangles  KMD,  BUD, 
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two  sides  EM,  MO  arc  equal  to  the  Uvo  BM,  MD, 
each  to  each;  and  the  angle  KMD  is  equal  +  to  the  angle  BMD;  |  Con^i 
therefore  the  base  DK  is  equal  *  to  the  base  DB  :  but,  besides  •  i.  i. 
DB,  there  can  he  ao  straight  line  drawn  from  D  to  the  circum- 
fiimice  equal  to  DK :  for  if  there  can,  let  it  be  DN  :  and  be- 
e«iae  DK  is  equal  to  DN,  and  also  to  DB,  therefore  DB  is 
eqnat  to  DN ;  that  Is,  a  line  nearer  to  the  least,  is  equal  to  one 

re  remote ;  which  has  been  proved  to  be  imposbiblc.     If, 

irefere,  any  point,  &c.     ij.  e.  d. 


PROPOSITION  IX. 

TbEoa. — If  a  point  be  liiSren  rvllhia  a  circle,Jrmu  which  there 
Jail  more  than  two  equal  straight  lines  to  the  circumference, 
'  that  point  it  the  centre  of  the  circle. 

'  Let  the  point  D  be  taken  within  the  circle  ABC,  (ram  which 
ft  the  drcnmference  there  fall  more  tban  two  equal  straight 
fittea,  vis.  DA,  DB,  DC  :  the  point  D  shall  be  the  centre  of  the 


For,  if  not,  let  E  be  the  centre :  join  DE,  and  produce  it 
to  the  drcamfcrence  in  F,  O  ;  then  FG  is  a  diameter  f  of  the  f  i' 

ABC :  and  because  in  FG,  the  diameter 
■f  tie  drcle  ABC,  there  is  taken  the  point  D, 
l^ich  is  not  the  centre,  DO  is  the  greatest 
be  fi«m  it  to  the  circumference,  and  DC  is 
renter*  than  DB,  and  DB  greater  than  DA  ; 
It  they  are  likewise  +  equal;  which  is  im-  1 

Msible :  therefore  E  is  not  the  centre  of  the  circle  ABC.  In 
ke  niBiuier  it  may  be  demonstrated,  that  no  other  point  but 
ia  the  centre  :  D  therefore  is  the  centre.  Wherefore,  if  a 
it  be  token,  &c.     «.  e.  d. 


PROPOSITION  X. 


jAAt 


taxOR. — One  circuvferencc  of  a  circle  cannot  cut  another  r* 

more  than  two  points. 

■If  h  be  possible,  let  the  circumference  FAB  cut  the  dr- 
ice  DEF  in  more  than  two  points,  viz.  in  B,  O,  F : 
t  the  centre  K  of  the  circle  ABC,  and  join  KB,  KO,  KF.   +  3.  3, 
K  is  the  centre  of  the  circle  ABC,  therefore  KB, 
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1 15  Def.  1.  KO,  KF  are  all  equal  t  to  each  other :  and  becansc  within  th« 
circle  DEF,  there  is  taken  the  point  K,  from  which  to  the 
circumference  DEF  fall  more  than  two  equal 
straight  lines  KB,  KO,  KF,  therefore  the  point 

*  9. 8.  K  is  *  the  centre  of  the  circle  DEF  :  but  K  is 
+  Constr.      also  the  centre  t  of  the  circle  ABC  ;  there- 

fore  the  same  point  is  the  centre  of  two  cir- 
cles that  cut  one  another :  which  is  impos- 

*  5.  s.  aiUfi  *.     Therefore,    one    circumference    of   a    circle^ 

Q,  E.  D. 

PROPOSITION  XI. 

Theor. — If  two  circles  touch  each  other  internally,  the 
straight  line  which  joins  their  centres,  being  produced,  shall 
pass  through  the  point  of  contact. 

Let  the  two  circles  ABC,  ADE  touch  each  other  intemallT 

■ 

in  the  point  A ;  and  let  F  be  the  centre  of  the  circle  ABC,  and 
O  the  centre  of  the  circle  ADE  :  the  straight 
line  which  joins  the  centres  F,  O,  being  pro- 
duced, shall  pass  through  the  point  A. 

For,  if  not,  let  it  fall  otherwise,  if  possible, 
as  FGDH,  and  join  AF,  AG.     Then,  because        VS^r-'^^ 

1 80. 1.         two  sides  of  a  triangle  are  together  greater  t 
than  the   third   side,  therefore   FG,    OA  are 

1 15  Def.  1.  greater  than  FA  :  but  FA  is  equal  f  to  FH ;  therefore  FO,  OA. 
are  greater  than  FII ;  take  away  the  common  part  FO  ;  iberddre 

t  5  Ax.         the  remainder  AG  is  greater  f  than  the  remainder. 6 J9[ :  Imt 

t  15  Dcf.  1.  AG  is  equal  t  to  GD  ;  therefore  GD  is  greater  than  €fHf  the 
less  than  the  greater ;  which  is  impossible :  therefore  tihe 
straight  line  which  joins  the  points  F,  G,  being  {irodaoed^ 
cannot  fall  otherwise  than  upon  the  point  A,  that  it«  it  must 
pass  through  it.     Therefore,  if  two  circles,  &c.     Q.  Ji.  i>. 

PROPOSITION    XII. 

Thror. — If  two  circles  touch  each  other  externally,  the 
straight  line  which  joins  their  centres,  shall  pass  tkrougk  ike 
point  of*  contact. 

m 

Let  the  two  circles  ABC,  ADE  toucli  each  other  cztemally 


in  Uie  point  A  ;  and  l«t  F  be  Uie  centre  of  the  drcia  ABC. 
and  O  the  centra  of  AVE :  tlie  »tnu)(hl  tiiu^  which  juin«  tiie 
pointti  F,  n,  shall  pnu  through  the  jMiiiit  of  RmtacI  A. 

Pur,  if  nui,  lei  It  pau  uthiTwis«,  if  puwiible,  an  FCUO,  and 
join  FA,  AG.     And  becauie  ¥  i*  the  centre  of  ttic  cirdo  ABC, 
rx  it  «qiial  t»  rc :  almv  bM«uitf  (I  ia 
tha   t-eijtra   of  the   circle  ADE,  OA   is 
equnl   to  OD:    therefore   FA,   AO    ore 

equal  t  to  FC,  DO  ;  whcrcfwe  the  whole      (  ^^^f^^        j     t  »  *«■ 

FG  n  greater  than  FA.  AH:  bat  it  la 

also*  lese  ;  which  is  impoHNihle:  thrrr-  •Mil. 

/are  the  itmight  line  which  juius  liie  points  F,  U,  cnnniit  pass 
H-ise  than  throng  the  pxint  of  coiitnct  A,  that   ii,  il 
pass   through    it.      Thrrcfore.    if  two    circles,    fiic 


PROPOSITION  xin. 

—  Our  circle  cannot  luuch  another  I'fi  mare  jiohilM  than  Sw  N 
r,  tphelhcr  il  louche*  il  on  the  intide  or  mtltide. 


T,  if  It  W  pnmilile,  let  the  circle  RItF  tondi  the  circle 

ID  more  points  than  iino;  and  (irat  on  the  iiwde,  in  lh« 

»  B,  D :  join  BD,  un J 

w*  OH  liisectini;  IID  at 

t  angles :  llierefure,  bc- 

e  the  puintR  D,  D  are  in 

p  ctrcamfurt'RCPs  of  each 

f ,  the  drcles,  the  siniight 

t  BD  fidls  Within  each  ■ 

;  tborrfnre  their  centres  are  *  in  the  straight  line  Oil    • 
isects    im  at    right    nngles ;    iherefiire  OH  pnssea  *   ■ 
igb  the  juibit  of  contact :  hut  it  d»ci>  not  [rnsa  thruugh  it, 
r  the   pjints   B,   n  are  witliunt  the  Ktruight  liae  OH  ; 
h  is  abiiiril :  thereftirc  one  circle  cunnot  touch  another  on 
luide  in  more  pnints  than  one. 

r  can  two  circles  tnuch  one  another  ou  the  outside  in 

1  one  point.     For  if  il  U-  {nitwibli:.  let  the  cirdin 

A  the  circle  ABC  in   the  pointa  A,  C;  join  AC: 

e  bccnuiie  the  two  pointu  A,  r  ore  in  the  circumfrrctuv 

P  the  drcle  Af'K.  the  slmif^ht  linit  ^C  which  joins  them, 
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*  8.  S.  falls  within  *  the  circle  ACK :  but  the  circle  ACK  is  witli* 
fHyp.         outf  the  circle  ABC;  therefore  the  straight 

line  AC  is  without  this  last  circle :  but  because 
the  points  A>  C  are  in  the  circumference  of  the 
circle  ABC>   the    straight  line  AC  must  be 

*  S.  s.  within  *  the  sa^fi^  circle ;   which  is  absurd : 

therefore  one  circle  cannot  touch  another  on 
the  outside  in  more  than  one  point :  and  it 
has  been  shewn^  that  they  cannot  touch  on 
the  inside  in  more  points  than  one.    Therefore^  one 

6cc.      Q.  B,  D. 

PROPOSITION  XIV. 

Theor. — Equal  straight  lines  in  a  circle  are  equally  distani 
from  the  centre  ;    and  those  which  are  equally  distant  from 
the  centre  are  equal  to  one  another. 

Let  the  straight  lines  AB^  CD,  in  the  circle  ABDC>  be 
equal  to  one  another  :  they  shall  be  equally  distant  from  the 
centre, 
t  1.  S.  Take  t  E,  the  centre  of  the  circle  ABDC,  and  from  it  t, 

t  **•  *•  draw  EF,  EG,  perpendiculars  to  AB,  CD,  and  join  BA,  EC 
Then,  because  the  straight  line  EF,  passing  through  the  cen- 
tre, cuts  the  straight  line  AB,  which  does  not  pass  throngh 

*  a.  3.  the  centre,  at  right  angles,  it  also  bisects  *  it ;  therefSsre  AF 

is  equal  to  FB,  and  AB  double  of  AF ;  for  the  same 
t  Hyp.  CD  is  double  of  CO :  but  AB  is  equalf  to  CD ; 

t  7  Ax.         therefore  AF  is  equal  t  to  CG.     And  because      ^  ^ ^ 

1 15  Def.  I.  A£  is  equal  t  to  EC,  the  square  of  AE  is  equal 

to  the  square  of  EC :  but  the  squares  of  AF, 

*  47. 1.        FE  are  equal  •  to  the  square  of  AE,  because 

the  angle  AFE  is  a  right  angle ;  and  fur  the 

like  reason,  the  squares  of  EG,  GC  are  equal  to  the  wfmte  of 

1 1  Ax.  EC ;  therefore  the  squares  of  AF,  FE  are  equal  t  to  the 
sqnares  of  CG,  GE :  but  the  square  of  AF  is  equal  to  the 
square  of  CG,  because  AF  is  equal  to  CG ;  therefore  the  re- 

t  S  Ax.  maining  square  of  EF  is  equal  t  to  the  remaining  square  of 
EG,  and  the  straight  line  EF  is  therefore  equal  to  EG :  bnt 
straight  lines  in  a  circle  are  said  to  be  equsdly  distant  fiiom 
the  centre,  when  the  perpendiculars  dra\vn  to  them  fifim  the 

*  4  Def.  s.    centre  are  *  equal ;  therefore  AB,  CD  are  equally  distant  from 

the  centre. 


SOpKUU      P&OP.  XV.  03 

.,:^cxt,   let   the  straight  lines  AB,  CD  be  equally  distant 

from  the  centre,  that  isf  let  F£  be  equal  to  EG  :  AB  shall  t  i  Def.  3. 

be  equal  to  CD.     For,  the  same  construction  l>eing  madc^  it 

may,  as  before,  be  demonstrated^  that  AB  is  double  of  AF, 

Mid  CD  double  of  CO,  and  that  the  squares  of  EF^  FA  are 

«qual  to  the  squares  of  EG,  GC :  but  tht?  square  of  F£  is 

equal  to  the  square  of  EG,  because  FE  is  equal  t  to  EG ;  f  Hyp. 

therefore  the  remaining  square  of  A  F  is  I'l^ual  f  to  the  re-  f  3  Ax. 

maining  square  of  CG ;  and  the  straight  line  AF  is  therefore 

equal  to  CG  :  but  AB  was  shewn  to  be  double  of  AF,  and  CD 

double  of  CG ;  wherefore  AB  is  equal  t  to  CD.     Therefore,  t  ?  Ax. 

equal  straight  lines,  &c.     q.  e.  d.  ^^■--  ' , 

m 

\ 

PROPOSITION  XV. 

Thbor. — The  diameter  is  the  greatest  straight  line  in  a  circle;   See  N. 
and,  of  all  others,  that  which  is  nearer  to  the  centre  is 
always  greater  than  one  more  remote ;  and  the  greater  is 
to  the  centre  than  the  less. 


Let  ABCD  be  a  circle,  of  which  the  diameter  is  AD,  and 
the  centre  £ ;  and  let  BC  be  nearer  to  the  centre  than  FG : 
AD  shall  be  greater  than  any  straight  line  BC, 
which  if  not  a  diameter,  and  BC  shall  be  greater  ar  -..^v* 

tbaiiFO.  KnTTX     " 

From  the  centre,  draw  t  EH,  ER  perpen-      L  .~^i(4Hl.  "f  ^  ^ 
dicolars  to  BC,  FG,  and  join  EB,  EC,  EF :  and      X       r^y 
becauae  AE  is  equal  t  to  EB,  and  ED  to  EC,        ^J..^     fi^^^-l- 
therefore  AD  is  equal  t  to  EB,  EC :  but  EB,  EC  f  ^  Ax. 

are  greater  *  than  BC ;  wherefore  ulso,  AD  is  greater  than  BC.   *  so.  i. 

And,  because  BC  is  nearer  t  to  the  centre  than  FG,  EH  is  f  Hyp. 
le»  *  than  EK :  but,  as  was  demonstrated  in  the  preceding,  *  5  Def.  S. 
BC  is  double  of  909  and  FG  double  of  FK,  and  the  squares 
of  SHf  tlB  an$  equal  to  the  squares  EK,  KF:  but  the  square 
of  SH  » less  than  the  square  of  EK,  because  EH  is  less  than 
EK  ;  therefore  the  square  of  BH  is  greater  than  the  square  of 
FK,  and  the  straight  line  BH  greater  than  FK,  and  therefore 
BC  is  greater  than  FG. 

Nexts  let  BC  be  greater  than  FG :  BC  shall  be  nearer  to 
the  o^i^tre  than  FG,  that  is  t,  the  same  construction  being  f  5  Def.  8. 
made,  EH  shall  be  less  than  EK.     Because  BG4a, greater  than 
FO,  BH  likewise  is  greater  than  KLyp|)jtto  ii|U«Tes  of  BH, 


.:.Si 
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HE  are  equal  to  the  squares  of  FK,  KE  ;  of  whidi  the  aquaro 
of  BH  is  greater  than  the  square  of  FK,  because  BH  is  gnatef 
than  FK :  therefore  the  square  of  EH  is  less  than  the  squan 
of  EK^  and  the  straight  line  EH  less  than  £K ;  and  therafiim 
f  5  Def.S.  BC  is  nearer  t  to  the  centre  than  FO.  Wherefloare,  the  dm* 
meter>  &c.    q,  e,  d. 


PROPOSITION  XVI. 

See  N.  Thror. — The  straight  line  drawn  at  right  angles  to  the  diom 

meter  of  a  circle,  from  the  extremity  of  it.  Jails  fviihoat  tkt- 
circle  ;  and  no  straight  line  can  be  drawn  from  the  extre* 
mity,  between  that  straight  line  and  the  circumference,  so 
as  not  to  cut  the  circle ;  or,  which  is  the  same  things  mo 
straight  line  can  make  so  great  an  acute  angle  with  ike 
diameter  at  its  extremity,  or  so  small  an  angle  with  ike 
straight  line  which  is  at  right  angles  to  it,  as  not  to  cui  ike 
circle. 

Let  ABC  be  a  circle^  the  centre  of  which  is  D,  and  the  dia- 
meter AB :  the  straight  line  drawn  at  right  angles  to  AB 
from  its  extremity  A,  shall  fall  without  the  circle. 

For  if  it  does  not^  let  it  fall,  if  possible^ 

within  the  circle^  as  AC ;  and  draw  DC  to 

the  point  C^  where  it  meets  the  circumfer- 

ti5Def.  1.  ence.    And  because  DA  is  equal  t  to  DC, 

*  5. 1.  the  angle  DAC  is  equal  *  to  the  angle  ACD : 
t  Ky^         but  DAC  is  a  right  t  angle ;  therefore  ACD 

is  a  I'ight  angle;  and  therefore  the  angles  DAC^  ACD 

*  17. 1.         equal  to  two  right  angles;  which  is*  impossible:  therefbfo 

the  straight  line  drawn  from  A,  at  right  angles  to  ,^A,  does 
not  fall  within  the  circle.  In  the  same  manner  it  may  be 
demonstrated,  that  it  does  not  fall  upon  the  circamference  > 

*  See  fig.  9-  therefore  it  must  fall  without  the  circle,  as  A£  *« 

Also  between  the  straight  line  A£  and  the  circumfcreiiceu 
no  straight  line  can  be  drawn  from  the  point  A,  which  doet 
not  cut  the  circle.     For,  if  possible,  let  AF  be  between  them : 

*  18. 1.         from  the  point  D  draw  *  DG  perpendicular  to  AF,  and  let  it 

meet  the  circumference  in  H.    And  because  AGD  is  a  right 

*  17. 1.        angle,  and  DAO  less  *  than  a  right  angle,  DA  is  greater  *  than 
.  15  Tw  1    ^^  •  ^"*  ^^  ^®  equal  t  to  DH  ;  therefore  DH  is  greater  thaa 

DG^  the  less  than  the  greater ;  which  is  impossible :  there* 


PRor.  XT)  I. 


fofe  ao  attniglit  line  can  bo  drawn  fruin  the  punt  A ,  IwtvrMa 
AB  sod  Uie  circumterciice,  wiiiuh  duca  nut  cut  the  circle  ;  or, 
wbick  anMunts  to  the  same  thing,  huwerer 
gmtt  an  acute  angle  a  stnii);ht  line  makes 
with  Ibe  diameter  at  the  pt>int  A,  or  hov- 
erer  nnnll  an  angle  it  makes  with  AE,  the 
circumference  must  pass  between  tliut 
atnigbt  line  and  the  piTpendiculat  AE. 
"  And  this  is  ail  that  is  to  be  understood,  whrn,  in  tbc  Ore«k 
t«xtt  and  translations  from  it,  the  angle  of  the  Kenucirclc  ii 
said  to  be  greater  than  any  acute  rectilineal  angle,  and  the 
rgmainiag  angle  less  than  any  rectilineal  angle."     9.  E.  a. 

Cob.  From  this  it  is  manifest,  that  the  straight  line 
wbich  is  draim  at  right  angles  to  the  tliumetL'r  of  a  circle 
from  the  extremity  of  it,  tuuchos  f  the  circle;  and  that  it  itDcT.S. 
laucbes  it  only  in  Mie  point,  because  if  it  did  meet  the  circle 
in  two,  it  would  foil  *  within  it.  "  AIm>  it  is  evident,  that  •  t.  3. 
there  can  b«  but  one  straight  line  ivhicli  touches  the  circle  in 
the  same  point." 


PROPOSITION  XVII. 


Pbob. —  To  draw  a 
wilhotU  or  in  the  c 
circU. 


tiraigkl  Unefrifoi  a  given  paint,  either 
rvumftrrnce,  which  shall  louch  a  givm 


Fint,  let  A  Ih!  a  given  point  without  the  given  circle  liCD  ; 
I  rcqnir«id  to  draw  a  straight  line  from  A,  which  ahnli 
nch  ibe  circle. 
Find  "  the  centre  E  of  the  circle,  and  juin   AK  ;  and  from   ■ 
i  centre   E,  at  the   distance   EA.  destribe   the  circle   Afli; 
a  tbe  point  I>,  draw  *  I>F  at  right  Riigl«s  to  E.\,  and  join   ' 
tr,  AB:  All  shall  touch  the  circle  BCD. 

:   is  the  centre  of  the  circles   BCD,  AFO  ;   BA  is 
il  t   to  EF,  and  KV  to  EB  ;  therefore  tbe  two  sides  AK,    I 
i  an  equal  to  the  two  FE,  ED,  each  to 
;  and  tbey  contain  tbc  angle  nt   B 
n  to  tbc  two  triangles  AEB,   FEU ; 
•  the  base  DF  is  equal  *  to 
I  tbe  triangle  FED  to  the  triangle 
mi  tbn  othrr  angles  to  the  other 
•  t  tb«refor«  the  angle  EIIA  is  equal  to  tbe  angle  EDF. 
t'RDr  is  a  right  f  ftnglv,  nhcreftwe  EBA  is  a  ri^t  +  angle ; 
V  'i 


m 
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and  EB  is  drawn  from  the  centre :  but  a  straight  line  drawn 

from  the  extremity  of  a  diameter^  at  right  angles  to  it| 
*Cor.  16.  S.   touches  *  the  circle  ;  therefore,  AB  touches  the  circle  ;  and  it 

is  drawn  from  the  given  point  A.     Which  was  to  be  doae. 
But  if  the  given  point  l)e  in  the  circumference  of  the 

circle,  as  tlic  point  D,  draw  DE  to  the  centre  E^  and  DF  at 
*  Cor.  16.3.   right  angles  to  DE  :  DF  touches  ♦  the  circle. 

PROPOSITION  XVIII. 

TiiROR. — If  a  straight  line  touches  a  circle,  the  straight  line 
drawn  from  the  centre  to  the  point  of  contact,  shall  be  per- 
pendicular  to  the  line  touching  the  circle. 


t  l.S. 


•  17.  1. 

•  19.  1. 


Let  the  straight  line  DE  touch  the  circle  ABC  in  the  pdnt 
C  ;  take  f  the  centre  F,  and  draw  the  straight  line  FC :  FC 
shall  be  perpendicular  to  DE. 

For  if  it  be  not,  from  the  point  F,  draw  FBO  perpendi- 
cular to  DE  :  and  because  FOC  is  a  right  angle^  OCF  is  *  an 
acute  angle  ;  and  to  the  greater  angle  the  greater  *  tide  is 
opposite ;  therefore  FC  is  greater  than  FO : 
fldDef.l.   but  FC  is  equal  t  toFB;  therefore  FB  is 
greater  than  FG,  the  less  than  the  greater ; 
which  is  impossible ;    therefore  FO  is  not 
perpendicular  to  DE.     In  the  same  manner 
it  may  be  shewn,  that  no  other  is  perpendi- 
cular to  it  besides  FC ;  that  is,  FC  is  perpendieular  to  DE> 
Therefore,  if  a  straight  line,  &c.     q.  e,  d. 

PROPOSITION  XIX. 

Thror. — If  a  straight  line  touch  a  circle,  and  from  the  pokii 
of  contact  a  straight  line  be  drawn  at  right  wnglu  to  tht 
touching  line,  the  centre  of  the  circle  sliall  be  in  timi  lime. 

Let  the  straight  line  DE  touch  the  circle  ARC  h  0 ;  and 

from  C,  let  CA  be  drawn  at  right  angles  to 

DE  :  the  centre  of  the  circle  shall  be  in  CA. 

For,  if  not,  let  F  be  the  centre,  if  possible, 

and  join  CF.     Because  DE  touches  the  circle 

ABC,  and  FC  is  drawn  from  the  centre  to 

•  18. 3.         the  point  of  contact,  FC  is  perpendicular  * 

to  DE  ;  therefore  FCE  is  a  right  angle  :  but 

t  Hyp.         ACE   is  also  a  right  t  angle ;    therefore  the  angle  FCE  19 
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e<|Uiilt    to   the   angle   ACE,  tW  1cm   Id  Uic  gmtter;   whioli    f  I  Ax. 
h  itnp(wMblc;  tbcrcfoTc  F  is  not  the  n.Mitro  iif  tki:  i-irclc  ABt'. 
tn  tho  nunc  Diuuner  U  may  be  aliewii,  that  no  other  [wint 
wliich  is  Dot  in  CA,  k  the  centre ;  that  is,  the  centre  i>  in 
•Ji.     Therefore,  if  i  straight  line.  Sec.     v.  e.  i>. 

PnOPOSITKIN   XX. 

Th  bob.—  The  angle  al  the  ccntrt  of  a  rirrlr  it  double  if/'  ihf    S«  N. 
angle  al  the  cirvumf'mttce  Hjiun  the  tame  liair,  thai  U,  tiJMM 
the  taate  pari  of  Ike  circamJereHct. 

Let  ABC  be  a  cirde,  unil  BEC  au  uii^Ie  at  \iw  centre,  mm) 
h^AC  an  augle  at  the  circunifvrence,  wliicli  have  the  muuc  eir- 
I  aunfereuoe  BC  f^r  their  bate  :  the  angle  DEC  »bull  lie  double 
yti  the  angle  BAC. 

Join  AE,  nnil  jirixluee  it  to  F.  Fiwt,  let  the  «crtlfe  of  the 
^drcle  be  within  the  angle  BAC.     Becan&e  EA  i*  i<<lUal  to  ED, 

ingle    EAB  ii.  c<nirtl  *  to  the  angle  KBA  ;  ,       *b.\. 

iercfiire  the  an^lei  KAB,  ERA  an-  il.iuhle  of 
e  an^e  EAB :  but  the  aiigli^  IIEV  )>  eiiuul  *  to 
e  niighn  EAB,  £BA  ;  thcrcfun?  dIm  the  angle 
r  BEf  is  double  of  the  uiiglv  BAB  :  fiw  the  wine         t —  "- 

I.  the  ii:ii;Ie  FEC  ii  iloiililu  of  the  angle 
t  SAC  ;  therefore  the  whole  angle  BEC  ia  double  of  the  whole 
^le  BAr. 

Ag&in,  let  the  centre  »f  the  circle  In:  with* 

t  the  ungle  BAC:  it  umy  lie  detnoustnited, 

1  in  the  first  ciw.  thm   the  angle   FEC  \\t 

E  doublo  of  the  angle  FAC,  and  ihut  FEIt,  a  [Hirt 

I  h«(  th«  fint.  i>  double  of  FAK,  a  part  of  the 

rr;  tliMreftire  tlie  remaining  angle  BEC  in 

e  of  the  rcuiainiag  an^e  BAC.     Thervfnre,  the  nngle 

ll  the  GCtlUC,  &c.      Q.  E.  0. 

PBOPOSITION   XXI. 


name  segment  «/"  a  cirelf  n 
■r.  another. 


Ml 


L«i  ABCD  be  a  drcle,  and  BAD,  BED  niigleit  in  tlie  oai; 
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t  1.8. 


•20.3. 


t7Ax. 


fS  Ax. 


Firsts  let  the  BCgment  BAED  be  greater  than  a  semicirGle. 
Take  t  F,  the  centre  of  the  circle  ABCD,  and  join  BF,  FD  : 
and  because  the  angle  BFD  is  at  the  centre^ 
and  the  angle  BAD  at  the  circumference^  and 
that  they  have  the  same  part  of  the  circum- 
ference, viz.  BCD  for  their  base,  therefore  the 
angle  BFD  is  double  *  of  the  angle  BAD :  for 
the  same  reason,  the  angle  BFD  is  double  of 
the  angle  BED ;  therefore  the  angle  BAD  is 
equal  f  to  the  angle  BED. 

Next,  let  the  segment  BAED  be  not  greater  than  a  semi- 
circle. Draw  AF  to  the  centre,  and  produce  it 
to  C,  and  join  CE :  therefore  the  segment  BADC 
is  greater  than  a  semicircle ;  and  the  angles  in 
it,  BAG,  BEC  are  equal,  by  the  first  case :  for 
the  same  reason,  because  CBED  is  greater  than 
a  semicircle,  the  angles  CAD,  CED  are  equal ; 
therefore  the  whole  angle  BAD  is  equal  f  to 
the  whole  angle  BED.  Wherefore,  the  angles  in  the  same 
segment,  &c.     Q.  £•  D. 


PROPOSITION  XXII. 


TiiEon. — T/te  opposite  angles  of  any  quadriiaieral  Jrgure 
inscribed  in   a   circle,   are  together  equal   to   two    rigki 


angles. 


Let  ABCD  be  a  quadraliteral  figure  in  the  drde  ABCD : 
any  two  of  its  opposite  angles  shall  together  be  equal  to  two 
right  angles. 

Join  AC,  BD :  and  because  the  three  angles  of  every  tri- 

*  82. 1.        angle  are  equal  *  to  two  riglit  angles,  the  three  aDglea  of  the 

triangle  CAB,  viz.  the  angles  CAB,  ABC^  BGA^  are  equal  to 

•  21.  S.         two  right  angles :  but  the  angle  CAB  is  equal  ♦ 

to  the  angle  CDB,  because  they  are  in  the  same 
segment  CDAB;  and  the  angle  ACB  is  equal 
to  the  angle  ADB,  because  they  are  in  the  same 
segment  ADCB ;  therefore  the  two  angles  CAB, 

1 2  Ax.         ACB  are  together  equal  f  to  the  whole  angle  ^ 

ADC :  to  each  of  these  equals  add  the  angle  ABC ;  therefore 

1 8  Ax.         the  three  angles  ABC,  CAB,  BCA  are  equal  t  to  the  two  angles 
ABC^  ADC:  but  ABC,  CAB,   BCA  arc  equal  to  two  n^t 


J 
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ingles  ;  therefore  also  the  angles  ABC,  ADC  are  equal  t  to  f  ^  ^^c 
two  right  angles.     In  the  same  manner  the  angles  BAD,  DCB 
may  be  shewn  to  be  equal  to  two  right  angles.     Therefore, 
the  opposite  angles,  &c.     q.  e.  o. 

PROPOSITION  XXIII. 

Theor. — Upon  ike  same  straight  line,  and  upon  the  same  side  Sec  N. 
of  it  J  there  cannot  be  two  similar  segments  ofcirdes,  not  co^ 
inciding  with  one  another. 

If  it  be  possible,  upon  the  same  straight  line  AB,  and  upon 
the  same  side  of  it,  let  there  be  two  similar  segments  of  cir« 
des,  ACB,  ADB,  not   coinciding   with   one 
another.     Then,  because  the  circle  ACB  cuts 
the  circle  ADB  in  the  two  points  A,  B,  they 

cannot  cut  one  another  in  any  other  *  point :        ^^^.^^      •  lo. 3. 
therefore  one  of  the  segments  must  fall  within 
the  other :  let  ACB  fall  within  ADB ;  draw  the  straight  line 
BCD,  and  join  CA,  DA.     And  because  the  segment  ACB  is 
similar  f  to  the  segment  ADB,  and  that  similar  s^ments  of  f  Hyp. 
circles  contain  *  equal  angles,   therefore   the  angle  ACB  is   *  ^  ^  ^^'  ^' 
equal  to  the  angle  ADBX,  the  exterior  to  the  interior ,-  which 
is  impoHsiUe*.     Therefore,  there  cannot  be  two  similar  seg-   *  J6.  l. 
ments  of  circles  upon  the  same  side  of  the  same  line,  which 
do  not  coincide.     Q.  b.  d, 

PROPOSITION  XXIV. 

Thbor. — Similar  segments  of  circles  upon  equal  straight  lines,   See  N. 

are  equal  to  one  another. 

Let  AEB,  CFD  be  similar  segments  of  circles  upon  the  equal 
strai^t  lines  AB,  CD :  the  segment 
AEB  shall  be  equal  to  the  segment 
CFD.  ^-^      ^J^ 

For  if  the  s^ment  AEB  be  ap-     ^ j^   g— ^ j^ 

plied  to  the  s^ment  CFD,  so  that 

the  point  A  may  be  on  C,  and  the  straight  line  AB  upon  CD, 

the  point  B  shall  coincide  with  the  point  D,  because  AB  is  equal 

f  Tbtt  i%  ACB,  the  exterior  angle  of  the  triangle  ACD,  is  proved  lo  be 


•qnl  to  tbe  iateiior  tnd  opposite  angle  ADC  * ;  which  is  inipossible,  *  16. 1. 


t. 
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to  CD :  therefefe  i\m  straight  line  AB  coinciding  with  CB^  the 
«  SS.  S.  segment  AEB  musi  *  coincide  with  the  segment  CFD,  wad 
f  8  Ax.         therefore  is  equal  f  to  iL     Wherefore^  similar  segments,  in» 

Q.  E,  D.  a^ 

PROPOSITION  XXV. 

See  N.  Prob.  --A  iegmcnt  of  a  circle  being  given,  io  describe  tk$ 

circle  of  which  it  is  the  segment. 

Let  ABC  be  the  given  segment  of  a  circle  ;  it  is  required  to 

describe  the  circle  of  which  it  is  the  segment. 

♦  10.  1.  Bisect  *  AC  in  D,  and  from  the  point  D,  draw  ♦  DB  at  right 

•11.1.         angles  to  AC,  and  join  AB.     First,  let  the  angles  ABD>  BAD 

f  See  Fig.  1.  be  equal  t  to  one  another ;  then  the  straight  line  BD  is  equal  * 
•6. 1. 


ADC        .-  E 


to  DA,  and  therefore  j:  to  DC :  and  because  the  three  straight 

*  9.  S.  lines  DA,  DB,  DC  are  all  equal,  D  is  the  centre  of  the  circle*. 

From  the  centre  D,  at  the  distance  of  any  of  the  three  DAj 

DB,  DC,  describe  a  circle ;  this  shall  pass  through  the  other 

points,  and  the  circle  of  which  ABC  is  a  segment  is  described : 

and  because  the  centre  D  is  in  AC,  the  segment  ABC  is  a  semi- 

t  See  Fig.     circle.     But  if  the  angles  ABD,  BAD  are  not  equal  t  to  one 

•23*^1^        another,  at  the  point  A,  in  the  straight  line  AB,  make  •  the 

t  See  Fig.  9.   angle  BAE  equal  to  the  angle  ABD,  and  produce  f  BDj  if 

necessary,  to  E,  and  join  EC.     And  because  the  angle  ABE  is 

*  6. 1.  equal  to  the  angle  BAE,  the  straight  line  BE  is  equal  *  to  EA: 

and  because  AD  is  equal  to  DC,  and  DE  common  to  the  tri- 
angles ADE,  CDE,  the  two  sides  AD,  DE  are  equal  to  the  two 
CD,  DE,  each  to  each ;  and  the  angle  ADE  is  equal  to  the 
f  Constr.       angle  CDE,  for  each  of  them  is  a  right  t  angle ;  therefore  the 

*  4. 1.  base  AE  is  equal  *  to  the  base  EC :  but  AE  was  she\Fn  to  be 
f  1  Ax.        equal  to  £B ;  wherefore  also  BE  is  equal  t  to  EC ;  and  there- 
fore the  three  straight  lines  AE,  EB,  EC  are  equal  to  one 

*  0.  3.  another :  wherefore  *  E  is  the  centre  of  the  circle.     From  the 

\  For  since  AC  was  bisected  in  D,  therefore  AD  iv  equal  to  DC  :  but  BD 
t  I  Ax.  is  proved  to  be  equal  to  AD,  tJierefore  BD  is  equal  t  to  DC 
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ceatre  B,  at  the  distance  of  any  of  the  tift€»  Mf^  EB>  EC, 

describe  a  circle ;  this  shall  pass  through  tke  other  points,  and 

the  circle,  of  which  ABC  is  a  s^pnent,  is  described.     And  it 

is  evident,  that  if  the  angle  ADD  fa||kreater  f  than  the  angle  t  See  Fig.  2. 

BAD,  the  centre  E  falls  withou^Be  segment  ABC,  which 

therefore  is  less  than  a  semicircle :  Sht  if  the  angle  ABD  be 

less  f  than  BAD,  the  centre  £  falls  within  the  segntent  ABC,   t  SeeFig.  S. 

which  is  therefore  greater  than  a  semicircle.     WUerefore,  a 

segment  of  a  circle  being  given,   the  circle  is  describedo  f 

which  it  is  a  s^ment.     Which  was  to  be  done.       ■ 


PROPOSITION  XXVI. 


^- 


Thsor. — In  equal  circles,  equal  angies  stand  upon  equal  cir^ 
cumferenctSy  whether  they  be  at  tne  centres  or  circumfer" 
ences. 

Let  ABC,  DEF  be  equal  circles,  and  let  the  angles  BOC, 
EHF  at  their  centres,  and  BAC,  EDF  at  their  circumferences, 
be  equal  to  each  other :  the  circumference  BKC  shall  be  equal 
to  the  circumference  ELF.  ^ 

Join  BC,  £F :  and  because  the  circles  ABC,  DEF  are  equal, 
the  straight  lines  drawn  from  their  centres  f  are  equal :  there-  1 1  Def.  3. 
fare  the  two  sides  BO,  GO  are  equal  to  the  two  EH,  HF,  each 
to  each :  and  the  angle  at  O  is  equal  f  to  the  angle  at  H ;  t  ^yp- 
tberefbre  the  base  BC  is  equal  *  to  the  base  EF.    And  because  *  4.  i. 
the  angle  at  A  is  equal  f  to  the  angle  at  D,  the  segment  BAC  t  Hyp. 
18  similar  *  to  the  segment  EDF  ;  and  they  are  upon  equal  *  ^  l  I^ef.  s. 
straight  lines  BC,  EF :  but  simi- 
lar s^mentsof  circles  upon  equal 

straight  lines,  are  equal  ♦  to  one        .y^^\r\      /"''"y^       *  **•  * 
another  ;  therefore  the  segment 
BAC  is  equal  to  the  segment 
EDF :  but  the  whole  circle  ABC 

is  equal  f  to  the  whole  DEF  >  f  Hyp. 

therefore  the  remaining  segment  BKCis  equal  t  to  the  remain-  t  3  Ax. 
ing  segment  ELF,  and  the  circumference  BKC  to  the  circum- 
ference ELF.     Wherefore,  in  equal  circles,  &c.     q,  e.  d, 

PROPOSITION  XXVIL 

Theob* — In  equal  circles,  the  angles  which  siaitd  ujTon  equal 
drcumferences  are  equal  to  one  another,  whether  they  be  at 
the  centres  or  circumferences. 
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•20.  3.  & 
7  Ax.l. 


•  23.  1. 


•  26.  3. 


fHyp. 
t  1  Ax. 


t  20. 8. 
t7  Ax. 


•  1.8. 


fl  Der.S. 

fHyp. 
•  8.  I. 
•26.8. 


Let  ABC,  DEF  be  equal  circles^  and  let  the  angled  BOC, 
EHF  at  their  centres^  and  BAG,  EDF  at  their  circumferences, 
stand  upon  the  equal  circumferences  BC^  EF :  the  angle  BOC 
shall  be  equal  to  the  angle  EHF,  and  the  angle  BAG  to  the 
angle  EDF. 

If  the  angle  BGC  be  equal  to  the  angle  EHF,  it  is  mani- 
fest *,  that  the  angle  BAG  is  also  equal  to  EDF.  But,  if  not, 
one  of  them  must  be  greater  than 
the  other :  let  BOG  be  the  greater, 
and  at  the  point  Q,  in  the  straight 
line  BO,  make  *  the  angle  BOK 
equal  to  the  angle  EHF.  Then,  be- 
cause the  angle  BOK  is  equal  to  the 
angle  EHF,  and  that  equal  angles  stand  upon  equal  circum- 
ferences *,  when  they  are  at  the  centres,  therefore  the  cir- 
cumference BK  is  equal  to  the  circumference  EF :  but  £F  is 
equal  t  to  BG ;  therefore  also  BK  is  equal  t  to  BG,  the  leas  to 
the  greater ;  which  is  impossible ;  therefore  the  angle  BGC  is 
not  unequal  to  the  angle  EHF ;  that  is,  it  is  equal  to  it :  and 
the  angle  at  A  is  half  t  of  the  angle  BOG,  and  the  angle  at  D 
half  of  the  angle  EHF ;  therefore  the  angle  at  A  is  equal  t 
to  the  angle  at  D.     Wherefore,  in  equal  circles,  &c.     Q.  R,  d. 

PROPOSITION  XXVIII. 

« 

TuEOR. — In  equal  circles,  equal  straight  lines  cut  off  equal 
circumferences  ;  the  greater  equal  to  the  greater,  and  ike 
less  to  the  less. 

Let  ABG,  DEF  be  equal  circles,  and  BC,  EF  equal  straight 
lines  in  them,  which  cut  off  the  two  greater  circumferences 
BAG,  EDF,  and  the  two  less  BOC,  EHF :  the  greater  BAC 
shall  be  equal  to  the  greater  EDF,  and  the  less  BGC  to  the 
less  EHF. 

Take  *  K,  L,  the  centres  of  the 
circles,  and  join  BK,  KG,  EL,  LF: 
and  because  the  circles  are  equal, 
the  straight  lines  from  their  centres 
are  f  equal ;  therefore  BK,  KG  are 
equal  to  EL,  LF,  each  to  each  ;  and 

the  base  BG  is  equal  f  to  the  base  EF  ;  therefore  the  angle 
BKG  is  equal  *  to  the  angle  ELF :  but  equal  angles  stand 
upon  equal  *'  circumferences,  when  they  are  at  the  centres ; 
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thcreibre  the  ckcamference  BOO  is  equal  to  the  drcQmference 

J&UF  :  bat  the  whole  drde  ABC  is  equal  t  to  the  whole  £DF;   f  Hyp. 

therefore  the  remaining  part  of  the  circumference^  viz.  BAC, 

m  ei|aai  f  to  the  remaining  part  £DF.     Therefore,  in  equal  f  3  Ax. 

drcles^  &c.     Q,  b,  d, 

..,     -  ^  PROPOSITION  XXIX. 

Tnson.T—In  equal  circles,  equal  circumferences  are  subtended 

by  equal  straight  lines. 
■\. 

Cet  ABC,  DEF  be  equal  drcles,  and  let  the  drcumfercnces 
BGC,  EHF  also  be  equal ;  and  join  BC,  EF :  the  straight  Knc 
BC  shall  be  equal  to  the  straight  line  EF. 

Take  •  K,  L,  the  centres  of  the  circles,  and  join  BK,  KC,   *  !•  3. 
BL,  LF :  and  because  the  drcumfer- 
enoe  BOC  is  equal  to  the  drcumfer- 

ence  EHF,  the  angle  BKC  is  equal  *       /^'T^    /"^^      *  ^'^^  ^' 
to  the  angle  ELF :  and  because  the 
circles   ABC,    DEF   are    equal,    the 

straight  lines  from  thdr  centres  are  t     ^  ^"CT"  ^HT  '^     ♦  ^  ^^'  3. 

equal ;  therefore  BK,  KO.are  equal  to 

EL,  LF,  each  to  each ;  and  they  contain  equal  angles ;  there- 
fore the  base  BC  is  equal  *  to  the  base  EF.    Therefore,  in  equal  *  i.  L 
drdes,  &c     q.  £.  d. 

PROPOSITION  XXX. 

pROB. — To  bisect  a  given  circumference,  that  is,  to  divide  it 

into  two  equal  parts. 

Let  ADB  be  the  given  circumference;  it  is  required  to 
bisect  it. 

Join  AB,  and  bisect  *  it  in  C ;  from  the  point  C,  draw  CD  *  lo.  J. 
at  right  angles  t  to  AB:  the  circumference  ADB  shall  be  t  IM- 
Uaected  in  the  point  D. 

Join  AD,  DB:  and  because  AC  is  equal  to  CB, 
and  CD  common  to  the  triangles  ACD,  BCD,  the 
two  tides  AC,  CD  are  equal  to  the  two  BC,  CD, 
each  to  each ;  and  the  angle  ACD  is  equal  to  the 
angle  BCD,  because  each  of  them  is  a  right  an- 
gle; therefore  the  base  AD  is  equal  *  to  the  base  BD.  But  *  4.  i. 
equal  straight  lines  cut  off  equal  *  droumferences,  the  greater  •  28. 8. 
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equal  to  the  greater^  and  the  less  to  the  less ;  and  AD,  DB 
*  Cur.  1.  s.  are  each  of  them  less  than  a  semicircle^  because  DC  *  passes 
through  the  centre,  therefore  the  circumference  AD  is  equal  to 
the  circumference  DB.  Therefore,  the  given  circumference 
is  bisected  in  D.     Which  was  to  be  done. 


PROPOSITION  XXXI. 

Theor. — Iti  a  circle,  Ihe  angle  in  a  semicircle  is  a  right  angle  ; 
but  the  angle  in  a  segment  greater  than  a  semicircle,  i.v  less 
than  a  right  angle  ;  and  the  angle  in  a  segment  less  than  a 
semicircle,  is  greater  than  a  right  angle. 

Let  ABCD  be  a  circle,  of  which  the  diameter  is  BC,  and  the 
centre  £  ;  and  draw  CA,  dividing  the  circle  into  the  s^meuts 
ABC,  ADC,  and  join  BA,  AD,  DC :  the  angle  in  the  semi- 
circle BAC,  shall  be  a  right  angle ;  and  the  angle  in  the  seg- 
ment ABC,  which  is  greater  than  a  semicircle,  shall  be  less 
than  a  right  angle ;  and  the  angle  in  the  segment  ADC,  which 
is  less  than  a  semicircle,  shall  be  greater  than  a  right  angle. 

Join  AE,  and  produce  BA  to  F :  and  be« 
t  16  Def.  1.  cause  BE  is  equal  f  to  EA,  the  angle  EAB  is 

*  5. 1.  equal  *  to  EBA;  also,  because  A£*is  equal 

to  EC,   the  angle  EAC  is  equal  to  ECA; 

t  2  Ax.        wherefore  the  whole  angle  BAC  is  equal  f  to 

the  two  angles  ABC,  ACB:  but  FAC,  the 

*  32.  1.        exterior  angle  of  the  triangle  ABC,  is  equal  * 

to  the  two  angles  ABC,  ACB;  therefore  the 
1 1  Ax.         angle  BAC  is  equal  f  to  the  angle  FAC;  and  therefore  each  of 

*  10  Def.  1.  them  is  a  right  *  angle :  wherefore  the  angle  BAC  in  a  semi- 

circle, is  a  right  angle. 

And  because  the  two  angles  ABC,  BAC  of  the  triangle 

*  17. 1.        ABC,  arc  together  less  *  than  two  right  angles^  and  that  BAC 

has  been  proved  to  be  a  right  angle,  therefore  ABC  mutt  be 
less  than  a  right  angle ;  and  therefore  the  angle  in  a  segment 
ABC  greater  than  a  semicircle,  is  less  than  a  right  angle. 

*  83. 3.  And  because  ABCD  is  a  quadrilateral  figure  in  a  cirdej  any 

two  of  its  opposite  angles  are  equal  *  to  two  right  angles ; 
therefore  the  angles  ABC,  ADC  are  equal  to  two  right  angles : 
and  ABC  has  been  proved  to  be  less  than  a  right  angle;  where- 
fore the  other  ADC  is  greater  than  a  right  angle. 

Besides  it  is  manifest,  that  the  circumference  of  the  greater 


t 


1 
1 

I 


^mcnt  ABC  falls  without  the  riglit  nngl*CAB  j  but  the  cir- 
eiuuferoiice  of  iJiu  less  segment  ADU  falls  mHthin  the  right 
uigle  CAF.  "  And  this  is  ii)I  thut  is  meant,  when  in  the 
Gra^  text,  and  the  translations  from  it,  the  angle  of  the 
greater  segtuciit  is  said  to  be  greater,  and  the  ungle  of  the  less 
Moment  is  said  to  be  less,  than  a  right  angle."     9.  e.  d. 

Cor.  From  this  it  is  manifest,  that  if  one  angle  of  a  tri- 
angle be  equal  tu  the  other  two,  it  is  a  right  angle,  because 
the  angle  adjacent  to  it  is  equal  t  to  the  same  two  ;  and  wlicii  f  SS.  1. 
tUe  tutjacent  angles  arc  equal,  they  are  f  right  angles.  f  '"  ^'^^^ 

TasoB. — if  a  slraight  line  touch  a  circle,  and  from  the  point 
^contact  a  slrnight  line  be  drnmn  calling  Ike  circle,  the 
taigitt  wkiuh  tkia  line  maket  wilh  Hie  line  touching  the  circle, 
shaR  tie  etfual  lo  the  angles  rvhick  are  in  Ike  alternate  seg- 
mentt  tf  the  circle. 


PROPOSITION  xxxri. 


/^. 


Let  the  straight  line  EF  touch  the  circle  ADCD  in  n,  and 
frmn  the  point  u  let  the  strnight  line  BD  be  dnmn,  cutting 
the  circle:  the  angles  which  BD  mnkcs  ivith  the  touching 
line  EF,  sliall  be  equal  to  the  angles  in  the  itltemiite  seg- 
ments of  the  circle  ;  that  is,  the  angle  DBF  shall  be  equal  to 
Ibe  angle  which  is  in  the  segment  DAB,  and  the  angle  DBE 
shall  be  equal  to  the  angle  in  the  segment  DCS. 

From  the  point  B,  draw  *  BA  at  right  angles  to  EF.  and    ■ 
I  faUce  any  point  G,  in  the  circumference  DB,  ami  join  AD,  DC, 
!B:  and  because  the  straight  line  EF  touches  the  circle  ABCD 
a  the  point  B,  and  BA  is  drawn  at  right 
Rjangles  tu  the  touching  line  frum  the  point  of 
t  B,  the  centre  of  the  circle  is*  in  BA  ; 
e  the  angle  ADB  in  a  semicircle  is  a 
'  angle  ;  and  consequently  the  other 
o  angles  BAD,  ABD,  are  equal  *  to  a  right 
!  but  ABF  is  likewise  a  t  right  angle ; 
^fterefere  the  angle  ABF  is  equal  t  to  the  angles  BAD,  ABD:    | 
take  ftom  these  equals  the  common  angle  ABD  ;  therefore  the 
muuning  angle  DBF  is  equal  t  to  the  angle  BAD,  which  is  in   ' 
dte  alternate  segment  of  the  circle.     And  because  ABCD  is  a 

rdrilatenJ  figure  in  a  circle,  the  opposite  angles  BAD,  BCD 
equal "  to  two  right  angles:  but  the  angles  DBF,  DBE  ore    ' 


78 


SUCLID's  BLSUENT8. 


•  IS.  I. 
t  1  Ax. 
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SecN. 


•  10.  I. 


31.  S. 


•  23.  1. 

•  11.  I. 

•  10.  1. 

•  11.  1. 


likewise  equal  *  to  two  right  angles ;  therefore  the  anglet 
DBF,  DB£  are  equal  +  to  the  angles  BAD,  BCD :  and  DBF  bam 
been  prored  equal  to  BAD ;  therefore  the  remaining  angle 
DBE  is  equal  t  to  the  angle  BCD  in  the  alternate  aegment  of 
the  circle.     Wherefore,  if  a  straight  line,  &c.     Q.  £.  d. 


PROPOSITION  XXXIII. 


Pros. — Upon  a  given  straight  line  to  descrihe  a  segment  of  a 
circle,  which  shall  contam  au  amgle  equal  to  a  given  recti- 
limmi  angle. 

Let  AB  be  the  given  straight  line,  and  the  angle  at  C  the 
given  rectilineal  angle ;  it  is  required  to  describe  upon  the 
given  straight  line  AB,  a  segment  of  a  circle,  which  shall  con- 
tain an  angle  equal  to  the  angle  C. 

First,  let  the  angle  at  C  be  a  right  angle ; 
bisect  *  AB  in  F,  and  from  the  centre  F,  at 
the  distance  FB,  describe  the  semicircle  AHB : 
therefore  the  angle  AHB  in  a  semicircle,  is  * 
equal  to  the  right  angle  at  C. 

But,  if  the  angle  C  be  not  a  right  angle ;  at  the  point  A, 
in  the  straight  line  AB,  make  *  the  angle  BAD  equal  to  the 
angle  C,  and  from  the  point  A,  draw  *  AE  at  right  angles  to 
AD :  bisect  *  AB  in  F,  and  from  F,  draw  *  FO  at  right  angles 
to  AB,  and  join  OB.  And  because  AF 
is  equal  to  FB,  and  FG  common  to  the 
triangles  AF6,  BF6,  the  two  sides  AF, 
FO  are  equal  to  the  two  BF,  FO,  each  to 
f  lODeCl.  each;  and  the  angle  AFO  is  equal  t  to 
the  angle  BFO  ;  therefore  the  base  AO  is 

*  4. 1.  equal  *  to  the  base  OB;  and  therefore  the 

circle  described  from  the  centre  O,  at  the  distance  OA,  shall 
pass  through  the  point  B  :  let  this  be  the  circle  AHB :  the  seg- 
ment AHB  shall  contain  an  angle  equal  to  the  given  rectili- 
neal angle  C. 

Because  from  the  point  A,  the  extremity 

of  the  diameter  AE,  AD  is  drawn  at  right 

•Cor.  16. 8.  angles  to  AE,  therefore  AD  *  touches  the 

circle :  and  because  AB,  drawn  from  the 

point  of  contact  A,  cuts  the  circle,  the 

•  82. 8»        angle  DAB  is  equal  to  the  angle  in  the  alternate  segment  • 
t  Conrtr.      AHB :  but  the  angle  DAB  is  equal  t  to  the  angle  C ;  therefore 
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C  is  equal  t  to  the  angle  in  the  KOgment  AHB.  f  i  Ai. 
■Wherefore,  uium  the  gircn  ttraight  Jim-  Alt,   Uif   wginent 
AVB  of  ■  circle  ii  dcacribnl,  which  canlains  nn  angle  equal 
t*  tke  giren  angle  at  C.     Which  wn»  to  be  done. 

■  PROPOSITION  XXXIV.  -j 

Hp&UB. — From  a  given  circle  lo  cut  off  a  tegtnenl,  n-hich  shall 
f '      cotilain  an  angle  equal  to  a  given  rectilineal  angle. 

Let  ABC  Ih.'  the  given  circle,  and  U  the  given  rcctilinctti 
angle;  it  is  requirtd  lo  cut  off  from  the  circle  ABC,  h  seg- 
ment that  shall  contain  an  angle  equal  to  the  given  angle  D. 

Draw  *  the  slmight  line  EP  touching  the  circle  ADC  in  the  • 
point  B ;  tuid  ut  the  jioint  B,  in  the 
Btnigbt  line  BF,  make  *  llie  angle  FBtJ 
equal  tu  the  angle  1) ;  the  wgmcnt  BAL' 
•hall  eontatu  an  angle  e<]ual  to  the  given 
angle  D. 

Because  the  stmight  line  EF  towchea 

e  circle  ABC,  and  BC  i«  drawn  imn 

t  point  of  contact  B,  the  angle  PBC  is  eqnul  *  to  the  angle    ' 
I  the  alternate  scgmeuft  BAC  of  the   circle;  but  the  angle 
;  is  equal  +  to  the  angle  D ;    therefore  the  angle  in  the  \ 

ment  BAC  la  equal*  to  th<-  angle  D.     Wherrfbre,  from   ' 

e  given  efrele  ABC,  the  segment  BAC  is  cut  off,  containing 
nMlglc  equul  to  Uifc  given  angle  D.    M'bich  wuh  ti>  be  done. 

PROPOSITION   XXXV. 

MOR. — Ifltro  tiraighl  li»e.i  cut  one  another  nilkin  a  circle,   f 
the  rectangle  contained  bif  ihe  atgtncM*  ?/'  ""<■  "/"  Hi^n  i* 
,  it^ttal  lo  tkt  rectangle  contained   bif    the   tegtnenlt   ^  tin 

E  l«t  the  two  straight  lines  AC,  Iin  cut  one  iinother  in  the 
intE,  within  the  circle  A  BCD:  the  rectangle 

bbuned  by  AE,  KC,  shall  I»e  eqnul  to  the  reel-  '^Ce/^ 

"«  contained  by  BE,  EI*.  L-^'\J 

f  AC,  BD  pans  each  of  them  through  the  ccn-  "^ — -^C 

o  that  E  n  the  centre,  it  in  evident,  that, 

,  EC,  BE,  ED  being  all  f  equal,  the  rectangle  AE,  EC  ia  f 
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But  let  one  of  tbem  BD  pass  through  the  centre,  and  cat 
the  other  AC>  which  does  not  pass  through  the  centre,  at 
right  angles,  in  the  point  £ :  then,  if  BD  be  bisected  in  F,  F  it 
the  centre  of  the  circle  ABCD:  join  AF:  and  because  BD 
which  passes  through  the  centre,  cuts  the  straight  line  AQ, 
which  does  not  pass  through  the  centre,  at  right 

*  3*  S.  angles  in  £,  AE  is  equal  *  to  EC  :  and  because 

the  straight  line  BD  is  cut  into  two  equal  parts 
in  the  point  F,  and  into  two  unequal  parts  in 
the  point  E,  the  rectangle  BE,  ED,  together 

*  5. 2.  with  the  square  of  £F,  is  equal  *  to  the  square 

of  FB ;  that  is,  to  the  square  of  FA :  but  the 

*  47. 1.        squares  of  AE,  EF  are  equal  *  to  the  square  of  FA ;  therefore 

the  rectangle  BE,  ED,  together  with  the  square  of  EF,  is 

f  1  Ax.        equal  t  to  the  squares  of  AE,  EF  :  take  away  the  common 

t  S  Ax.         square  of  EF,  and  the  remaining  rectangle  BE,  ED  is  equal  t 

to  the  remaining  square  of  AE ;  that  is,  to  the  %  rectangle 

.      AE,  EC* 

Jff        Next,  let  BD,  which  passes  through  the  centre,  cut  the 

other  AC,  which  does  not  pass  through  the  centre,  in  E,  bat 

not  at  right  angles :  then,  as  before,  if  BD  be  bisected  in  F, 

*  12. 1.         F  is  the  centre  of  the  circle.     Join  AF,  and  from  F  draw* 
^S.9,  TO  perpendicular  to  AC ;   therefore  AG  is  equal  *  to  OC ; 

wherefore  the  rectangle   AE,  EC,  together  with  the  square 

*  5. 2.  of  EO,  is  equal  *  to  the  square  of  AG :  to  each  of  these  equals 

add  the  square  of  GF;  therefore  the  rect- 
angle AE,   EC,   together  with  the  squares 
f  2  Ax.         of  EG,  GF,  is  equal  t  to  the  squares  of  AG, 

*  47. 1.         GF :  but  the  squares  of  EG,  GF  are  equal  * 

to  the  square  of  EF ;  and  the  squares  of  AG, 

GF  are  equal  to  the  square  of  AF ;  therefore 

the  rectangle  AE,  EC,  together  with  the  square  of  EF,  is  equal 

to  the  square  of  AF ;  that  is,  to  the  square  of  FB :  but  the 

*  5.  2.  square  of  FB  is  equal  *  to  the  rectangle  BE,  ED,  together 

with   the   square   of  EF;   therefore  the  rectangle  AE,  EC, 

f  1  Ax.        together  with  the  square  of  EF,  is  equal  t  to  the  rectangle 

BE,   ED,  together  with  the  square  of  EF:  take  away  the 

common  square  of  EF,  and  the  remaining  rectangle  AE,  EC 

t  S  Ax.        is  therefore  equal  f  to  the  remaining  rectangle  BE,  ED. 

\  Because  A£  has  been  proved  to  be  equal  to  EC. 


J 
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htiMdy,  let  neither  of  the  straight  lines  AC>  BD  pass  through 
tbe  oentre:  take  t  the  centre  F,  and  through  E,  the  interseo-  f  l.  8. 
tioD  of  the  straight  lines  AC»  DB,  draw  the 
diameter  OEFH :  and  because  the  rectangle 
A£>  SO  is  equals  as  has  been  shewn,  to  the 
rectangle  6£^  EH,  and^  for  the  same  reason, 
the  rectangle  BE,  ED  is  equal  to  the  same 
rectangle  OE,  £H»  therefore  the  rectangle 
AE,  EC  is  equal  t  to  the  rectangle  BE,  ED. 
two  straight  lines,  &c     q.  jb.  o. 


Wherefore,  if  1 1  Ax. 


PROPOSITION  XXXVI. 

Thkor. — If  from  any  point  without  a  circle  two  straight 
timef  be  drawn,  one  of  which  cuts  the  circle,  and  the  other 
iOMches  it;  the  rectangle  contained  by  the  whole  line  which 
ctUs  the  circle,  and  the  part  of  it  without  the  circle,  shall 
be  equal  to  the  square  tfthe  line  which  (ouches  it. 

Let  D  be  any  point  without  the  circle  ABC,  and  let  DCA, 
DB  be  two  straight  lines  drawn  from  it,  of  which  DCA  cuts 
the  circle,  and  DB  touches  the  same :  the  rectangle  AD,  DC 
shall  be  equal  to  the  square  of  DB. 

Either  DCA  passes  through  the  centre^  or  it  does  not :  first, 
let  it  pass  through  the  centre  E,  and  join  EB ;  therefore  the 
angle  EBD  is  a  right  *  angle :  and  because  the  _  *  18.  S. 

straight  line  AC  is  bisected  in  £,  and  produced 
to  the  point  D,  the  rectangle  AD,  DC,  together 
with  the  square  of  EC,  is  equal  *  to  the  square 
of  ED :  but  CE  is  equ^L^EB ;  therefore  the 
rectangle  AD^  DC,  tog6itQ%^^h  the  squueof 
EB,  is  equal  to  the  sqiui^qaG^but  the^^qoi^ 
of  £D  is  equal  *  to-tbe  8qu8|es  of  EB^  BD,  be-  "  *  47.  i. 

cauie  EBD  is  a  right  angli||M;herefore  the  rectangle  AD,  DC, 
together  with  the  square  of  EB,  is  equal  t  to  the  squares  of  f  i  Ax. 
EB,  BP :  take  away  the  common  square  of  EB ;  therefore  the 
remaining  rectangle  AD,  DC  is  equal Jt  to  the  square  of  the  f  s  Ax. 
tangent  DB.  ,  ^^V^   - 

But  if  DCA  does  not  p^j)i^th^^>^h  the  centre  of  the  circle 
ABC,  take*  the  centre  ^and  few  EF  perpendicular*  to  •  i.'sj  * 
AC,  and  join  EB,  EC,  ED.f  An4Jl|fK»U8e  the  straight  line  EF  *  l^*  <• 
which  passes  through  the  (^ntre,  cuts  the  straight  line  AC 

o 


•6.2. 
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which  does  not  pass  through  the  oentre^  at  right  aii^es» .  it 
^S,8.  also  bisects  *  it ;  therefore  AF  is  equal  to  FC :  and  becaote 

the  straight  line  AC  is  bisected  in  F^  and  pro- 
duced to  D^  the  rectangle  AD,   DC^  together 

*  6. 2.  with  the  square  of  FC>  is  equal  *  to  the  square 

of  FD :  to  each  of  these  equals  add  the  square 

of  F£;    therefore  the  rectangle  AD,  DC,  to- 

t  S  Ax.        gether  with  the  squares  of  CF,  F£,  is  equal  t  to 

the  squares  of  DF,  F£ :  but  the  square  of  ED 

*  47. 1.        is  equal  *  to  the  squares  of  DF,  F£,  because  £FD  is  a  ngfat 

angle ;  and  for  the  same  reason,  the  square  of  £C  if  equal 
to  the  squares  of  CF,  F£ ;  therefore  the  rectangle  AD,  DC, 
t  ^  ^'  together  with  the  square  of  £C,  is  equal  t  to  the  square  of  £D : 
but  C£  is  equal  to  £B ;  therefore  the  rectangle  AD,  DC,  to* 
gether  with  the  square  of  £B,  is  equal  to  the  square  of  J5D: 

*  47. 1.        but  the  squares  of  £B,  BD  are  equal  to  the  square  *  of  SI^ 

because  £BD  is  a  right  angle ;  therefore  the  rectangle  AD,I|G* 
together  with  the  square  of  £B,  is  equal  to  the  squares  of  SB> 
BD :  take  away  the  common  square  of  £B ;  therefore  the  re- 
f  8  Ax.  maining  rectangle  AD,  DC  is  equal  t  to  the  square  of  DB. 
Wherefore,  if  from  any  point,  &c.     Q.  £.  d. 

Cor.  If  from  any  point  without  a  circle, 
there  be  drawn  two  straight  lines  cutting  it, 
as  AB,  AC,  the  rectangles  contained  by  the 
whole  lines  and  the  parts  of  them  without  the 
circle,  are  equal  to  one  another ;  viz.  the  rect- 
angle BA,  A£,  to  the  rectangle  CA,  AF ;  for 
each  of  them  is  equal  to  the  square  of  the 

straight  line  AD,  which  touches  the  circle. 

>      '■ 

PROPOSITION  XXXVII. 

See  N.  Thbob. — If  from  a  point  rviihout  a  circle  there  he  dranm  two 

straight  lines,  one  of  which  cuts  the  circle,  and  the  other 
meets  it ;  if  the  rectangle  contained  hy  the  whole  line  whick 
cuts  the  circle,  and  the  part  of  if  without  the  circle,  he  equal 
to  the  square  of  the  line  which  meets  it,  the  line  mkich  meets 
sliall  touch  the  circle. 

Let  any  point  D  be  taken  without  the  circle  ABC,  and  firam 
it  let  two  straight  lines  DCA  and  DB  be  drawn,  of  which  DCA 
cuts  the  circle,  and  DB  meets  it :  if  the  rectangle  AD,  DC  be 
equal  to  the  square  of  DB,  DB  shall  touch  the  circle. 


BOOK    til.      fROF.    KITTII. 

Dmw*  tlie  straight  lino  DE.  tuuching the  circl«  ARC;  flndt    • 
t»  centre  F,  and  join  FE,  FB,  FD  ;  then  FED  is  n  right  *  utgli! :    ] 
and  because  DE  touches  the  circle  ABC,  and  DCA  cut«  i(,  the 
T«ctBiigIe  AD,  DCii  eqnal  *  to  the  Mjuarc  of  DE:  but  the  rMt-   ' 
angle  AD,  DC  ia  by  hypotlicxia  equal  to  the 
tqnare  of  DB :  thercfWe  th«  square  uf  DE  ■• 
equal  +  to  the  Kjnare  of  DB  ;  and  the  atraight 
line  DG  I'qual  to  the  straight  line  UB  t  and  >'E 
ia  equal  f  to  FB  ;  vvhrrcfore  DB,  EF  arc  equal 
to  DB,  BF,  each  to  each  ;  and  the  base  FD  U 
cemmon  to  the  twotmngle«  DEF,  DBF  ;  there- 
fore the  angle  D£F  ia  equal*  totbeanKlu  DBF:  •  B. 
bat  DEF  wu  shewn  to  be  a  right  nnglo  ;  therefore  alw  DBF 
ia  f  a  right  angle  :  and  BF,   if  produeed,  Ik  a  iliaineler  ;  luid    f  ' 
e  straight  line  wliich  is  drowii  at  right  ungtrs  to  a  diameter, 
na  the  extremity  of  it,  touches  '  tho  eircle  :  therefore  PR    *  C 
I  the  circle  ABC.     Wherefore,   tf  from  a  |>oint,  && 
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DEFINITIONS. 


SeeN.  I*  A  BECTiLiNEAL  figure  18  said  to  be  inscribed  in  another 

rectilineal  figure^  when  all  the  angles  of  the  inscribed  figure 
are  upon  the  sides  of  the  figure  in  which  it  is 
inscribed,  each  upon  each. 


O 


II.  In  like  manner,  a  figure  is  said  to  be  described 
about  another  figure,  when  all  the  sides  of  the 
circumscribed  figure  pass  through  the  angular  points  of  the 
figure  about  which  it  is  described,  each  through  each. 

III.  A  rectilineal  figure  is  said  to  be  inscribed  in 
a  circle,  when  all  the  angles  of  the  inscribed 
figure  are  upon  the  circumference  of  the  circle. 

IV.  A  rectilineal  figure  is  said  to  be  described  about  a  circle, 
when  each  side  of  the  circumscribed  figure 

touches  the  circumference  of  the  circle. 


V.  In  like  manner,  a  circle  is  said  to  be  inscribed 
in  a  rectilineal  figure,  when  the  circumference     I 
of  the  circle  touches  each  side  of  the  figure. 


^ 


A 


BOOK   lY.      PROP.   I.   II.  85 

VI.  A  circle  is  said  to  be  described  about  a  recti- 
lineal figure,  when  the  circumference  of  the 
circle  passes  through  all  the  angular  points  of 
the  figure  about  which  it  is  described* 

VII.  A  straight  line  is  said  to  be  placed  in  a  circle,  when  the 
extremities  of  it  are  in  the  circumference  of  the  circle. 


PROPOSITION  I. 

Problem. — In  a  given  circle^  to  place  a  straight  line,  equal 
to  a  given  straight  line,  which  is  not  greater  than  the  diame" 
ter  of  the  circle. 

liCt  ABC  be  the  given  circle,  and  D  the  given  straight  line, 
not  greater  than  the  diameter  of  the  circle ;  it  is  required  to 
place  in  the  circle  ABC,  a  straight  line  equal  to  D. 

Draw  BC  X  the  diameter  of  the  circle  ABC :  then,  if  BC  is 
equal  to  D,  the  thing  required  is  done ;  for  in  the  circle  ABC, 
a  straight  line  BC  is  placed  equal  to  D : 
but«  if  it  is  not,  BC  is  greater  t  than  D : 
make  C$  equal  *  to  D ;  and  from  the  centre 
C,  at  the  distance  CE,  describe  the  circle 
AEF,  and  join  CA :  CA  shall  be  equal  to  D. 

Because  C  is  the  centre  of  the  circle  AEF,  CA  is  equal  t  to  1 1^  ^^^*  ^* 
CB :  but  D  is  equal  t  to  CE ;  therefore  D  is  equal  t  to  CA.  t  Conitr. 
Wherefore,  in  the  circle  ABC,  a  straight  line  CA  is  placed  t  ^  ^^ 
equal  to  the  given  straigbt  line  D,  which  is  not  greater  than 
the  diameter  of  the  circle.     Which  was  to  be  done. 


PROPOSITION  II. 

Prob. — In  a  given  circle,  to  inscribe  a  triangle  equiangular 

to  a  given  triangle. 

Let  ABC  be  the  given  circle,  and  DEF  the  given  triangle ; 
it  is  required  to  inscribe  in  the  circle  ABC,  a  triangle  equi- 
angular to  the  triangle  DEF. 

I  Find  the  centre,  and  through  it  draw  any  straight  line  BC,  terminated 
botk  ways  by  the  circumfierence ;  this  line  is  a  diameter. 
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*  17.  s.  Draw  *  the  straight  line  OAH  touching  the  dhrde  hi  the 

point  A;  and  at  the  point  A,  in  the  straight  line  AH, 

*  23. 1.        make  *  the  angle  HAC  equal  to  the 

angle  DEF;  and  at  the  point  A,  in 
the  straight  line  AO^  make  the  angle 
OAB  equal  to  the  angle  DFE ;  and 
join  BC :  ABC  shall  be  the  triangle 
required. 

Because  HAG  touches  the  circle  ABC^  and  AC  is  drawn 

*  S2. 8.        from  the  point  of  contact,  the  angle  HAC  is  equal  *  to  the 

angle  ABC  in  the  alternate  segment  of  the  circle :  hut  HAC 
t  Constr:  is  equal  t  to  the  angle  DEF ;  therefore  also  the  angle  ABC  is 
1 1  Ax»        equal  f  to  DEF :  for  the  same  reason^  the  angle  ACB  is  equal 

to  the  angle  DFE ;  therefore  the  remaining  angle  BAC  is 

*  S2.1,  &     equal  *  to  the  remaining  angle  EDF :  wherefore  the  triangle 
^  ^** .         ABC  is  equiangular  to  the  triangle  DEF ;  and  it  is  inscribed 

in  the  circle  ABC.     Which  was  to  be  done. 


PROPOSITION  III. 

Prob. — About  a  given  circle,  to  describe  a  triangle  equi* 

angular  io  a  given  triangle. 

Let  ABC  be  the  given  circle,  and  DEF  the  given  triangle ; 
it  is  required  to  describe  a  triangle  about  the  circle  ABC, 
equiangular  to  the  triangle  DEF. 

Produce  EF  both  ways  to  the  points 

t  1.  S.  O,  H ;  find  f   the  centre  K  of  the 

circle  ABC,  and  from  it  draw  any 

straight  line  KB ;  at  the  point  K, 

*  S3. 1.        in  the  straight  line  KB^  moke  *  the 

angle  BKA  equal  to  the  angle  DEG^ 
and  the  angle  BKC  equal  to  the 
angle   DFH  ;    and  through  the  points  A^  B,  C,  draw  the 

*  17. 3.        straight  h'nes  LAM^  MBN,  NCL,  touching  *  the  circle  ABC : 

LMN  shall  be  the  triangle  required. 

Because  LM^  MN,  NL  touch  the  circle  ABC  in  the  points  A, 
B,  C,  to  which  from  the  centre  are  drawn  KA,  KB,  KC,  the 

*  18. 3.        angles  at  the  points  A^  B,  C  are  right  *  angles :  and  because 

the  four  angles  of  the  quadrilateral  figure  AMBK  are  equal  to 


fpur  right  angles  Xi  for  ><^  ^^^  ^  divided  into  two  triangles, 
ud  that  two  of  them  KAM,  KBM  are  right  angles,  therefore 
the  other  two  AKB,  AMB  are  equal  +  to  two  right  angles:    i 
but  the  angles   DEO,  DEF  are  likewise  equal*  to  two  right    ■ 
angles  ;  there^c  the  angles  AKB,  AMB  are  cqnal  f  to  the  -| 
angles  DEG,  DEF ;  of  which  AKB  is  equal  i  to  DEG  ;  where-   i 
fiire  the  remaining  angle  AllB  is  equal  t  to  the  remaining   | 
angle  DEF.     In  lilie  manner,  the  angle  LNM  may  be  demon- 
strated  to   be   equal   to  DFE  ;   and   therefore  the   remaining 
angle  AILN  is  equal*  to  the  remaining  angle  EDF;    there-   ' 
^ore  the  triangle  I/MN  is  equiangutor  to  the  triangle  DEF ;    ' 
r«nd  it  la  described  about  the  circle  ABC.     Which  was  to  he 


■|'«ndit 


PROPOSITION   IV. 
s. — To  inscribe  a  circle  in  a  give 


lien  triangle,  i 

s  required  to  inscribe 


^ 


Let  the  given  triangle  be  ABC 
a  circle  in  ABC. 

Bisect*  the  angles  ABC,  BCA  by  the  straight  Hues  BD, 
CD  meeting  one  another  in  the  point  D,  from  which  draw  • 
DE,  DF,  DO  perpendicukrs  to  AB,  BC,  CA. 
And  because  the  angle  EBD  is  equal  to  the 
angle  FBD,  for  the  angle  ABC  is  bisected 
by  BD,  and  that  the  right  angle  BED  is 
equal  t  to  the  right  angle  BFD  ;  therefore 
the  two  triangles  EBD,  FBD  have  two 
angles  of  the  one,  equal  to  two  angles  of 
the  other,  each  to  each ;  and  tlic  side  BD,  which  is  opposite 
to  one  of  the  equal  angles  in  each,  is  common  to  both  ;  therc- 
fiire  their  other  sides  are  equal  *  ;  ivhorefore  DE  is  equal  to  •  t6. 1. 
DF  :  for  the  same  reason,  DG  is  equal  to  DF  ;  therefore  DE 
is  equal  +  to  DO  :  therefore  the  three  straight  lines  DE,  DF,  f  I  Ax. 
OO  are  equal  to  one  another,  and  the  circle  described  from 
the  centre  D,  at  the  distance  of  any  of  tliem,  will  pass  through 
the  extremities  of  the  other  two,  and  touch  the  straight  lines 
AB,  BC,  CA,  because  the  angles  at  the  points  E,  F,  O,  are 

I  SuppOK  the  line  MK  dnnn  :   then,  becauie  tbelbreeingle*  afFviny  iri- 

■ogle  ue  togeiher  equil  •  lo  two  liijhi  onglei,  therefure  all  ilie  angli-i  of  the    •  Sfc  (. 

nrotcknglet  AMK,  BMK,  are  together  eqtinl  to  four  right  anglet:  but  «U 

e  liiinglel  are  logether  tqual  lo  the  Bnglei  of  the  figure 

r'ABHK;  iherefote  id  the  sTigki  of  Ihe  figurf  AMBK  ure  logeKw  cqti.l  to 

T  Snir  ttgfal  inglei. 
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rigbt  angles^  and  the  straight  line  which  is  drawn  from  the 
•  16. 8.  extremity  of  a  diameter  at  right  angles  to  it,  touches  *  the 
circle ;  therefore  the  straight  lines  AB^  BC^  CA  do  each  of 
them  touch  the  circle,  and  therefore  the  circle  EFO  is  in<- 
scribed  in  the  triangle  ABC.     Which  was  to  be  done. 


PROPOSITION  V, 
See  N.  Prob. — To  describe  a  circle  about  a  given  triangle. 

Let  the  given  triangle  be  ABC  ;  it  is  required  to  describe  a 
circle  about  ABC. 

*  10.  1.  Bisect  *  AB,  AC,  in  the  points  D,  E,  and  from  these  points 

*  11.  1.        draw  DF,  EF  at  right  angles  *  to  AB,  AC,  DF,  EF  produced, 

meet  one  another : 
for,  if  they  do  not 
meet,  they  are  paral- 
lel, wherefore  AB, 
AC,  which  are  at 
right  angles  to  them, 
are  parallel ;  which  is  absurd :  let  them  meet  in  F,  and  join 
•See  fig.  3.  FA ;  also  if  the  point  F  be  not  in  BC,  join  BC,  CF  •.  Then, 
because  AD  is  equal  to  DB,  and  DF  common,  and  at  right 

*  i.  1.  angles  to  AB^  the  base  AF  is  equal  *  to  the  base  FB.     In  like 

manner  it  may  be  shewn,  that  CF  is  equal  to  FA ;  and  there- 

t  1  Ax.  fore  BF  is  equal  t  to  FC ;  and  FA^  FB>  FC,  are  equal  to  one 
another :  wherefore  the  circle  described  from  the  centre  F,  at 
the  distance  of  one  of  them,  will  pass  through  the  extremities 
of  the  other  two,  and  be  described  about  the  triangle  ABC 
Which  was  to  be  done. 

Corollary.    And  it  is  manifest,  that  when  the  centre 
of  the  circle  falls  within  the  triangle,  each  of  its  angles  is  leas 

1 31. 8.  than  a  right  angle  t,  each  of  them  being  in  a  segment  greater 
than  a  semicircle;  but  when  the  centre  is  in  one  of  the 
sides  of  the  triangle,  the  angle  opposite  to  this  side,  being  in 

1 31. 8.  a  semicircle  t,  is  a  right  angle ;  and,  if  the  centre  falls  with- 
out the  triangle,  the  angle  opposite  to  the  side  beyond  whidi 

tsi.  8.  it  is,  being  in  a  segment  less  than  a  semicircle  f,  is  greater 
than  a  right  angle :  therefore,  conversely,  if  the  given  triangle 
be  acute-angled,  the  centre  of  the  circle  falls  within  it; 
if  it  be  a  right-angled  triangle,  the  centre  is  in  the  side  oppo- 
site  to  the  right  angle ;  and  if  it  be  an  obtuse-angled  triangle^ 
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t  centre  fulls  witliaiit  llic  triangle,  beyoiiil  tlit^  aidu  i>|i|Ni«iu 
bthc  obtuse  ati|i;]L-. 


PllOPOSITlON  VI. 


PitfiB. — Ta  inscribe  a 


Ltt  AD(;d  be  tlie  given  circle  ;  it  is  required  i»  inacnbc  a 
bqoare  ia  ABCD. 

Draw  tliediumcterBAC,  BDt  nt  right  angles  bi  one  anuther, 
-ind  jiHnAD,  BC,  CO,  DA:  the  figure  ADCDiballbotheMqiuvv 
quired. 

Because  BE  is  equal  to  ED,  for  E  is  the 
ntre,  and  that  EA  ia  cummoii,  and  at  rt)(ht 
Iglea  to  BD,  the  base  BA  is  Mjual  *  to  the 
lae  AD  :  and  fur  the  sami-   reason,   BC,  CD 
B  each  of  them  equal  to  Il.\,  «r  AD ;  there- 
re  the  quadrilHteral  figure  ABCD  is  cqui- 
tcrat-     It  ia  also  rectangular ;  fur  the  straight  lioe  BD  be- 
g  the  diameter  of  the  circle  ABCD,  BAD  Js  a  scniidrelv  ; 
herefoni  the  angle  BAD  is  a  right*  angle:  for  the  same   ' 
•aon,  each  of  the  angles  ABC,  BCD,  CDA  is  a  right  angle; 
crefbre  the  quadrilateral  lij^rc  ABCD  is  rt'ctaiigular :  and 

Jibs  been  shewn  to  Ik'  equilatenUi  therefore  it  is  n  t  square;    1 
hI  it  is  inscribed  in  the  circle  ABCD.     Whicli  was  to  be 

PROPOSITION  VII. 
PxOB. — To  dexcrihe  a  square  about  a  givi-H  circle. 

Xet  ABCD  be  the  given  circle ;  it  is  required  tu  describe  a 

uare  about  it. 

Drair  two  diameters  AC,  BP  of  the  circle  ABCD,  at  riglit 

(gles  to  one  another ;  and  through  the  points  A,  II,  C,  D, 

»w  •   FO,  GH,  IlK.   KF  touching  the  circle:    the  figure  ' 

SEP  shall  be  the  square  required. 

Bocsose  fa  tuuchesthe  circle  ABCD,  and 

h  is  drawn  from  the  centre  K,  tu  the  point  of 

btaet  A,  the  angles  at  A  are  right  *  angles; 

r  the  saine  reason,  tlio  angles  at  the  piiints 

,  C,  D  arc  right  angles :  and  because  the 
angle  AER  is  a  right  nngle,   us  likewise  is 
EB«,  OH  is  [ntnilld  *  to  AC;  for  the  same  reason  AC  is  p-  " 
rulkl  to  VK :  and  iu  like  niiinncr  OF,  UE  may  each  of  tliein 
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bo  demonstrated  to  be  parallel  to  BED  ;  therefore  the  flgBict 
OK,  OC,  AK,  FB,  BK  are  perallelograniB ;  and  therefore  OF  U 
equal  *  to  HE,  and  OH  to  FK :  and  becaiue  AC  is  equal  to 
BD,  and  that  AC  ia  equal  to  each  of  the  two  OH,  FK  ;  and 
BD  to  each  of  the  two  OF,  HE;  GH,  FE  are  each  of  them 
equal  to  OF,  or  HK ;  therefore  the  quadrilateral  figure  FOHE 
w  equilateral.  It  ia  also  rectangular  ;  for  OBEA  bdng  a  pa- 
rallelogram, and  AEB  a  right  angle,  AQB  *  is  likewise  a  right 
angle :  and  in  the  aome  manner  it  may  be  shewn,  that  the 
angles  at  H,  E,  F,  are  right  angles ;  therefore  the  quadri- 
lateral figure  FQUE  is  rectangular :  and  it  is  demonstrated 
to  be  equilateral ;  therefore  it  is  a  t  square;  and  it  ia  de- 
scribed about  the  circle  ABCD.     Which  was  to  be  done. 


PROPOSITION  VIII. 

Pbob. — To  itucriiie  a  circle  in  a  given  tqitare.  ■ 

Let  ABCD  be  the  giren  square ;  it  is  reqiih!«d  to  inaetibe 
a  circle  in  ABCD. 

•  10. 1.  Bisect  *  each  of  the  sides  AB,  AD  in  the  point*  F,  E  ;  B>d 
i  31, 1.        through  E,  draw  f  EH  parallel  to  AB  or  DC ;  and  through  P, 

draw  PE  parallel  to  AD  or  BC  :  therefwe  each  t^  the  flgurei 
AE,  EB,  AH,  HD,  AO,  GO,  BG,  GD  is  a  parallelogram;  and 

•  St.  1 .       their  opposite  sides  are  *  equal :  and  because  AD  ia  equal  "f*  to 
t  SoDrf.  1.  ^p^  ^^^  jjjjjj  ^g  jg  jjjg  jj^f  ^f  j^jy^  ^j  ^p  ji,^  Y^f  ^  ^3_ 

t  7  Ai.  A£  is  equal  +  to  AF ;  wherefore  the  sides  op- 
posite to  these  are  equal,  vis.  FO  t«  GE;  in 
the  same  manner  it  may  be  demonstrated, 
that  GH,  GE  are  each  of  them  equal  to  FG  or 
OE  ;  therefore  the  four  straight  lines  GE,  OF, 
GH,  OE  are  equal  to  one  another;  and  the 
circle  described  from  the  centre  O,  at  the  dis- 
tance of  one  of  them,  will  pass  through  the  extiemitiea  of 
the  other  three,  and  touch  ihe  straight  lines  AB,  BC,  CD, 

•  es.  I.         DA ;  because  the  angles  at  the  points  {  E,  F,  U,  E,  are  right* 

angles,  and  that  the  straight  h'ne  which  is  drawn  from  the 

\  BecBiue  AB  ii  puiltel  to  EH,  the  two  uiglei  BAE,  AEH  are  together 
fte.l.  equalf  to  two  right  iDglo:  bnL  BAE  I  ii  •  right  Btiglej  therefore  AEH  ii 

t  30  D*f:  1.   I  right  uigle :  uid  in  the  nme  manner  tie  uigla  it  the  pdnU  F,  H,  E,  may 
b«  prond  U>  b*  right  aaglei. 
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V  ^Etftmity  of 'ft  diameter^  at  right  angles  to  it,  touches*  the  *  Cor.  16.8. 
cnele :  Uierefbre  each  of  the  straight  lines  AB,  BC^  CD,  DA 
touches  the  circle,  which  therefore  is  inscribed  in  the  square 
ABCD.     Which  was  to  be  done. 

PROPOSITION  IX. 
pBOBir— To  describe  a  circle  about  a  given  square. 

Let  ABCD  be  the  given  square ;  it  is  required  to  describe 
a  circle  about  ABCD. 

Join  AC,  BD,  cutting  one  another  in  £:  and  because  DA   '  ''r  ,k 
is  equal  t  to  AB,  and  AC  common  to  the  triangles  DAC,  BAC,    t  SO  Def.  1. 
the  two  sides  DA,  AC  are  equal  to  the  two  BA,  AC,  each  to 
each ;  and  the  base  DC  is  equal  to  the  base  BC ; 
wherefore  the  angle  DAC  is  equal  *  to  the  angle      ^^ — ^^^    •  8.  l. 
BAC;  and  the  angle  DAB  is  bisected  by   the 
straight  line  AC :  in  the  same  manner  it  may 
be  demonstrated,  that  the  angles  ABC,  BCD, 
CDlA  are  severally  bisected  by  the  straight  lines 

BD,  AC :  therefore,  because  the  angle  DAB  is  equal  t  to  the   1 30  DeC  I. 
angle  ABC,  and  that  the  angle  £AB  is  the  half  of  DAB, 
aad  £BA  the  half  of  ABC,  the  angle  £AB  is  equal  t  to  the    t  7  Ax. 
angle  £BA ;  wherefore  the  side  kA  is  equal  *  to  the  side  £B :    *  6. 1. 
JB  the  same  manner  it  may  be  demonstrated,  that  the  straight 
lines  EC,  £D  are  each  of  them  equal  to  £A,  or  £B ;  therefore 
ithe  Ibnr  straight  lines  £A,  £B,  £C,  £D,  are  equal  to  one  an- 
other; and  the  circle  described  hova  the  centre  £,  at  the 
distance  of  one  of  them,  will  pass  through  the  extremities  of 
the  other  three,  and  be  described  about  the  square  ABCD. 
Which  was  to  be  done. 

PROPOSITION  X. 

Pbob.  —To  describe  an  isosceles  triangle,  having  each  of  the 
angles  at  the  base,  double  of  the  third  angle. 

Take  any  straight  line  AB,  and  divide  *  it  in  the  point  C,    *  11.  2. 
so  that  the  rectangle  AB,  BC  may  be  equal  to  the  square  of 
CA ;  and  from  the  centre  A,  at  the  distance  AB,  describe  the 
circle  BD£,  in  which,  place  *  the  straight  line  BD  equal  to   *  I.  i. 
AC,  which  is  not  greater  than  the  diameter  of  the  circle  BD£; 
and  join  DA :  the  triangle  ABD  shall  be  such  as  is  required; 
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that  is,  each  of  the  angles  ABD,  ADB  shall  be  double  of  the 
angle  BAD. 

*  6. 4.  Join  DC,  and  about  the  triangle  ADC  describe  *  the  circle 

ACD:  and  because  the  rectangle  AB,  BC  is  equal  to  the 
t  Constr.  square  of  AC  t,  and  that  AC  is  equal  to  BD,  the  rectangle 
f  1  Ax.         AB,  BC  is  equal  f  to  the  square  of  BD:^  and 

because  from  the  point  B,  without  the  circle 

ACD,  two  straight  lines  BCA,  BD  are  drawn 

to  the  circumference,   one  of  which  cuts, 

and  the  other  meets  the  circle,  .^and  that 

the  rectangle  AB,  BC,   contained  hj  the 

whole  of  the  cutting  line,  and  the  part  of 

it  without  the  circle,  is  equal  to  the  square  ^    ^ 

*  37. 8.        of  BD  which  meets  it,t  the  straight  line  BD  touched  *  the 

circle  ACD :  and  because  BD  touches  the  circle,  and  DC  is 

*  82. 8.        drawn  from  the  point  of  contact  D,  the  angle  BDC  is  equal  * 

to  the  angle  DAC  in  the  alternate  segment  of  the  circle  :*  to 

each  of  these  add  the  angle  CD  A;  therefore  the  whole  ang^ 

f  2  Ax.         BDA  is  equal  f  to  the  two  angles  CDA,  DAC :  'but  the  exte- 

*  82. 1.        rior  angle  BCD  is  equal  *  to  the  angles  CDA,  DAC;  therefbra 
1 1  Ax,        also  BDA  is  equal  t  to  BCD  :  but  BDA  is  equal  *  to  the  angle 

^'  ^'  CBD,  because  the  side  AD  is  equal  to  the  side  AB ;  therefore 

1 1  Ax.         CBD,  or  DBA,  is  equal  f  to  BCD ;  and  consequently  the  three 

angles  BDA,  DBA,  BCD  are  equal  to  one  another ;  and  be« 

cause  the  angle  DBC  is  equal  to  the  angle  BCD,  the  side  BB  is 

«  6. 1.  equal  *  to  the  side  DC  :  but  BD  was  made  equal  to  CA ;  there- 

1 1  Ax.        fore  also  CA  is  equal  f  to  CD,  and  the  angle  CDA  equal  ♦  to 

*^**'  the  angle  DAC;   therefore  the  angles  CDA,  DAC  together, 

f  82. 1.        are  double  of  the  angle   DAC :   but  BCD  is  equal  t  to  the 

angles  CDA,  DAC ;  therefore  also  BCD  is  double  of  DAC : 

and  BCD  was  proved  to  be  equal  to  each  of  the  angles  BDA, 

DBA ;  therefore  each  of  the  angles  BDA,  DBA  is  double  of 

the  angle  DAB.      Wherefore,  an  isosceles  triangle  ABD  is 

described,  having  each  of  the  angles  at  the  base,  double  of 

the  third  angle.     Which  was  to  be  done. 

PROPOSITION  XI. 

Pkob.  —  To  inscribe  an  equilateral  and  equiangular  pentagon 

in  a  given  circle. 

Let  ABCDE  be  the  given  circle;  it  is  required  to  inscribe 
an  equilateral  and  equiangular  pentagon  in  the  circle  ABCDB. 


"h 
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Describe*  an  isosceles  triangle  FOH,  having  each  of  the  *  10.  4* 
angles  at  Oy  H^  double  of  the  angle  at  F;  and  in  the  circle  *  ' . 

ABCDE,  inscribe •  the  triangle  ACD,  ^'  •8.4.  ^'^l 

equiangular  to  the  triangle  FOH,  so  that 
the  angle  CAD  may  be  equal  to  the 
angle  at  F^  and  each  of  the  angles  ACD^ 
CDA  equal  to  the  angle  at  G  or  H: 
wherefore  each  of  the  angles  ACD^  CDA 

is  double  of  the  angle  CAD. '  Bisect  *  *  9. 1. 

the  angles  ACD,  CDA  by  the  straight  lines  CE^  DB;  and  ,''^^' 

join  AB^  BC«   D£^  £A  :   ABCDE  shall  be  the  pentagon  re-  '  i'  f:\  ^''^ 

quired.  --"^  ^«, 

Because  each  of  the  angles  ACD,  CDA  is  double  of  CAD,  '  ^^ 

and  that  they  are  bisected  by  the  straight  lines  CE,  DB, 
therefore  the  five  angles  DAC,  ACE,  ECD,  CDB,  BDA  are 
equal  to  one  another :  but  equal  angles  stand  upon  equal  *   *  26.  s. 
drcmnferences ;  therefore  the  ii\^  circumferences  AB,  BC, 
CD,  D£,  EA  are  equal  to  one  another :  and  equal  drcumfer- 
enoes  are  subtended  by  equal  *  straight  lines ;  therefore  the  *  29. 8. 
five  straight  lines  AB^  BC,  CD,  DE,  EA  are  equal  to  one  an« 
other :  wherefore  the  pentagon  ABCDE  is  equilateral.     It  is 
also  equiangular ;  for,  because  the  drciunference  AB  is  equal 
to  the  circumference  DE,  if  to  each  be  added  BCD,  the  whole 
ABCD  is  equal  t  to  the  whole  EDCB :  but  the  angle  AED  t  ^  •^'* 
stands  on  the  circumference  ABCD,  and  the  angle  BAE  on 
the  circumference  EDCB ;  therefore  the  angle  BAE  is  equal  *   *  27. 3. 
to  the  angle  AED :  for  the  same  reason,  each  of  the  angles 
ABC^  BCD,  CDE  is  equal  to  the  angle  BAE,  or  AED ;  there- 
fore the  pentagon  ABCDE  is  equiangular:  and  it  has  been 
shewn,  that  it  is  equilateral.     Wherefore,  in  the  given  circle 
an  equilateral  and  equiangular  pentagon  has  been  inscribed.  > 
Which  was  to  be  done. 


PROPOSITION  XII. 

Pbob. — To  describe  an  equilateral  and  equiangular  pentagon 

about  a  given  circle. 

Let  ABCDE  be  the  given  circle ;  it  is  required  to  describe 
an  equilateral  and  equiangular  pentagon  about  the  circle 
ABCDE. 
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Let  the  angles  of  a  pentagon,  inscribed  in  the  cirdej  by 
the  last  proposition^  be  in  the  points  A^  B,  C,  D,  E,  so  that 

•  11.  i.         the  circumferences  AB,  BC,  CD,  DE,  EA  are*  equal;  and 

through  the  points  A,  B,  C,  D,  E,  draw  OH,  HK,  KL;  LM^ 

•  17.8.        MO,  touching*  the  circle;  the  figure  OHKLM  shall  be  the 

pentagon  required. 

Take  the  centre  F,  and  join  FB,  TK,  FC,  FL,  FD :  and  be- 
cause the  straight  line  KL  touches  the  circle  ABCDE  In  the 
point  C,  to  which  FO  is  drawn  from  the 

•  18. 3.         centre  F,  FC  is  perpendicular  ♦  to  KL, 

therefore  each  of  the  angles  at  C  is  a  right 
angle ;  for  the  same  reason,  the  angles  at 
the  points  B,  D  are  right  angles ;  and  be- 
cause FCK  is  a  right  angle,  the  square  of 

•  47. 1.        FK  is  equal  *  to  the  squares  of  FC,  CK  ; 

for  the  same  reason,  the  square  of  FK,  is 

equal  to  the  squares  of  FB,  BK ;  therefore  the  squares  of  FC, 

1 1  Ax.  CK  are  equal  f  to  the  squares  of  FB,  BK ;  of  which  the 
square  of  FC  is  equal  to  the  square  of  FB ;  therefore  the  re- 

f  S  Ax.  maining  square  of  CK  is  equal  t  to  the  remaining  square  of 
BK,  and  the  straight  line  CK  equal  to  BK :  and  because  FB 
is  eqml  to  WC,  and  FK  awMW  t9  tiie  tmng|<i  SFK»  CFK« 
the  two  BF,  FK  are  equal  to  the  two  CF,  FK,  each  to  taA; 
and  the  base  BK  was  proved  equal  to  the  base  KC ;  there- 

*8. 1.  fore  the  angle  BFK  is  equal*  to  the  angle  KFC,  and  tiie 

t4.l*  angle  BKFf  to  FKC:   wherefore  the  angle  BFC  is  doable 

of  the  angle  KFC,  and  BKC  double  of  FKC:  for  the  same 
reason,  the  angle  CFD  is  double  of  the  angle  CFL,  and 
CLD  double  of  CLF :   and  because  the  circumferenoe  IK) 

•  87.  8.        is  equal  to  the  circumference  CD,  the  angle  BFC  is  equal  * 

to  the  angle  CFD;   and  BFC  is  double  of  the  angle  KFC, 
f  7  Ax.        and  CFD  double  of  CFL ;  therefore  the  angle  KFC  is  equal  t 
to  the  angle  CFL :  and  the  right  angle  FCK  is  equal  to  the 
right  angle  FCL ;  therefore  in  the  two  triangles  FKC^  FLCj 
t  there  are  two  angles  of  the  one,  equal  to  two  angles  of  the 

other,  each  to  each  ;  and  the  side  FC,  which  is  adjacent  to 
the  equal  angles  in  each,  is  common  to  both ;  therefore  the 

•  86. 1.         other  sides  are  equal  *  to  th^  other  sides,  and  the  third  angle 

to  the  third  angle ;  therefoii  the  straight  line  KC  is  equal  to 
CL,  and  the  angle  FKC  to  the  angle  FLC  :  and  because  KC  is 
equal  to  CL,  KL  is  double  of  KC.  In  the  same  manner  it 
may  be  shewn,  that  HK  is  double  of  BK :  and  because  BK  is 
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equal  to  KC,  aa  was  demottstrated,  und  that  KL  is  double  of  KC, 
■nd  UK  double  of  BK,  therefore  HE  is  equal  t  to  EL:  in  like  I  6  n 
manner  it  may  be  shewn,  that  OH,  OM,  ML  are  each  of  them 
equal  to  BK,  or  KL ;  therefore  the  pcnUgon  GHKLM  ia 
equilateral.  It  is  also  equiangular ;  for,  since  the  angle 
FKC  is  equal  to  the  angle  PLC,  and  that  the  angle  IlKL  is 
double  of  the  angle  FKC,  and  KLM  double  of  FLC,  as  was  be- 
fore demonstrated,  therefore  the  angle  HKL  is  equal  t  to  t  <"  ^ 
KLM  :  and  in  like  manner  it  may  be  shewn,  that  each  of  the 
angles  KHO,  HOM,  GML  is  equal  to  the  angle  HKL  or  KLM  ; 
therefore  the  five  angles  GHK,  HKL,  KLM,  LMG,  M»H,  be* 
ing  equal  to  one  another,  the  pentagon  GHKLM  is  equi- 
angolar :  and  it  is  equilateral,  as  was  demonstrated ;  and 
it  is  described  obout  the  circle  ABCDE.     Which  was  to  be 
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/i'l„-ff-i  J 

lilateral  and  eqni~ 


,  Fbob. — To  inscribe  a  circle  in  a  gitren  equilt 

angular  peiilagon.  / 

■iXet  ABCDE  b^  the  given  equilateral  and    ^qnian^ar 


Stagon ;  it  is  required  to  inscribe  a 


the  pentagon 


r  Bisect "  the  angles  I)CD,  CDE  by  the 

Fatnight  lines  CF,  DF,  and  from  the  poiut 

\  Jlf:iu  which  they  meet,  draw  the  itraight 
l^ies  FB,  FA,  FE :  theietoKt  since  BC  is 
tqmX  +  to  CD,  and  CF  common  to  the 
lri«nglea  BCP,  DCF,  the  two  sides  BC,  CF 
uvflqtial  to  the  two  DC,  CF,  each  to  each ; 
and  the  angle  BCF  is  equal  +  to  the  angle  DCF  ;  therefore  the  i 
base  BK  is  equal  *  to  the  base  FD,  and  the  other  angles  to  * 
the  other  angles,  to  which  the  equal  sides  arc  opposite ;  there- 
fore tlie  angle  CBF  is  equal  to  the  angle  CDF :  and  because 
the  angle  CDE  is  double  of  CDF,  atid  that  CDE  is  equal  to 
CBA,  and  CDF  to  CBF :  CBA  is  also  double  of  the  angle  CBF ; 
iherelwe  the  angle  ABF  is  equal  to  the  angle  CBF ;  where- 
fore the  angle  ABC  is  bisected  by  the  straight  line  BF :  in  the 
aame  manner  it  may  be  demonstrated,  that  the  angles  BAE, 
AED  arc  bisected  by  the  straight  lines  AF,  FE. 

From  the  point  F,  draw  *  FO,  FH,  FK,  FL,  FM  pcrpendi-   ' 
cnlan  to  the  straight  lines  AB,  BC,  CD,  DE,  EA :  and  because 


«f> 


the  angle  HCP  is  equal  to  KCF,  luid  the  right  angle  V 
to  the  right  angle  FKC,  therefore  In  the  triangles  FUC,  Fip 
there  are  two  angles  of  the  one,  equal  to  two  angles  a£  {[ 
other,  each  to  each  ;  and  the  side  PC,  wliich  is  opposite  t 
one  of  the  eqnal  angles  in  each,  is  common  to  hoth  ; 
fore  the  other  sides  are  equal  •,  each  to  each  ;  wherefore  t 
perpendicular  FH  is  equal  to  the  perpendicular  FK :  in  t 
same  manner  it  may  be  demonstrated,  that  FL,  FM,  PO  t 
each  of  them  equal  to  FH,  or  FK  ;  therefore  the  five  strai^ 
lines  FO,  FH,  FK,  FL,  FM  are  equal  to  one  another;  wber 
fore  the  circle  described  from  the  centre  F,  at  the  distance 
one  of  these  five,  will  pass  through  the  extremities  of  t; 
other  four,  and  touch  the  straight  lines  AB,  BC,  CD,  DE,  ] 
because  the  angles  at  the  points  O,  H,  K,  L,  M  are  right  ■ 
gles,  and  that  a  straight  line  drawn  from  the  extremity 
the  diameter  of  a  circle  at  right  angles  to  it,  touches  * 
circle  :  therefore  each  of  the  straight  lines  AB,  BC,  CD^DII 
EA  touches  the  circle :  therefore  it  is  inscribed  in  the  | 
tagon  ABCDE.     Wliich  was  to  be  done. 

PEOPOSITION  XIV. 

Pbob, — To  iletcrilte  a  circle  about  a  given  cquilaterat 
equiangular  peulagon. 

Let  ABCDE  be  the  given  equilateral  and  equiangular  | 
tagon ;  it  is  required  to  describe  a  circle  about  it< 

Bisect  *  the  angles  BCD,  CDE  by  the  straight  Unci 
FD,  and  from  the  point  F,  in  which  they  meet,  draw 
straight  lines  FB,  FA,  FE,  to  the  points  B, 
A,  E.     It  may  he  demonstrated,  in  the  same 
manner  as  in  t)ie  preceding  proposition,  that 
the  angles  CBA,  BAE,  AED  arc  bisected  by 
the  straight  lines  FB,  FA,  FE :  and  because 
the  angle  BCD  ia  equal  to  the  angle  CDE,  and 
that  FCD  is  the  half  of  the  angle  BCD,  and 
CDF  the  half  of  CDE,  therefore  the  angle  FCD  is  equal  f 
FDC ;  wherefore  the  aide  CF  is  equal  *  to  the  side  FD : 
like  manner  it  may  be  demonstrated,  that  FB,  FA,  FK^ 
each  of  them  equal   to  FC  or   FD;   tlierefore  the  five 
lines  FA,  FB,  FC,  FD,  FE  are  equal  to  one  another  ;  and 
circle  described  from  the  centre  F,  at  the  dlstauce  of  on 
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m,  will  pass  through  the  extremities  of  the  other  fonr,  and 
deaciibed  about  the  equiklonil  anil  equiangular  pentagon 
[>E.     Which  was  to  be  done. 

PROPOSITION  XV. 

u — To  inscribe  an  equilateral  and  equiangular  hexagon 
in  a  given  circle, 

t  ABCDEF  be  the  given  circle  ;  it  is  required  to  inscribe 
I  equilateral  Rnd  equiangular  hexagon  in  it. 
Wind  t  the  ceotre  G  of  the  circle  ABCDEF,  and  draw  the 
toAer  AOD  ;  and  from  D  us  a  centre,  at  the  distance  DO, 
icribe  the  circle  EOCH,  join  EO,  CG,  and  produce  them  to  the 
Bta  B,  F;  and  join  AB,  DC,  CD,  DE,  EF,  FA  :  the  hexagon 
P  shall  be  equiloteral  and  equiangular. 

Kecause  O  is  the  centre  of  the  circle  ADCDEF,  OE  is  equal 
O  ;  and  because  D  is  the  centre  of  the  circle  EOCH,  DE 
iqnal  to  DO  ;  n'herefore  GE  is  equal  +  to 
t,  and  the  triangle  EGD  is  equilateral ;  and 
erefore  its  three  angles  EOD,  ODE,  DEG, 
t  equal  f  to  one  another  ;  but  the  three 
_  s  triangle  are  equal  *  to  two  right 

^^les.  therefore  the  angle  EOD  Is  the  third 
part  of  two  right  angles  ;  in  the  same  manner 
it  may  be  demoniitratvd,  that  the  angle  DOC 
n  bIbd  the  third  part  of  two  right  angles  ;  and 

■  the  straight   line  OC  malies  \i'ith  EB   the  adjacent 

I  EOC,  CGB  equal  *  to  two  right  angles,  the  remaining 

e  COB  is  the  third  part  of  tn-o  right  angles ;  therefore 

"  s  EOD,  DGC,  COB  arc  equal  to  one  another  ;  and  to 

e  equal  *  the  vertical  opposite  angles  BGA,  AGF,  FOE  ; 

e  the  six  angica  EOD,  DGC,  Cl>D,  BOA,  AGF,  FOE, 

d  to  one  another :  but  equal  angles  stand  upon  equal " 

nimferences,  therefore  the  six  eireumferenecs  AB,  BC,  CD, 

,  EF,  FA  are  equal  to  one  another  :  and  equal  circum- 

ncefl  are  subtended  by  equal  *  straight  lines,  therefure  the 

c  equal  lo  one  another,  and  the  hexagon 

F  is  equilateral.     It  is  also  equiangular;  fur,Bincethe 


See  N. 


ifercnce  AF  is  equal  to  ED,  to  each  of  these  add  the 
ABCDj     therefore  tlie    whole   circumference 


m&rence   . 


9  is  equal  to  the  whole  EDCBA  :  and  the  angle  FED 


stands  ujion  the  circa mforcnce  KABCD,  and  tbe  angle  Ati 
upon  EDCBA  i  therefore  the  angle  AFE  iaequal  t  to  FESl 
in  the  same  manner  it  may  he  demo  not  rnted,  that  the  othol 
angles  of  the  hexagon  ABCDGF  ate  each  of  them  equal  to  thf 
angle  AFE  or  FED;  therefore  the  hexagon  is  equiangalapy 
and  it  is  equilateral,  an  was  shewn  ;  and  it  is  inscribed  in  the 
given  circle  ABCDEF.     Whicli  was  to  be  done. 

Cob. — From  this  it  is  manifest,  that  the  side  of  the  hex^ 
gon  is  equal  to  the  straight  line  from  the  centre,  that  is,  Ut 
the  semidiameter  of  the  circle. 

And  if  through  the  points  A,  B,  C,  D,  E,  F  there  be  drawn. 
straight  lines  touching  the  circle,  an  equilateral  and  cqui-' 
angular  hexagon  will  be  described  about  it,  which  mny  be 
demonstrated  from  what  has  been  said  of  the  pentagon  :  i 
Itkewibe  a  circle  may  lie  inscribed  in  a  given  equilateral  and 
equiangular  hexagon,  and  circumscribed  about  it,  by  a  method 
like  to  that  used  for  the  pentagon. 

PROPOSITION   XVI. 

Fbob. — To  inscribe  an  equilateral  and  equiangular  quiade^ 
cagon  in  a  given  circle. 

Let  A  BCD  be  the  given  circle  ;  it  is  required  to  inacrtl 
an  equilateral  and   etjiiiangulor   quindccagon   in    the  drda 
ABCD. 

Let  AC  he  the  side  of  an  equilateral  triangle  inscribed 
the  circle,  and  AB  the  side  of  an  equilateral  and  equiangulac 
pentagon  inscribed  "  in  the  same  :  therefore, 
of  such  equal  parts,  as  the  whole  circumfer- 
ence ABCDF  contains  fifteen,  the  circumfer- 
ence ABC,  being  the  third  part  of  the  whole, 
contains  five ;    and  the  circumference  AB, 
which  is  the  fifth  part  of  the  whole,  contains 
three;  therefore  BC,   iheir  dilFerence,  con- 
tains two  of  the  same  parts :  bisect  *  BC  in  £  :  therefore  I 
EC  are  each  of  them  the  fifteenth  port  of  the  whole  c 
ference  ABCD :  therefore  if  the  straight  lines  BE,  EC  be  d^a1n^ 
and  straight  lines  equal  to  them  be  placed  round  *  ii 
circle,  an  equilateral  and  equiangular  quindecngon  will  be  ii 
seribed  in  it.     Which  was  to  be  done. 

And  in  the  same  manner  as  was  dune  in  the  pcntagMj 
if  through  the  points  of  division  made  hy  inscribing  the  tpiiif. 
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deci^oii>  straight  lines  be  drawn  touching  the  drcle,  an  equi- 

ktfeeral  and  equiangular  quindecagon  will  be  describerY  about 

it ;  and  likewise^  as  in  the  pentagon,  a  circle  may  be  inscribed 

in  a  giTen  equilateral  and  equiangular  quindecagoi^  and  cir-  *    • 

cmnacrifaed  about  it. 
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ELEMENTS    OF    EUCLID. 


BOOK  V. 


DEFINITIONS. 

!•  A  LESS  magnitude  is  said  to  be  a  part  of  a  greater  magni- 
tude^ when  the  less  measures  the  greater ;  that  isj  *  whea 
'  the  less  is  contained  a  certain  number  of  times  evaotfj  \m 

*  the  greater.' 

II.  A  greater  magnitude  is  said  to  be  a  multiple  of  a  lessj 
when  the  greater  is  measured  by  the  less ;  that  is,  *  Wheli 
'  the  greater  contains  the  less  a  certain  nmnber  of  tfanes 

*  exactly/ 

See  N.  III.  **  Ratio  is  a  mutual  relation  of  two  magnitudes  of  the 

**  same  kind  to  one  another,  in  respect  of  quantity." 


IV.  Magnitudes  are  said  to  have  a  ratio  to  one  another,  vAtm 
the  less  can  be  multiplied  so  as  to  exceed  the  other. 

V.  The  first  of  four  magnitudes  is  said  to  have  the  same 
ratio  to  the  second,  which  the  third  has  to  the  fourth,  when 
any  equimultiples  whatsoever  of  the  first  and  third  being 
taken,  and  any  equimultiples  whatsoever  of  the  second  and 
fourth,  if  the  multiple  of  the  first  be  less  than  that  of 
the  second,  the  multiple  of  the  third  is  also  less  thaa  that 


\    1 
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nf  tlie  fourth  :  or,  if  tbe  multiple  of  tlie  first  be  equal  to 
that  of  tlie  second,  the  multiple  of  the  third  is  also  equal  to 
that  of  the  fourth :  or,  if  the  multiple  of  the  first  be  greater 
than  that  of  the  second,  the  multiple  of  the  third  is  also 
greater  than  that  of  the  fourth. 

VJ.  Magnitudes  which  have  the  same  ratio  are  called  propor- 
tionals. '  N.  B.  When  four  magnitudes  are  proportionals, 
'  it  is  usually  expressed  by  saying,  the  first  is  to  the  second, 
the  third  to  the  fourth.' 


^  Til.  When  of  the  equimultiples  of  four  magnitudes,  (taken  as 
in  the  fifth  definition,)  the  multiple  of  the  first  is  greater 
than  that  of  the  second,  but  the  multiple  of  the  third  is 
not  greater  than  the  multiple  of  the  fourth,  then  the  first 
is  mid  to  have  to  the  second  a  greater  ratio  than  the  third 
magnitude  has  to  the  fourth  ;  and,  on  the  contrary,  the 

I     third  is  said  to  have  to  the  fourth  a  less  ratio  than  the  first 
has  to  tbe  second. 


I 


r  proportio: 


"Analogy 
,  Proportion  consists  in  three  terms  at 


the  similitude  of  ratios." 


PSt,  Wlien  tliree  magnitudes  are  proportionals,  the  first  is  said 
to  have  to  the  third,  the  duplicate  ratio  of  that  which  it  has 
to  the  second. 

Xt.  When  four  magnitudes  are  continual  proportionals,  the  S«cN. 
first  is  said  to  have  to  the  fourth,  the  triplicate  ratio  of  that 
which  it  has  to  the  second,  and  so  on,  quadni plicate,  &c. 

^    increasing  the  denomination  still  by  unity,  in  any  number 
«f  proportionals.  <  <•)  ■ 

Definition  A,  to  wit  of  compound  ratio. 
Wbcn  there  arc  any  number  of  magnitudes  of  the  same  kind, 
the  first  is  said  to  have  to  the  last  of  them,  the  ratio  com- 
pounded  of  the  ratio  which  the  first  has  to  the  second,  and 
r-     of  the  ratio  which  the  second  has  to  the  third,  and  of  the 
V    ratio  which  the  third  has  to  the  fourth,  and  so  on  unto  the 
Iv    last  magnitude. 

I  For  example,  if  A,  B,  C,  D  be  four  magnitudes  of  the  same 
kind]  the  first  A  is  said  to  have  to  the  last  D,  the  ratio  com- 


;. 
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pounded  of  the  ratio  A  to  B^  and  of  the  ratio  of  B  to  C, 
and  of  the  ratio  of  C  to  D ;  or,  the  ratio  of  A  to  D  is  said 
to  be  compounded  of  the  ratios  of  A  to  B,  B  to  C^  and  C 
to  D. 

And  if  A  has  to  B  the  some  ratio  which  £  has  to  F,  and  B  to 
C  the  same  ratio  that  O  has  to  H,  and  C  to  D  the  same  that 
K  has  to  h,  then,  hj  this  definition,  A  is  said  to  have  to  D 
the  ratio  compounded  of  ratios  which  are  the  same  with  the 
ratios  of  E  to  F,  Q  to  H,  and  K  to  L.  And  the  same  thing 
is  to  be  understood  when  it  is  more  briefly  expressed  by 
saying,  A  has  to  D  the  ratio  compounded  of  the  ratios  of  E 
to  F,  O  to  H,  and  K  to  L. 

In  like  manner,  the  same  things  being  supposed,  if  M  has  to 
N  the  same  ratio  which  A  has  to  D,  then,  for  shortncw'  sake, 
M  is  said  to  have  to  N  the  ratio  compounded  of  the  ratios  of 
E  to  F,  G  to  U,  and  K  to  L. 

XII.  In  proportionals,  the  antecedent  terms  are  called  homo- 
logous to  one  another,  as  also  the  consequents  to  one 
another. 

'  Geometers  make  use  of  the  following  technical  words^  to 
'  signify  certain  ways  of  changing  either  the  order  or  mag- 
'  nitude  of  proportionals,  so  that  they  oontinne  still  to  be 
'  proportionals.' 

See  N.  XIII.  Pennuiando,  or  aliemando,  by  permutation  or  alter- 

nately. This  word  is  used  when  there  are  four  propor- 
tionals, and  it  is  inferred  that  the  first  has  the  same  ratio 
to  the  third,  which  the  second  has  to  the  fourth  ;  or,  that 
the  first  is  to  the  third,  as  the  second  to  the  fourth  ;  as  is 
shewn  in  the  I6th  Prop,  of  this  fifth  Book. 

XIV.  Invertendo,  by  inversion  ;  when  there  are  four  propor- 
tionals, and  it  is  inferred,  that  the  second  is  to  the  first  as 
the  fourth  to  the  third.     Prop.  B.  Book  5. 

XV.  Componendo,  by  composition ;  when  there  are  four  pro- 
portionals, and  it  is  inferred,  that  the  first  together  with 
the  second,  is  to  the  second,  as  the  third  together  with  the 
fourth,  is  to  the  fourth.     18th  Prop.  Book  5. 

XVI.  Dividendo,  by  division;  when  there  are  four  propor- 


li 


1  tionols,  and  it  is  inferred,  that  thi^  excess  of  tlic  first  above 
,1  the  second,  is  to  tlie  seconil,  as  the  excess  of  the  third  above 
.  the  fourth,  is  to  the  fourth.     17th  Prop.  Book  5. 

XVII.  Coniter/ciK/o,  by  conversion  ;  when  there  are  four  pro- 
portionala,  and  it  is  inferred,  that  the  first  is  to  its  excess 
above  the  second,  as  the  third  to  its  excess  above  the  fourth. 
Prop.  E.  Book  5. 

:yill.  £j-  aqHali,  (ac.  distantiu,)  or  ex  icqiio,  from  equality 
.  of  distaocc ;  when  there  is  any  number  of  magnitudes  more 
than  tivo,  and  as  many  others,  such  that  they  are  propor- 
tionals when  taken  two  and  two  of  each  rank,  and  it  is 
inferred,  that  the  first  is  to  the  last  of  the  first  rank  of 
magnitudes,  as  the  first  is  to  the  last  of  the  others.  '  Of 
this  there  are  the  two  following  kinds,  which  arise  from 
the  different  order  in  ivhich  the  magnitudes  are  taken, 
two  and  tu'o.' 

.  Ex  wquali,  from  equality.  Tliis  term  is  used  simply 
■  'by  itself,  when  the  first  magnitude  is  to  the  second  of  the 
first  rank,  as  the  first  to  the  second  of  the  other  rank;  and 
OS  the  second  is  to  the  third  of  the  first  rank,  so  is  the 
second  to  the  third  of  the  other ;  and  so  on  in  order ;  and 
'the  inference  is  as  mentioned  in  the  preceding  definition; 
whence  this  is  called  ordinate  proportion.  It  is  demon- 
strated in  the  22d  Prop.  Book  5. 

XIX.  Ex  aquali  in  proparfione  perlnrbttili  sen  inordinalti,  from 
e^oality  in  pcrturbate  or  disorderly  proportion".  This  term 
is  nsed  when  the  first  magnitude  is  to  the  second  of  the 
lirst  rank,  as  the  last  but  one  is  to  the  last  of  the  second 
rank  ;  and  as  the  second  is  to  the  third  of  the  first  rank,  so 
is  the  kst  but  two  to  the  last  but  one  of  the  second  rank  ; 
and  as  the  third  is  to  the  fourth  of  the  first  rank,  so  is  the 

^  third  from  the  Inst  to  the  last  hut  two  of  the  second  rank  ; 
snd  so  on  in  a  cross  order ;  and  the  inference  is  as  in 
the  I8th  Definition.     It  is  demonstrated  in  the  23d  Prop. 

.  of  Book  5. 


EUCI.IIIB  GLltMENT«. 


I.  EqoiMdltiples  of  tlie  BamCj  or  of  equal  magnitudes,  mi 
equal  to  one  anotlicr. 

II.  Those  mu^itudes,  of  which  the  same  or  equal  magnitude 
are  equimultiples,  arc  equal  to  one  anuther. 

III.  A  multiple  of  a  greater  niiignitudej  is  greater  than  tiSi 
same  multiple  of  a  less. 

IV.  That  magnitude,  of  which  a  multiple  is  greater  than  ihtM 
same  multiple  of  another,  is  grcati.-r  than  that  other  magiu-T 


PBOPOSITION  I. 

Theorem. — If  any  nutnbei- of  magtilluiles  be  equimvUipla  jf 
aa  many,  each  of  each  ;  what  multiple  soeerr  any  one  | 
them  is  of  its  pari,  the  same  multiple  ihail  alt  ike  Jtl^ 
magnitudes  be  of  all  the  other. 

Let  any  cumber  of  magnitudes  AB,  CD  be  equimultiples  a 
as  many  others,  E,  F,  each  of  each :  whatsoever  multiple  ^^M 
of  E,  the  same  multiple  ahall  AB  and  CD  ti^ether,  be  of  J 
and  F  tc^ther. 

Because  AB  is  the  same  multiple  of  E  that  CD  is  of  F,  i 
many  magnitudes  as  there  arc  in  AB  equal  to  E,  so  many  a 
there  in  CD  equal  to  F.  Divide  AD  into  magnitudes 
equal  to  E,  viz,  AG,  OB;  and  CD  into  CU,  1 
each  of  them  to  F :  therefore  the  number  oJ 
nitudes  CH,  UD,  shall  be  equal  to  the  number  i 
others  AG,  GB  ;  and  because  AQ  is  equal  to  E,  and 
CH  to  F,  therefore  AG  and  CU  together,  are  equal 
to  *  E  and  F  together :  for  the  same  reason,  because 
GB  is  equal  to  E,  and  HD  to  F,  GB  and  HO  together, 
areequaJ  to  E  and  F  tiigether;  wherefore,  as  many 
magnitudes  as  there  are  in  AB  equal  to  E,  so  many  are  ther 
in  AB,  CD  together,  equal  to  E  and  F  together 
whatsoever  multiple  AB  is  of  E,  the  same  multiple  ia  AB  a 
CD  tt^ether,  of  E  and  F  together. 

Therefore,  if  any  magnitudes,  how  many  soever,  be  c 


:h,HD,  equal     A. 
;r  of  the  mag-     a  i 
uumber  of  the     n[ 


as  many,  each  of  each  ;  whatsoever  multiple  any 
one  of  tbem  is  of  its  part,  the  same  multiple  shall  all  the  first 
magnitudes  be  of  all  the  others:  '  For  the  same  demonatra' 
'  tioa  holds  in  any  number  of  magnitudes,  whidi  was  here 
'  applied  to  two.'    e.  e.  d.  ^^ 


i^ 
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\ 


If  Ihejim  mdgnilude  be  the  same  mulliple  of  the 
tecond  that  the  third  is  of  Ike  fmirik,  and  Ihejlflh  the  same 
multiple  o/"  Che  second  that  the  sixth  is  of  Ike  j'ourlh  ;  then 
tkali  thejrtl  together  toilh  thejifih  be  the  same  multiple  of 
the  tecond,  thai  the  third  together  with  the  sixth  it  of  the 
fourih. 

Let  AB  the  first  be  the  same  mu]tip]e  of  C  the  second,  that 
©E  the  third  is  of  F  the  fourth ;  and  BQ  the  fifth  the  same 
multiple  of  C  the  second,  that  EH  the  sixth  is 
of  F  the  fourth  :  theo  shall  AO,  the  first  to- 
gether with  the  fifth,  be  the  same  luultiple  of 
C  the  second,  that  DH,  the  third  together  with 
the  sixth,  is  of  F  the  fourth. 

Because  AB  is  the  same  multiple  of  C  that 
DE  is  of  r,  there  are  as  many  magnitudes  in 
AB  equal  to  C,  as  there  arc  in  DE  equal  to  P ;  in  like 
as  many  as  there  are  in  BO  equal  to  C,  so  many  are  there 
EH  equal  to  F ;  therefore  as  many  as  there  are  in 
tlie  whole  AG  equal  to  C,  ao  many  ore  there  in  1] 

the  whole  DH  equal  to  F :  therefore  AG  is  the     A,     j. 
sajue  multiple  of  C  that  DH  is  of  F  ;  that  is  AO,     B 
the  first  and  fifth  together,  is  the  same  multiple     ^     K 
of  the  second  C,  that  DH,  the  third  and  sixth  to- 
gether, is  of  the  foTirth  F,    If,  therefore,  the  first 
magnitude  fte  the  same  multiple,  &c     g.  e.  d. 

CoK.  "  From  this  it  ia  plain,  that  if  any  number  of  mag- 
nitudes AB,  BO,  OH,  be  multiples  of  another  C  ;  and  as 
many  DE,  EK,  KI,,  be  the  same  multiples  of  F,  each  of  each ; 
theti  the  whole  of  the  first,  \iz.  AH,  is  the  same  multiple  of 
Ci  that  the  whole  of  the  last,  viz.  DL,  is  of  F." 
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PROPOSITION  III. 

Theor. — If  the  Jirsi  be  the  sawte  mmliiple  of  the  teamd, 
rrhich  the  third  it  of  the  fourthy  and  if  of  the  firH  9mA 
third  there  be  taken  equimvltipies^  these  shall  be  eifmimnl' 
tiples,  the  one  of  the  second,  and  the  other  afthejimrth* 

Let  A  the  first  be  the  same  multiple  of  B  the  seoond,  that 
C  the  third  is  of  D  the  foaith ;  and  of  A,  C^  let  equimiild]ik8 
EF^  OH  be  taken :  then  £F  shall  be  the  same  multiple  of  B, 
that  GH  is  of  D. 

Because  £F  is  the  same  multiple  of  A,  that  Oil  la  of  C, 
there  are  as  many  magnitudes  in  £F  equal  to  A^  as  there  aie 
in  GH  equal  to  C;  let  £F  be  divided 
into  the  magnitudes  £K,  KF,  each  equal 
to  A  ;  and  GH  into  GL,  LH,  each  equal 
to  C ;  therefore  the  number  of  the  mag- 
nitudes £K,  KF^  shall  be  equal  to  the  K 
number  of  the  others,  GL,  LH :  and  be- 
cause A  is  the  same  multiple  of  B,  that 
C  is  of  D,  and  that  £K  is  equal  to  A, 
and  GL  equal  to  C ;  therefore  £K  is 
the  same  multiple  of  B,  that  GL  is  of  D :  for  the  ttne 
reason,  KF  is  the  same  multiple  of  B,  that  LH  is  of  D ;  and 
so,  if  there  be  more  parts  in  £F,  GH,  equal  to  A,  C :  there- 
fore, because  the  first  £K  is  the  same  multiple  of  the  aooond 
B,  which  the  third  GL  is  of  the  fourth  D,  and  that  the  fifth 
KF  is  the  same  multiple  of  the  second  B,  which  the  sixth 
LH  is  of  the  fourth  D ;  £F,  the  first  together  with  the  fifth, 
•  2.  5.  is  the  same  multiple  *  of  the  second  B,  which  GH,  the  third 

together  with  the  sixth,  is  of  the  fourth  D.     If,  therefbre«  the 
first,  &c.     Q.  E.  D. 

PROPOSITION  IV. 

Set  M.  Thbob.— i/*  the  Jirst  of  Jour  magniludes  has  the  same  ratio 

to  the  second  which  the  third  has  to  the  fourth,  then  any 
equimultiples  whatever  of  the  first  and  third,  shall  have  the 
same  ratio  to  any  equimultiples  of  the  second  and  fourth  ; 
viz,  ''  the  equimultiple  of  the  first  shall  have  the  same  ratio 
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lo  Iftal  of  Uic  second,  which  the  equimultiple  of  the  third  hat 
tothat  of  the  fourth" 

Let  A  the  first  Itave  to  B  the  second,  the  same  mtio  which 
the  third  C  hiis  to  the  fbuith  D  ;  nnd  of  A  and  C,  let  there 
be  taken  any  equimuItipleB  whatever  G,  F  ; 
and  of  B  and  D,  any  cquimultipleB  what- 
ever O,  U :  then  E  shall  have  the  same  ratio 
to  G,  which  F  has  to  H. 

Take  of  F.  and  F,  any  equimultiples  what- 
erer  K,  L,  and  of  O,  □,  any  equimultiples 
whatever  M,  N  :  then,  because  E  is  the  same 
multiple  of  A,  thai  F  is  of  C,  and  of  E  and  F 
hare  been  taken  equimultiples  K,  L,  tlicrc' 
fere  K  is  the  same  multiple  of  A  *,  that  L 
■8  of  C :  for  the  same  reason,  Bl  is  the  same 
multiple  of  B,  that  N  is  of  D,  And  be- 
cause ",  as  A  is  to  B,  80  is  C  to  D,  and  of  A 
and  C  have  been  taken  certain  equimul- 
tiples K,  L,  and  of  B  and  D  have  been  taken  certain  equimul- 
rtiples  M,  N,  therefore  if  K  be  greater  than  M,  L  is  greater 
iban  N  i  and  if  equal,  equal ;  if  less,  less  * :  but  K,  L  arc 
Ifcy  equimultiples  t  whatever  of  E,  P,  and  BI,  N,  any  what- 
ercr  of  Q,  a  ;  therefore  as  E  is  to  G,  so  is  "  F  to  H.  There- 
fore, if  the  first,  &c.     o.  e.  d. 

Cob.  Likewise,  if  the  lirst  has  the  same  ratio  to  the  se- 
cond, which  the  third  has  to  the  fourth,  then  also  any  equi- 
tnoltiples  whatever  of  the  tirst  and  third,  shall  have  the  same 
ratio  to  the  second  and  fourth  :  and  in  like  manner,  the  first 
«nd  the  third  shall  have  the  same  ratio  to  any  equimultiples 

latever  of  the  second  and  fourth. 

Let  A  the  first  have  to  B  the  second,  the  same  ratio  which 
le  third  C  has  to  the  fourth  D,  and  of  A  and  C,  let  E  and  F 

any  equimultiples  whatever ;  then  E  shall  be  to  B,  as  F 
toD. 

Take  of  E,  F,  any  equimultiples  whatever  K,  L,  and  of 
B,  D,  any  equimultiples  whatever  G,  H :  then  it  may  be  de- 
monstrated, as  before,  that  K  is  the  same  multiple  of  A,  that 
L  is  of  C :  and  because  f  A  is  to  B  as  C  is  to  D,  and  of  A  and 
■C,  certain  equimultiples  have  been  taken,  viz.  K  and  L  ;  nnd 
ind  D,  certain  equimultiples  O,  U,  therefore  if  K  be 
r  than  G,  L  is  greater  than  H ;  and  if  equal,  equal ; 
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*  6  Def.  5.     if  less,  less  *  I  but  K,  L  are  any  t  equimultiples  whatever  of 
t  CoMti.       jj^  j.^  ^^  ^^  jj  ^y  whatever  of  B,  D ;  therefore,  as  £  is  to 

1 5 IM.  6.  B  t,  so  is  F  to  D.  '  And  in  the  same  way  the  other  case  is 
demonstrated. 

V  PROPOSITION  V. 

See  N.  Thsor. — If  one  magnitude  be  ike  same  mvUiple  qf  anoiMer, 
which  a  magnitude  taken  from  the  jirH  ie  of  a  magnihtia 
taken  from  the  other,  the  remainder  shall  be  ihe  same  wml* 
tiple  of  the  remainder,  thai  the  whole  is  of  ihe  whole. 

Let  the  magnitude  AB  be  the  same  multiple  of  CD,  diat 
AE  taken  from  the  first  is  of  CF  taken  fiyim  the 

other:  the  remainder  £B  shall  be  the  same  mul-  { 
tiple  of  the  remainder  FD,  that  the  whole  AB  is  of 

the  whole  CD.  ' 

Take  AG  the  same  multiple  of  FD,  that  AE  is  .. 

*  1.  5.  of  CF ;  therefore  AE  is  *  the  same  multiple  of  CF,  £ 

that  £0  is  of  CD :  but  AE,  by  the  hypothesis,  is 

the  same  multiple  of  CF,  that  AB  is  of  CD ;  there-      ^    D 

fore  EO  is  the  same  multiple  of  CD  that  AB  is  of 

*  1  Ax.  6.     CD ;  wherefore  EG  is  equal  *  to  AB :  take  from  each  of  llieas 

the  common  magnitude  AE,  and  the  remainder  AO  is  eqoel 
to  the  remainder  £B.    Wherefore,  since  A£  is  the  same  nmL 

t  Consir.  tiple  of  CF  t,  that  AO  is  of  FD,  and  that  AO  is  equal  to  SB, 
therefore  AE  is  the  same  multiple  of  CF,  that  £B  is  of  FD : 

t  Hyp.  but  AE  is  the  same  multiple  of  CF  t  that  AB  is  of  CD ;  there- 
fore EB  is  the  same  multiple  of  FD,  that  AB  is  of  CD.  There- 
fore, if  one  magnitude,  &c.     Q.  £.  jd. 


PROPOSITION  VI. 

See  N.  Theor. — If  two  magnitudes  be  equimultiples  of  iwoaUstrs, 

and  if  equimultiples  of  these  be  taken  from  ihe  first  imOp 
ihe  remainders  are  either  equal  to  these  others,  or  equimmt' 
tiples  of  them. 

Let  the  two  magnitudes  AB,  CD  be  equimultiples  of  dw 
two  E,  F,  and  let  AO,  CH,  taken  from  the  first  two,  be  equi- 
multiples of  the  same  £,  F :  the  remainders  OB,  HD  shall  be 
either  equal  to  £,  F,  or  equimultiples  of  them. 
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^''First,    let  OB  be  equal  to  K  :    HD  shall  be  equal  to   F. 
Make  CK  equal  to  F :  and  because  AG  is  the  si 
of  E  1-,  that  CH  is  of  F,   and   that   OB  is  equal 
to  E,  and  CK  to  F,  therefore  AB  is  the  same 
mnltipte  of  E,  that  KII  is  of  F:  but  AB,  by 
the  hypothesis,  is  the  same  multiple  of  E,  that 
CD  is  of  F ;  therefore  KII  is  the  same  multiple 
of  F,  that  CD  is  of  F  ;  wherefore  KII  is  equal  * 
t9  CD:  take  awsy  the  common  magnitude  CU,  then  the  re- 
mainder KC  is  equal  to  the  remainder  HD  :  but  KG  is  equal  t  + 
to  F  ;   thcrcfuTC  HD  is  equal  to  F. 

Next,  let  OB  be  a  multiple  of  £  :  HD  shall  be  the  same 
multiple  of  F.     Make  CK  the  same  multiple  of 
r,  thai  OB  is  of  £  :  and  because  AO  is  the  same  K 

multiple  of  E  f,  that  CH  is  of  F,  and  OB  the 
tunc  multiple  of  E,  that  CK  is  of  F,  therefore 
AB  is  the  same  multiple  of  E  *,  that  KII  is  of  F : 
but  AB  is  the  same  multiple  of  E  f,  that  CD  is 
of  F ;  therefore  KH  is  the  same  multiple  of  F, 
thnt  CD  18  of  F ;  wherefore  KH  is  equal  *  to 
CD:  take  away  CH  from  both  (  therefore  the  remainder  KC 
ia  etjoal  to  the  remainder  UD :  and  because  GB  is  the  same 
multiple  of  E  t,  that  KC  is  of  F,  and  that  KC  is  equal  to  UD;   f 
dwrefore  BD  is  the  same  multiple  of  F,  that  GB  is  of  £. 
I,  two  magnitudes,  &c.     q.  e.  v. 
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PROPOSITION   A.  ■  ^ 

■If  the  Jim   of  four   magnitudes  haa  the  samt   See  N. 
ratio  lo  the  tteond  tehich  the  {kird  has  la  the  fourth,  then, 
j^'  the  JiTit  be  greater  than  the  second,  the  third  is  alto 
greater  than  the  fourth;  and  if  equal,  equal;  if  leu,  lest. 

-  Take  any  equimultiples  of  each  of  tliem,  ns  the  doubles 
of  each :  then,  by  Def.  5th  of  this  Book,  if  the  double  of  the 
first  be  greater  than  the  double  of  the  second,  the  double  of 
the  third  is  greater  than  the  double  of  the  fourth  :  but  if  the 
first  be  greater  than  the  second,  the  double  of  the  tir^t  is 
greater  than  the  double  of  the  second;  wherefore  also  the 
dDoUe  of  the  third  is  greater  than  the  double  of  the  fonrtb  ; 
therefore  the  third  is  greater  than  the  fourth  :  in  like  manner, 
if  the  first  be  equal  to  the  second,  or  less  than  it,  the  third 
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See  N. 
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f  Constr. 
•  5  Def.  6. 
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can  be  proved  to  be  equal  to  the  fourth^  or  less  tbaa  it.   ThMre- 
fore>  if  the  first.  See.     q.  k,  d, 

PROPOSITION  B. 

Theor. — If  four  magnitudes  are  proportionals,  tiiey  are  pro» 
portionals  also  when  taken  inversely. 

Let  A  be  to  B,  as  C  is  to  D :  then  also  inversely  B  shall  be 
to  A,  as  D  to  C. 

Take  of  B  and  D,  any  equimultiples  whatever  E  and  F ; 
and  of  A  and  C,  any  equimultiples  whatever  O  and  H.  First, 
let  E  be  greater  than  O,  then  G  is  less  than  E :  and 
because  t  A  is  to  B  as  C  is  to  D,  and  of  A  and  C 
the  first  and  third,  G  and  H  are  equimultiples  ; 
and  of  B  and  D  the  second  and  fourth,  £  and  F 
are  equimultiples;  and  that  G  is  less  than  E,  there- 
fore H  is  ^  less  than  F ;  that  is,  F  is  greater  than 
H  ;  if,  therefore,  E  be  greater  than  G,  F  is  greater 
than  H:  in  like  manner,  if  E  be  equal  to  G,  F  may 
be  shewn  to  be  equal  to  H;  and  if  less,  less;  but  £, 
F  arc  any  equimultiples  t  whatever  of  B  and  J>,  and  G,  U  any 
whatever  of  A  and  C ;  therefore  f  as  B  is  to  A,  so  is  D  to  C. 
Therefore,  if  four  magnitudes,  &c.     q.  e.  d. 

PROPOSITION  C. 

Theor. — If  the  first  he  the  same  multiple  <f  the  second,  or 
the  same  pari  of  it,  thai  the  third  is  of  the  fourth,  the  firsi 
is  to  the  second,  as  the  third  is  to  the  fourth* 

Let  the  first  A  be  the  same  multiple  of  the  se- 
cond B,  that  the  third  C  is  of  the  fourth  D :  A 
shall  be  to  B  as  C  is  to  D. 

Take  of  A  and  C,  any  equimultiples  whatever 
E  and  F ;  and  of  B  and  D,  any  equimultiples 
whatever  G  and  H :  then,  because  A  is  the  same  t 
multiple  of  B  that  C  is  of  D,  and  that  £  is  the 
same  t  multiple  of  A  that  F  is  of  C,  therefore  E  is 
the  same  multiple  of  B  *  that  F  is  of  D  ;  that  is, 
E  and  F  are  equimultiples  of  B. and  D :  but  G  and 
H  are  equimultiples  t  of  B  and  D ;  therefore,  if  £ 
be  a  greater  multiple  of  B,  than  G  is  of  B,  F  is  a  greater  mill- 
tiple  of  D,  than  H  is  of  D ;  that  is,  if  £  be  greater  than  6, 
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V  is  greater  than  H  :  in  like  manner^  if  E  be  equal  to  G,  or 

leas  than  it>  F  may  be  shewn  to  be  equal  to  H^  or  less  than  it: 

but  E,  F  are  equimultiples  t,  any  whatever,  of  A,  C  ;  and  G,  f  Constr. 

H  any  equimultiples  whatever  of  B,  D ;  therefore  f  A  is  to  B,  f  5  Def.  5. 

as  C  is  to  D. 

Next,  let  the  first  A  be  the  same  part  of  the  second  B,  that 
the  third  C  is  of  the  fourth  D :  A  shall  be  to  B, 
as  C  is  to  D. 

For  since  A  is  the  same  part  of  B  that  C  is  of 
D,  tlierefore  B  is  the  same  multiple  of  A  that  D 
is  of  C :  wherefore,  by  the  preceding  case,  B  is  to 

A,  as  D  is  to  C;  and  therefore  inversely*  A  is  to  *  B.  6. 

B,  as  C  is  to  D.     Therefore,  if  the  first  be  the  same  multiple, 

&C.       Q.  £.  D. 

PROPOSITION  D. 

Tbjbob. — If'  the  Jirsl  he  to  the  second  as  the  third  to  the  See  N. 
Jlcmrlhy  and  ifthejirst  be  a  multiple,  or  a  part  of  the  second;. 
the  third  is  the  same  multipU,  or  the  same  part  of  the 
Jmirth. 

Let  AbetoBasCistoD;  and  first,  let  A  be  a  multiple 
of  B :  C  shall  be  the  same  multiple  of  D. 

Take  £  equal  to  A ;  and  whatever  multiple  A 
or  £  is  of  B,  make  F  the  same  multiple  of  D : 
then,  because  t  A  is  to  B,  as  C  is  to  D;  and  of  B 
the  second,  and  D  the  fourth,  equimultiples  have 
been  taken,  £  and  F*;  therefore  A  is  to  E,  as  C 
to  F:  but  A  is  equal t  to  £,  therefore  C  is  equal* 
to  F :  and  F  is  the  samef  multiple  of  D,  that  A 
is  of  B :  therefore  C  is  the  same  multiple  of  D 
that  A  is  of  B. 

Next  let  A  be  a  part  of  B  :  C  shall  be  the  same  part  of  D. 

fiecsnse  t  A  is  to  B,  as  C  is  to  D ;  then  inversely,  B  is  *  to 
A^  as  D  to  C :  but  A  is  a  part  f  of  B,  that  is,  B  is  a  multiply 
of  A  ;  therefore,  by  the  preceding  case,  D  is  the  same  mul- 
tiple of  C ;  that  is,  C  is  the  same  part  of  D,  that  A  is  of  B. 
Therefore,  if  the  firsts  &c.     q.  £.  d. 
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figure. 


tHyp. 

♦B.  6. 
tHyp. 


PROPOSITION  VII. 

Theor. — Equal  magnitudes  have  the  same  ratio  to  the  same 
magniiude:  and  the  same  has  the  same  ratio  to  equal  mag^^ 
mitudes. 


'  t 
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Let  A  and  B  be  equal  niagiiitndea,  nnd  C  any  other:  A  and 
B  shall  each  of  them  have  the  same  ratio  to  C  :  and  t'  thall 
have  the  same  ratio  to  each  of  the  niagaitudef  A  and  B. 

Take  of  A  and  B,  any  equimultiples  whatever  D  and  Fi  J 
and  of  C,  any  multijile  whatever  F:  then,  hecause  D  ' 
same  +  multiple  of  A,  that  E  is  of  B,  and  that  A 
is  equal  f  to  Bj  therefore  D  ia  "  equal  to  E ;  there- 
fore, if  D  be  greater  tlian  F,  E  ia  greater  than 
F  ;  and  if  equal,  equal ;  if  less,  leas ;  but  D,  E 
are  any  equimultiples  of  A,  B  t,  and  F  is  any  mul- 
tiple of  C;  there^re*,  as  A  is  to  C,  so  is  B  to  C, 

Likewise  C  shall  have  the  same  ratio  to  A,  that 
it  has  to  D.    For,  having  made  the  same  construc- 
tion, D  may,  in  like  maunerj  be  shewn  to  be  equal 
to  E  :  therefore,  if  F  be  greater  than  D,  it  is  like- 
wise greater  than  E  ;  and  if  equal,  equal ;  if  less,  leu 
F  ia  any  multiple  whatever  of  C,  and  D,  E  are  any  equimi 
pies  whatever  of  A,  B ;  therefore  *,  C  ia  to  A  as  C 
Therefore,  equal  magnitudes,  &c.     9.  1 

PROPOSITION  VIII. 

Theob.— Of  Imo   unequal  tiiagniiudes,    Ike  grealer  katv 

greater  ratio  lo  ang  o/lter  magnitude  than  the  let*  kati  at 

the  tame  magnitude  has  a  greater  ratio  lo  the  leti  i/f  It 

other  magnitudes,  than  it  has  lo  the  greater.  ll 

Let  AB,  BC  be  two  unequal  magnitudes,  of  which  AB  k 
the  greater ;  and  let  D  be  any  other  magnitude :  AB  «1mU 
have  D  greater  ratio  to  D,  tliau  BC  has  to  D : 
and  D  shall  have  a  greater  ratio  to  BC,  than  it 


■qiiiTimnr' 


Fig.  I. 


If  the  magnitude  which  is  not  the  greater  of 
the  two  AC,  CB,  be  not  less  than  D,  take  EF, 
FU,  the  doubles  of  AC,  CB,  as  in  Pig.  1.     But 
if  that  which  is  not  the  greater  of  the  two  AC, 
Cn,  be  less  than  D  (ns  in  Fig.  2.  and  3.),  this 
magnitude  can  be  multiplied,  so  as  to  become 
greater  than  D,  whether  it  be  AC  or  CB.     Let 
it  be  multiplied  uutil  it  become  greater  than  D,  and  let  the 
other  be  multiplied  as  often  ;  and  let  EF  l>e  the  multiple  thiM 
taken  of  AC,  and  Fa  the  same  multiple  of  CB;  therefore  Ef 
tuid  FO  are  each  of  them  greater  than  D :  and  in  every  dm  of 


\{ 


e  owes,  take  11  the  double  of  D,  K  its  triple,  and  so  on,  till 
t  mnltiple  of  D  be  that  which  first  bemimes  greater  than 
:  let  L  be  that  multiple  of  D  which  Is  first  greater  than 
I,  and  E  the  multiple  of  D,  which  la  next  leas  than  L. 
'  Then,  because  L  is  the  multiple  of  D  which  is  the  first  that 
vnmes  grenter  than  TO,  the  next  preceding  multiple  K  is 
It  greater  than  FG  ;  that  is,  FO  is  not 
IS  than  K  :  and  since  KF  is  the  game 
Ittnttiple  of  AC  f,  that  FO  is  of  CB, 
^dcwfirri;  FG  is  the  same  multiple  of 
',  that  EG  is  of  AB ;  that  is,  EG  and 
FO  are  equimultiples  of  AB  and  CB : 
and  since  it  wan  shetvii,  that  FO  is  not 
leM  than  K,  and,  by  the  construction, 
EF  i*  greater  than  D,  therefore  the 
rhole  EQ  is  greater    than    K    and  D 


Fig.  3. 


Itigetlier:    but  K  together  with 


i.i! 


G  B 


tu  L  ;  therefore  EG  is  greater  f  Conn 

liut  FG  is   not  greater  t  than  f  Canii 

L:  and  EG,  FO  were  pruved  to  be  equimultiples  of  AB,  BC; 

Ud  L  is  a  +  multiple  of  D ;  therefore  •  AB  has  to  D  a  greater  f  Cunu 
do,  than  BC  has  to  D.  '  '  ^' 

Also,  I>  ahall  have  to  BC  a  greater  ratio  than  it  has  to  AB. 
ir  baving  made  the  name  constructiun,  it  may  be  shewn,  in 
X  manner,  that  L  is  greater  than  FG,  but  that  it  is  not 
eater  than  EG  :  and  1.  is  a  t  mnltiple  of  D  ;  and  FG,  EG  t  C""" 
Kre  proved  to  be  equimultiples  of  CD,  AB  ;  therefore  D  has 
CB  a  greater  ratio  '  than  it  has  to  AB.     Wherefore,  of  two  •  7  Dd 

vnequal  magnitudes,  &c.     q.  e.  d. 

PROPOSITION  IX. 

Trkob. — Magnitudes  which  have  the  game  ratio  to  the  same  See  K. 
magnilude,  arc  eqnal  la  one  another :  and  tliose  to  which  ikc 
tame  magnitude  has  the  same  ratio,  tire  equal  to  one  another. 

Let  A,  B  have  each  of  ihcm  the  same  ratio  to  C  :  A  shall  be 
[Ual  to  B. 

For,  if  they  arc  not  equal,  one  of  them  muat  be  greater 
on  the  other;  let  A  be  the  greater:  then,  by  what  was 
lewn  in  the  preceding  proposition,  there  are  some  equi- 
lilti^es  of  A  and  B,  and  some  multiple  of  C,  such,  that  the 
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buclid's  elbmsntb. 


tHyp. 


•5Def.5. 
f  Constr. 


fHyp. 

•  5  Def.  6. 
f  Constr. 


cl.l 
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multiple  of  A  is  greater  than  the  multiple  of  C,  but  the  nhit- 

tiple  of  B  18  not  greater  than  that  of  C.    Let  these  mnldplea 

be  taken ;  and  let  D,  E  be  the  equimultiples  of 

A^  B^  and  F  the  multiple  of  C^  audi^  that  D  may 

be  greater  than  F,  but  £  not  greater  than  F: 

then,  because  A  is  to  C  asf  B  is  to  C,  and  of  A^ 

B,  are  taken  equimultiples  D,  E,  and  of  C,  is 

taken  a  multiple  F,  and  that  D  is  greater  than 

F,  therefore  E  is  also  greater  ♦  than  F :  but  E  is 

nott    greater  than    F;    which   is  impossible: 

therefore  A  and  B  are  not  unequal ;  that  is^  they  are  eqnaL 

Next,  let  C  have  the  same  ratio  to  each  of  the  magnitudes 
A  and  B :  A  shall  be  equal  to  B. 

For,  if  they  arc  not  equal,  one  of  them  must  be  greater  than 
the  other ;  let  A  be  the  greater :  therefore,  as  was  shown  in 
Prop.  8th,  there  is  some  multiple  F  of  C,  and  some  equimul* 
tiples  E  and  D,  of  B  and  A,  such,  that  F  is  greater  than  E> 
but  not  greater  than  D :  and  because  G  is  to  B  t,  as  C  is  to  Aj 
and  that  F  the  multiple  of  the  first  is  greater  than  E  the  mul-i 
tiple  of  the  second  *,  therefore  F  the  multiple  of  the  third  is 
greater  than  D  the  multiple  of  the  fourth:  but  F  is  notf 
greater  than  D ;  which  is  impossible.  Therefore  A  la  eqiul 
to  B.     Wherefore,  magnitudes  which,  &c.    Q.  B.  J>. 


PROPOSITION  X. 


SeeN. 


Thbor. — That  magnitude  which  has  a  greater  ratw  than 
other  has  unto  the  same  magnitude,  is  the  greater  qf  ike 
two :  atid  that  magnitude  to  which  the  same  hmt  a  greater 
ratio  tlian  it  has  unto  another  magnitude,  is  ike  lesser  of  ike 
two. 


•7DeC5. 


Let  A  have  to  C  a  greater  ratio  than  B  has  to  C:  A  shall 
be  greater  tluin  B. 

se  A  has  a  greater  ratio  to  C,  than 
lere  are  *  some  equimultiples  of  A 
I  some  multiple  of  C,  such,  that  the 
pA  is  greater  than  the  multiple  of  C, 
iple  of  B  is  not  greater  than  it :  let 
them  be  taken ;  and  let  D,  £  be  the  equimultiples 
of  A,  B,  and  F  the  multiple  of  C>  mdk,  that  P  is 
greater  than  F,  but  £  is  not  greater  than  Fj  therefore  D 


For, 
B  hA  to  C 
andjb, 
muKple  0 
but  (the  m 


*i  1 J 

d  ^ 


BOOK    r.      PROP.  XI.   XII. 

Pif  greater  ihnn  E :  and,  because  D  and  E  are  equl multiples 
of  A  and  B,  and  that  D  is  greater  than  E,  therefore  A  is*   ' 
greater  than  B.  t  * 

Next,  let  C  have  a  greater  ratio  to  B  than  it  has  to  A  :  B 
shall  tie  less  than  A. 

For  *  there  is  some  multiple  F  of  C,  and  some  cquimultiplet   ' 
Kmd  D  of  B  and  A,  such,  that  F  is  greater  than  E,  but  not 
greater  than  D ;  therefure  E  is  less  than  D :  and  because  E 
and  D  are  equimultiples  of  B  and  A,  and  that  E  h  less  tban 
D,  therefore  B  is  •  less  than  A.     Thecefore,  that  magnitude,    ' 


PROPOSITION  XI. 

«  tAaC  are  the  same  lo  the  s 
tame  to  one  another. 


}  D,  so  let  E  be  to 


A 

E 

D 

F 

.  Let  A  be  to  B,  as 
t  A  shall  be  to  B,  I 
[i  Take  of  A,  c,  E,  any  equimultiples  whatever  G,  H,  E ;  and 
i  B,  D,  F,  any  equimultiples  whatever  L,  M,  N>     Therefore, 
Vce  A  is  to  B  as  C  to  D. 
a  are  taken  equi- 
lultiples  of  A,  C,  and  L, 
If,  of  B,  D ;  if  O  be  greater 
than  L,  U  is  greater  than 
M :  and   if  equal,   equal ; 

anil  if  less,  less  *.  Again,  because  C  is  to  D,  as  B  is  to  F,  and  ' 
B,  K  are  taken  equimultiples  of  C,  E,  and  M,  N,  of  D,  F ;  if 
a  be  greater  thna  M,  K  is  greater  than  N ;  and  if  equal, 
equal;  and  if  less,  less:  but  if  O  be  greater  than  L,  it  has 
been  vhewn  that  II  is  greater  than  Al ;  and  if  equal,  equal ; 
and  if  less,  less ;  therefore  if  O  be  greater  than  L,  E  is  greater 
than  N ;  and  if  equal,  equal ;  and  if  less,  less ;  and  G,  K  are 
f  equimultiples  whatever  of  A,  E;  and  JL,  N  any  whatever 
F  B,  F :  therefore  •  as  A  is  to  B,  bo  is  E  to  F.  Wherefore,  ■ 
^oa  tliat,  ficc.     «.  E.  D. 

PKOPOSITION   XII. 

^RSOR. — If  antf  number  of  magnitude*  he  proportionalt,  at 
e  qf  the  antecedent*  is  to  it*  constqueui,  to  shall  all  the 
antecedent*  taken  together,  be  lo  alt  the  cmsctitienlt. 


116  buclid's  elements. 

Let  any  number  of  magnitudes  A,  B,  C,  D,  E,  P  be  propor- 
tionals ;  that  is,  as  A  is  to  B,  so  C  to  D,  and  £  to  F :  as  A  is 
to  B,  so  shall  A,  C,  E  together,  be  to  B,  D,  F  together. 

Take  of  A,  C,  E,  any  equimultiples  whatever  G,  H,  K ;  and 
of  B,  D,  F,  any  equimultiples  whatever  L,  M,  N :  then,  be- 
cause A  is  to  B,  as  G  is  to 

D,  and  as  E  to  F,  and  that     G H —  K— — 

O,  H,  K  are  equimultiples     A C E 

of  A,  C,  E,  and  h,  M,  N     B D F 

equimultiples  of  B,  D,  F  ;     L M N : 

if  O  be  greater  than  h,  H 

is  greater  than  M,  and  K  greater  than  N ;  and  if  equal,  equal; 

*  5  Dcf.  5.    and  if  less,  less  * :  wherefore  if  6  be  greater  than  L,  thpn  O, 

H,  K  together,  are  greater  than  L,  M,  N  U^tber;  and  if 
equal,  equal ;  and  if  less,  less :  but  G,  and  G,  H,  K  together, 
are  any  equimultiples  of  A,  and  A,  G,  E  together ;  becaose 
if  there  be  any  number  of  magnitudes  equimultiples  of  at 
many,  each  of  each,  whatever  multiple  one  of  them  is  of  its 

*  l.ft.  part,  the  same  multiple  is  the  whole  of  the  whole* :  for  the 

same  reason,  L,  and  L,  M,  N  are  any  equimultiples  of  B,  and 
t  A  Def.5.     B,  D,  F :  therefore  as  A  is  to  B  f,  so  are  A,  C,  £  togetherj  to 
B,  D,  F  together.     Wherefore,  if  any  number,  &c.     Q.  E.  o* 


PROPOSITION  XIII. 

Sec  N.  Theor. — If  the  Jirst  has  to  the  second  the  same  ratio  wUdk 

the  third  has  to  the  fourth,  but  the  third  to  the  ftmrih  a 
greater  ratio  than  the  Jifth  has  to  the  sixth,  the  Jirti  4katt 

^  :  also  have  to  the  second  a  greater  ratio  than  the  ^Jik  kai  io 

the  sixth. 

Let  A  the  first  have  the  same  ratio  to  B  the  second,  whidi 
G  the  third  has  to  D  the  fourth,  but  G  the  third  a  greater 
ratio  to  D  the  fourth,  than  E  the  fifth  has  to  F  the  sixth :  also 
the  first  A  shall  have  to  the  second  B,  a  greater  ratio  than  this 
fifth  E  has  to  the  sixth  F. 

Because  G  has  a  greater      M                G  H 

ratio   to  D,  than  E  to  F,      ^~         ^~         ^ 
there  are  some  equimulti-      j^r j^ £ 


pies  of  G  and  E,  and  some  of 
B  and  F,  such,  that  the  multiple  of  G  is  greater  than  the  mul- 
tiple of  D,  but  the  multiple  rf  E  is  not  greater  than  the  mul- 
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Ijple  nf  F  •  :  let  these  be  taken,  and  let  G,  H  be  equimulti-   •  7  Def.  a. 

{lies  of  C,  E,  and  K,  L  cquiinultipIcN  of  D,  F,  such,  that  G 
nay  be  greater  than  K.  but  11  not  greater  than  L  :  and  what- 
Nfer  multijile  G  in  of  C,  take  M  the  same  multiple  of  A  ;  and 

Wiatcvcr  multiple  K  is  uf  D,  take  X  the  same  multiple  of  B  : 

I,  because  A  is  tu  B  t,  as  C  to  D,  and  of  A  and  C,  M  and    t  Hyp. 

9  are  etiuimultiples ;  and  of  B  and  D,  N  and  K  are  equimul- 
tiples ;  if  M  be  greater  than  N,  O  is  greater  than  K ;  and  if 

aqutil,  equal ;  and  if  less,  less  • :  but  O  is  greater  t  than  K,    *  5  Def.  S. 
'fiierefure  SI  is  greater  than  N  :  but  H  is  not  t  greater  than  1  q^^'j,' 
t:  and  M,  H  are  equimultiples  of  A,  E;  and  N,  L  equiinul- 
iiplvM  of  B,  F  ;  therefnre  A  has  a  groater  ratio  to  B,  than  E 
"istoF*.     ^\lierefore.  if  the  first,  &c.     y.  e.  d.  •7l>i^f.s, 

OoR.     And  if  the  first  have  a  gri'ater  ratio  to  the  second, 
the  third  has  to  the  fourth,  but  the  third  the  same  ratio 

the  fourth,  which  the  fifth  has  to  the  sixth,  it  may  be  de> 
fnonstratetl,  in  like  mannef,  that  the  first  has  a  greater 

10  th«  second,  than  the  fifth  has  to  the  sixth. 

PROPOSITION  xrv. 

fSBKtitt.—IfihefirSl  have  the  /inme  ratio  la  the  serond  mkich    SeeN. 

lAe  third  ha»  lo  tkeJbuTlh,  then,  ifthe_fi.rst  be  greater  than 

the  third,  the  second  thiiU  be  greater  than  the  fourth  ;  and 

if  equal,  equal ;  and  if  less,  text. 

Let  the  first  A  have  the  same  ratio  to  the  second  B,  which 
Ac  third  C  has  to  the  fourth  D :  if  A  be  greater  than  C,  D 
iSudl  be  greater  than  D. 

Because  A  is  greater  than  C,  and  B  is  any  other  magnitude. 


^•/ 


A  hu  to  B  a  greater 

B  f,  so  is  C  to  D  ;  therefore 

idso  C  has  to  D  n  greater 
Itio  than  C  has  to  B  *  :  but 
F  two  magnitudes,  that  to 
4iich  the  same  has  the 
nater  ratio  is  the  lesser  * : 

1  B ;  thi 

^  Secondly,  if  A  be 

k  is  to  B,  as  C,  that 

.   Thirdly,  if  A  be  l 


C  has  to  B":  but,  i 


tHyp. 


ill    llll      II 

BC  D     ABC  D    A  BCI) 


;  greater  than  D. 
J  to  C,  B  shall  be  equal  lo  D.  For 
.  to  D;  therefore  B  is  equal  to  D*.  ■ 
han  C,  B  shall  be  less  than  D.  For 
d  because  C  is  to  D,  as  A  is  to  B, 
D  is  greater  than  B,  by  the  first  case ;  that  is,  B  is 
Therefore,  if  the  first.  &c.     v.  n.  n. 


m 


m 


PROPOSITION  XV. 

TnEOR. — Magnitudet   have  Ihe  same  ratio  to    one  asolk^. 
which  their  equitnulliples  have. 

Let  AB  be  the  aame  multiple  of  C,  that  DE  ia  uf  F :  C  shaU 
be  to  F,  as  AD  to  DE. 

Because  AB  is  the  same  multiple  of  C,  that  DE  ia  t(  F, 
there  urc  us  muny  magnitudea  in  AB  equal  to  C,  as  there 
In  DE  equal  to  F:  let  AB  be  divided  into  magni- 
tudes, each  equal  to  C,  viz.  AO,  OH,  H  B ;  and  DE 
into  rangnitudes,  each  equal  to  F,  viz.  DK,  KI>, 
LE  :  tlicn  the  number  of  the  tirst,  AO,  GU,  HB, 
is  equal  to  the  number  of  the  last,  DK,  KL,  LE  ; 
and  because  AO,  GU,  HB  are  all  equal,  and  that 
OK,  KL,  LE  arc  b1i>o  equal  to  one  another,  there.* 
fore  •  AG  is  to  DK  aa  GH  to  KL,  and  as  HB  to  LE  :  but  M 
one  of  the  antecedents  to  its  consequent  *,  so  arc  all  the  ante- 
cedents together  to  all  the  consequeots  together;  wherefore, 
as  AO  is  to  DK,  so  is  AB  to  DE :  but  AO  is  equal  M  C,  vid 
DK  to  F :  therefore,  as  C  is  to  F,  so  is  AB  to  DE.  Tbervfunb 
inagnitudeB,  &e.     g.  £.  d, 

J.  PROPOSITION  XVI. 

Theor.— If  four  magnitudet  of  the  same  kiud  be  propor- 
tionah,  tliey  shall  alto  be  proporlicmalt  when  taken  aiien. 

Let  A,  B,  C,  D  be  four  magnitudes  of  the  same  kind,  wbicA 
are  proportionals  ;  viz.  as  A  to  B,  so  C  to  D :  they  shall 
be  proportionals  when  taken  alternately ;  that  is,  A  shall  n 
to  C,  as  B  to  D. 

Take  of  A  and  B,  any  cquimultrpIeB  whatever  E  and  P 
and  of  C  and  D,  take  any  equimultiples  wbatcrcr  O  and  H 
and  because  E  is  the  snuie  multiple 

of  A,  that  F  is  of  B,  and  that  mag-     j/ q 

nitadcs  have  the  lamc  ratio  to  one     A- C 

another*  which  their  equimultiples     B D 

have,  therefore  A  is  to  B.  as  E  is  to  F :      f — " 

but  aa  A  is  to  B  sot  is  C  to  D  ;  wherefore  as  C  is  to  D,  bo*  t 
K  to  r :  again,  because  a,  U  are  cqul multiples  of  C,  S>,  titan' 


BOOB   V.      PROP,   XVII. 

r  Jbrc  as  C  is  to  I),  so  *  is  O  to  H :  but  it  was  proTeil  that  an  C 
it  to  D,  so  is  E  to  F,  therefore,  as  E  is  to  F,  so*  is  G  to  II. 
But  when  four  mRgnitudes  are  ]iroporfioTiaia  *,  if  the  first  be 
greater  than  the  tliird,  the  second  is  greater  than  the  fourth  ; 
And  if  equal,  equal ;  if  leas.  less ;  therefore  if  E  be  greater  than 
O,  F  like^vise  is  greater  thiui  H  ;  and  if  equal,  equal ;  if  less, 
lew :  and  8,  F  are  any  f  equimultiples  whatever  of  A,  B ;  and 
O,  II  any  whatever  of  C,  D  :  therefore  *,  A  is  to  C  as  B  to  D. 
JftLen,  four  magnitudes,  &c.     ij.  £-  o. 


Conilr. 
'  6  Dcf.  8, 


PROPOSITION   XVII. 


Kl'SKOit— //*  magnHudes,  taken  jointlij,  lie  proportionals,  tAci/   See  N, 

'        thail  alto  be  proportionah  nilici  Ifiten  separately;  that  if, 

y  (wo  magnitudes  together,   have  to  one  <if  ihtm,  the  same 

ratio  which  two  others  have  to  one  of  these,  the  remaining 

otu  of  the  Jirsl  tmo  shall  have  to  the  other,  the  same  ratio 

L*"  which  the  remaining  one  of  the  last  tn-o  has  to  tile  other  of 

*    Let  AB,  BE,  CD,  DF  be  the  magnitudes,  tnken  jointly, 
wluch  are  proportionals ;  that  is,  as  AB  to  BE,  so  let  CD  be  X, 

to  DF :  they  shall  also  be  proportionals  taken  separately ;  viz- 
M  AE  to  EB,  80  shall  CF  be  to  FD. 

Take  of  AE,  EB,  CF,  FD,  any  equimultiples  whatever  GU, 
HK,  LM,  MN  ;  and  again,  of  EB,  FD,  take  any  equimultiples 
whatever  KX,  NP:  and  because  OH  is  the  same  multiple 
of  AE,  that  HK  is  of  EB,  therefore  OH  is  the  same  mul- 
tiple '  of  AE,  that  n  K  is  of  AB :  but  GH  is  the  Siime  mul-  •  i.  5. 
tiple  of  AE,  that  I.JI  is  of  CF  j  therefore  GK  is 
the  same  multiple  of  AB,  that  LM  is  of  CF. 
Again,  because  LM  is  the  same  multiple  of  CF, 
that  MN  is  of  FD,  tlicrefore  LAI  is  the  same 
multiple  •  of  CF,  that  LN  is  of  CD :  but  LM  was 
Bbewu  to  be  the  same  multiple  of  CF,  that  GK  "|  J*  pM 
is  of  AB  ;  therefore  GK  is  the  same  multiple  of 
AB,  that  LN  is  of  CD ;  that  is,  GK,  LN  are  eqiii- 
nultiplea  of  AB,  CD.  Next,  because  HK  is  the 
aatne  multiple  ufEB,  that  MN  is  of  FD,  and  that  KX  is  also  the 
same  multiple  of  EB,  tliat  NP  is  of  FD,  therefore  UX  is  the 
same  multiple  "  of  EB,  that  MP  is  of  FD.  And  because  AB  •  g.  a.  ,,  . 
is  to  BE  +,  as  CD  i(  ty  DF,  and  that  uf  AB  and  CD,  OK  and  t  Hyp.!  •  ^ 
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LN  are  equimultiples,  and  of  EB  and  FD,  HX  and  MP  ase 
*5Def.5.     equimultiples*,  therefore,  if  OK  be  greater  tlian  HX^  then 

LN  is  greater  than  MP ;  and  if  equal,  equal;  and  if  less,  ]em: 

but  if  OH  be  greater  than  KX,  then,  by  adding  the  oommon 
t  i  Ax.  1.     part  HK  to  both,  OK  is  greater  t  than  HX :  wherefore  also  I^N 

is  greater  than  MP  ;  and  by  taking  away  MN  from  both«  LM 
t  5  Ax.  1.     is  greater  t  than  NP :  therefore,  if  OH  be  greater  than  KX»  LK 

is  greater  than  NP.     In  like  manner  it  may  be  demonstratediy 

that  if  OH  be  equal  to  KX,  LM  is  equal  to  NP ;  and  if  lesi^  l^sa.; 
t  Constr.  but  OH,  LM  are  any  equimultiples  whatever  of  A^j  GF.t> 
*  5  Def.  5.     and  KX,  NP  are  any  whatever  of  £B,  FD :  therefore  *,  as  A£ 

is  to  £B,  so  is  CF  to  FD.     If  then,  magnitudes,  &c«     v*  •&.  ik 

PROPOSITION  XVIII. 

SeeN.  Tbbor. — If  magnitudes,  taken  separately,  be  proparlkmstU, 

they  shall  also  be  proportionals  when  taken  jointUf  ;  thsii  is, 

if  the  Jirst  be  to  the  second,  as  the  third  to  the  fourth,  ihe 

first  and  second  together,  shall  be  to  the  second,  ms  ihi 

third  and  fourth  together,  to  the  fourth. 

Let  AE,  EB,  CF,  FD  be  proportionals ;  that  is,  as  AJB  to . 
EB,  so  let  CF  be  to  FD :  they  shall  also  be  proportionals  vben 
taken  jointly ;  that  is,  as  AB  to  BE,  so  shall  CD  be  to  BF.      • 

Take  of  AB,  BE,  CD,  DF,  any  equimultiples  whatever  OH, 
HK,  LM,  MN ;  and  again,  of  BE,  DF,  take  any  equimultipkt 
whatever  KO,  NP  :  and  because  KO,  NP  are 

'  IT 

equimultiples  of  BE,  DF,  and  that  KH,  NM 
are  likewise  equimultiples  of  BE,  DF,  there-  ^ 
fore  if  KO,  the  multiple  of  BE,  be  greater  than  _ 
KH,  which  is  a  multiple  of  the  same  BE,  then 
NP,  the  multiple  of  DF,  is  also  greater  than 
NM,  the  multiple  of  the  same  DF ;  and  if  KO 
be  equal  to  KH,  NP  is  equal  to  N3I ;  and  if 
less,  less. 

First,  let  KO  be  not  greater  than  KH  ;  therefore  NP  is  not 
greater  than  N3I :  and  because  OH,  HK  are  equimultiples  of 
AB,  BE,  and  that  AB  is  greater  than  BE,  therefore  OH  is 
•  S  Ax.  6.  greater  ♦  than  HK ;  but  KO  is  not  greater  than  KH ;  therefore 
OH  is  greater  than  KO.  In  like  manner  it  may  be  shewn, 
that  LM  is  greater  than  NP :  therefore,  if  KO  be  not  greater 
than  KH^  then  OH,  the  multiple  of  AB,  is  always  greater  than : 


Poll 


^1 
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RO,   ttic  multiple  of  BE  ;  and  lilieivise.LM,  the  multiple  of 
CD,  is  greaUT  than  NP,  the  multiple  of  DF. 

Next,  let  KO  be  greater  tlian  KII,  therefore,  as  has  been 
thcwn,  NP  is  greater  than  NM  :  and  bccnuse  the  whole  OH  is 
the  same  nmlliple  of  the  whole  AB,  that  HK  is  of  BE,  there- 
ibre  the  remainder  OK  is  the  same  multiple  of  the  remainder 
AE  *  that  OH  is  of  AB ;  which  is  the  same  that 
of  CD.  In  like  manner,  hecause  LM  is 
me  mnltiple  of  CD,  that  MN  is  of  DF, 

■nfcire  the  remainder  LN  is  the  same  mul- 
tiple of  the  remainder  CF  ',  that  the  whole 
LH  is  of  the  whole  CD  ;  but  it  was  sliewn, 
that  LM  is  the  same  multiple  of  CD,  that  GK 
is  of  AE  ;  therefore  GK  is  the  same  multiple 

AE,  that  LN  is  of  CF  ;  that  is,  GK.   LN  are  equimultiples 

A£j  CF.  And  because  KO,  NP  are  equimultiples  of  BE, 
IF.  thcrcfiire  if  from  KO,  NP  there  bo  taken  KH,  NM,  which 
Bic  likewise  equimultiples  of  BE,  DF,  the  remainders  HO,  MP 
are  «itber  equal  to  BE,  DF,  or  eqiiimuUiples  of  them*.  First, 
let  HO,  MP  be  equal  to  BE,  DF  :  then  hccuuse  t  A£  is  to  EB, 
ua  CF  to  FD,  and  that  OK,  LN  are  equimultiples  of  AE,  CF, 
therefore  OK  is  to  EB",  as  LN  to  KD  :  but  HO  is  equal  to  EB, 
and  MP  to  FD;  wherefore  GK  is  to  HO,  as  LNtoMP  :  there- 
fore if  OK  be  greater  than  DO,  LN  is  greater  than  •  MP  ;  and 
if  eqnal,  equal ;  and  if  less,  less. 

But  let  BO,  JtP  be  equimultiples  of  EB,  FD  :  then  +,  be- 
cause AE  is  to  EB,  as  CF  to  FD,  and  that  of  AE,  CF  are 
taken  equimultiples  GK,  LN ;  and  of  EB,  FD,  the  equimul- 
tipIcB  HO,  MP;  if  OK  be  greater  than  HO,  LN  is  greater 
tban  SIP  ;  and  If  equal,  equal ;  and  if  less,  less  * ;  which  was 
Utevisc  shewn  in  the  preceding  case.     But      ^ 

GH  be  greater  than  KO,  taking  KH  from 

ih,  OK  is  greater  t  than  HO ;  wherefore 
LN  is  greater  than  MP;  and  conse- 
itly,  adding  N>(  to  both,  LM  is  greater  f 
NP:  therefore,  if  OH  he  greater  than 
XO,  LU  is  greater  than  NP.  In  like  man- 
ner it  may  be  shewn,  that  if  OH  be  equal  to 
KO,  LH  is  equal  to  NP ;  and  if  less,  less. 
And  in  the  case  in  which  KO  is  not  greater  than  KH,  it  has 
shewn  that  OH  is  always  greater  than  KO,  and  likewise 
^Wf  greater  than  NP:  but  OH,  LM  arc  any  equimultiples 


+  B  A».  1. 
t  4  At  I. 


122  BUCLID'tf  SLSHEN11. 

t  Constr.       whatcrer  of  AB,  CD  t,  and  KO,  NP  are  any  whaterer  of  BB, 

•  6  Dc£5.     pj. .  therefore  •,  as  AB  is  to  BE,  so  is  CD  to  DP.     If,  thee, 

magnitudes,  &c.     q.  jb.  x>, 

« 

PROPOSITION  XIX. 

See  N.  Theor. — If  a  whole  magnitude  he  to  a  whofe^  as  a  magfii-' 

tndc  taken  from  the  first  is  to  a  magnitude  taken  from  the 
other,  the  remainder  shall  he  to  the  remainder^  as  the  whole 
to  the  whole. 

Let  the  whole  AB  be  to  the  whole  CD,  as  AE  a  magnitadt 
taken  from  AB,  is  to  CF  a  magnitude  taken  from  CD :  the 
remainder  £B  shall  be  to  the  remainder  FD,  as  the  whole  AB 
to  the  whole  CD. 

Because  AB  is  to  CD,  as  AE  to  CF,  therefore,  al- 

*  16. 5.         tcmately  *,  BA  is  to  AE,  as  DC  to  CF :  and  because, 

if  magnitudes  taken  jointly  be  proportionals,  they  are 
•17.5.  also  proportionals*  when  taken  separately,  there- 
fore, as  BE  is  to  EA,  so  is  DF  to  FC ;  and  alter- 
nately, as  BE  Js  to  DF,  so  is  EA  to  FC :  but  as  AE  ^  ]> 
to  CF,  so,  by  the  hypothesis,  is  AB  to  CD;  therelfare  abiii 
t  II.  5.  BF  the  remainder  is  to  the  remainder  DF  t,  as  the  whob  AM 
to  the  whole  CD.     Wherefore,  if  the  whole,  &c   9«  x.  o. 

Cob.  If  the  whole  be  to  the  whole,  as  a  magnitude  *atlk»^ 
from  the  first,  is  to  a  magnitude  taken  from  the  other,  tkfe 
remainder  shall  likewise  be  to  the  remainder,  as  the  magni- 
tude taken  from  the  first  to  that  taken  from  the  other.  ThA 
demonstration  is  contained  in  the  preceding. 

PROPOSITION  E. 

Theob. — If  four  magnitudes  he  proportionals,  tkejf  are  aim 
proportionals  hy  conversion  ;  that  is,  the  first  is  toils  exeees 
ahove  the  second,  as  the  third  to  its  excess  ahonse  tkefimrtk» 

Let  AB  be  to  BE,  as  CD  to  DF :  then  BA  shall  be 
to  AE,  as  DC  to  CF. 

Because  AB  is  to  BE,  as  CD  to  DF,  therefore  by 

*  17.  6.        division  •,  AE  is  to  EB,  as  CF  to  FD ;  and  by  inver- 

•  B.  6.  sion  **  BE  is  to  EA,  as  DF  to  FC ;  wherefore,  by 

♦  18. 6.         composition  •,  BA  is  to  AE,  as  DC  is  to  CF.     If, 

therefore,  four,  &c.     g.  £.  d. 


PROPOSITION  XX. 

Tbxob. — If  there  be  three  magnkudcs,  and  other  three, 
mbich,  taken  two  and  two,  have  the  same  ratio,  then  if  Ike 
first  he  greater  than  the  third,  thejburlh  shall  be  greater 
Ikan  Ihc  nixth  ;  and  if  equal,  equal ;   and  if  less,  lest. 

I*t  A,  B,  C,  be  tliree  magnitudes,  and  D,  E,  F,  other  three, 
wliich  taken  two  anil  two  have  the  same  ratio;  viz.  as  A  is 
to  B,  80  is  D  to  E ;  and  as  D  tu  C,  so  is  E  to  F :  if  A  he 
greater  than  C,  D  shall  be  greater  than  F ;  and  if  equals 
equal ;  and  if  less,  less. 

Because  A  ia  greater  than  C,  and  B  is  Buy  other  magni- 
tude, and  that  the  greater  has  to  the  same  magnitude  a 
greater  '  ratio  than  the  less  has  to  it,  therefore  A 
has  to  B  a  greater  ratio  than  C  has  to  B :  but  as 
D  is  to  E  f .  so  is  A  to  B  ;  therefore  *  D  has  to  B 
a  greater  ratio  than  C  to  B :  and  because  B  is  to 
C,  as  E  to  F,  by  inversion  t,  C  is  to  B,  as  F  is 
to  E :  and  D  was  shewn  to  have  to  E,  a  greater 
ratio  than  C  to  B  ;  therefore  D  has  to  E  a  greater  * 
ratio  than  F  to  E :  but  the  magnitude  which  has  a 
greater  ratio  than  another  to  tlic  same  magnitude, 
is  the  greater  "  of  the  two ;  therefore  D  is  greater  than  F. 

Secondly,  let  A  be  equal  to  C  :  D  shall  be  equal  to  F. 
cause  A  and  C  are  equal  to  one  another,  A 
is  to  B,  as  C  !s  to  B*  :  but  -|-  A  is  to  B,  as      t        i 
D  to  E  ;  aud  f  C  is  to  B  as  F  to  E ;  where-       |    |    |    1 
fore  D  is  to  E,  as  F  to  E' ;  and  therefore 


equal  t 


D  E 

I  I 
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Next,  let  A  be  less  than  C :  D  shall  be 
leu  than  F.     For  C  is  greater  than  A ;  and, 
n  was  shewn  in  the  first  case,  C  is  to  B, 
n  7  to  B  ;  and  in  like  manner,  B  is  to  A,  as  E  to  D  ;  there- 
greater  than  D,  by  the  first  case ;  that  Is,  D  is  leas 
Therefore,  if  there  be  three,  &e.     «.  e.  d. 

PROPOSITION  XXI. 
Thhor. — Tf  there  be  three  magnitudes,  and  other  three,  which  > 
hate  the  same  ratio  taken  two  and  tteo,  but  in  a  cross  order, 
Ihen  if  the  first  magnitude  be  greater  than  the  third,  the 
fourth  ihail  be  greater  than  the  sixth  :  and  if  equal,  equal; 
and  if  lets,  less. 
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Let  A^  B^  C  be  three  magnitudes^  and  J),  "E,  F  otber  tliree, 
which  have  the  same  ratio^  taken  two  and  two^  but  in  a  crots 
order ;  viz.  as  A  is  to  B^  so  is  £  to  F^  and  as  B  is  to  C,  so 
is  D  to  £  :  if  A  be  greater  than  C,  D  shall  be  greater  than  F ; 
and  if  equals  equal ;  and  if  less^  less. 

Because  A  is  greater  than  C,  and  B  is  any  other 

•  8. 5.  magnitude,  A  has  to  B  a  greater  ratio  *  than  C  has 
f  Hyp.  to  B :  but  f  as  E  to  F,  so  is  A  to  B  ;  therefore  * 

•  IS.  6.         E  jjjjg  to  F  a  greater  ratio  than  C  to  B :  and  be- 
t  Hyp.  cause  f  B  is  to  C,  as  D  to  E,  by  inversion,  C  is  to  D  K  F 

B^  as  E  to  D :  and  E  was  shewn  to  have  to  F  a    |    ]    ] 
greater  ratio  than  C  has  to  B ;  therefore  £  has  to  F    I        ' 
•Cor.  IS. 6.  a  greater  ratio  than  E  has  to  *  D :  but  the  magni- 
tude to  which  the  same  has  a  greater  ratio  than  it  has  to  an- 

•  10.  6.        other,  is  the  lesser  •of  the  two :  therefore  F  is  less  than  D : 

that  is,  D  is  greater  than  F. 

Secondly^  let  A  be  equal  to  C :  D  shall  be  equal  to  F.     Be- 

•  7.  6.  cause  A  and  C  are  equal,  A  is  *  to  B,  as  C  is  to  B :  but  A  it 
f  Hyp.          to  B  t>  as  E  to  F ;  and  C  is  to  B,  as  E  to  D ; 
•11.6.        wherefore 

•  9.  6.  therefore 

Next, 
less  than  F.     For  C  is  greater  than  A 
and,  as  was  shewn,  C  is  to  B,  as  E  to 
and  in  like  manner  B  is  to  A,  as  F  to  £  ; 
therefore  F  is  greater  than  D,  by  case  first ;  that  Is,  B  is  less 
than  F.     Therefore,  if  there  be  three^  &c.     q.  e.  d. 


as  ti  CO  t  ;  ana  t;  is  to  is,  as  j:;  to  jj  ; 

)re  E  is  to  F  *^  as  £  to  D ;  and  I     i     I     i     if 

re  D  is  equal  •toF.  lillli 

:,  let  A  be  less  than  C :  D  shall  be  ^  &  «  ^  J  » 


PROPOSITION  XXII. 

See  N.  Theor. — If  there  be  any  number  of  magniludes,  and  as  many 

others,  which,  taken  two  and  two  in  order,  have  the  same 
ratio,  thejirst  shall  have  to  the  last  of  tJieJirst  magfiiludes, 
the  same  ratio  which  the  Jirst  has  to  tlie  last  of  the  others. 
N.  B»  This  is  usually  cited  by  the  words  **  ex  sequali/' 
or  ''  ex  aiquo." 

First,  let  there  be  three  magnitudes.  A,  B,  C,  and  as  many  _ 
others  D,  £,  F,  which,  taken  two  and  two,  have  the  same    , 
ratio;  that  is,  such,  that  A  is  to  B  as  D  to  E;  and  as  B  is 
to  C,  so  is  £  to  F  :  A  shall  be  to  C,  as  D  to  F. 


!ii  in 

^  DC    D  E  F 
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^HUce  of  A  and  D,  any  equimultiplca  whatever  G  and  11 ; 
Bd  of  B  and  C,  any  pqiiiinultiples  ivhatevcr  K  and  1. ;  and  of 
P  and  I',  any  whatever  BI  and  N  ;  then,  be- 
cause A  is  to  B,  as  D  to  E,  and  that  O,  U 
are  equimultipleis  of  A,  D,  and  K,  L  equi- 
mnltiples  of  B,  E,  therefure  as  O  is  to  K, 
so  ia  *  U  to  L  :  for  the  same  rea»)D,  K  is  to 
M  aa  L  to  N  ;  and  because  there  are  three 
magnitudes  G,  K,  M,  and  other  three  H,  L, 
N,  which,  two  and  two,  have  the  same 
ratio*,  therefore  if  G  be  greater  than  M,  U  ' 

is  greater  than  N;  and  if  equal,  equal;   and  if  less,  ]esa: 
but  G,  U  are  any  equimultiples  whatever  of  A,  Df,  and  M,   1 
N  are  any  equimultiples  whatever  of  C,  F  ;  therefore  *,  as  A    ' 
9  D  to  F. 
^ext,  let  there  be  four  magnitudes.  A,  B,  C,  D,  and  other 
f  E,  F,  Q,  U,  which,  two  and  two,  have  the  same 

!.  as  A  is  to  B,  so  is  £  to  F :  and  as  B  to  C,     ^^^ 
0  G  ;  and  as  C  to  D,  so  G  to  U  :  A  shall  be  to 
Bto  H. 

e  A,  B,  C  are  three  magnitudes,  and  E,  F,  G,  other 
-hicJi,  taken  two  and  two,  have  the  saoie  ratio,  tliere- 
fore,  by  the  fore^iiig  case,  A  is  to  C,  as  E  to  O ;  hut  C  is  to 
>,  as  G  ia  to  H  ;  wherefore  again,  by  the  first  case,  A  is  to 
and  NO  on,  whatever  be  the  numher  of  msgni- 
Ldes.     Therefore,  if  there  he  any  number,  &c.     V-  £■  o. 

PROPOSITION  xxiir. 


Coiulr. 
b  Dcf.b. 


d 


|80R- — If  there  be  any  nimbcr  of  magtiiludcn,  anil  as  many    See  N. 

which,  laktm  two  and  trru  in  a  crotg  ordei;  have  (he 

e  ratio,  the  firH  shall  have  lo  the  lail  of  the  Jlr$t  mag' 

Kudia,  the  same  ratio  trhich  the  Jtrsl  has  lo  the  latl  o/"  the 

N.  B.  This  is  usually  cited  by  the  words  "  ex 

in  proportione  perturbati ;  "  or  "  ex  iequo  pertur- 


< 


■t,  let  there  be  three  magnitudes  A,  B,  C,  and  other 
Id,  E,  F,  which,  taken  two  and  two  in  a  cross  order, 
|ie  same  ratio;  that  is,  such,  that  A  it;  to  II,  as  E  to  F; 
s  to  C,  BO  is  D  to  E  :   A  shall  be  to  C,  as  D  to  F. 
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Take  of  A,  B,  D,  aoj  eqnimaltiples  whatever  G,  S,  K;  lad 
of  C,  E,  F,  any  equimultiples  whatever  L,  H,  N :  ud  becaoM 
O,  H  are  equimultiplea  of  A,  B,  and  that 

•  13. 5.  mognitudea  have  the  same  ratio*  which  their 
equimultiplea  have,  thcMfiwe  aa  A  i>  ttt  B, 
»i*StsB;  and  lor  the  same  reawD)  asB 

f  Hrp.  iatoF,  soisHtoN:  butfasAiatQB,  so 

■  11.6.         ii  B  toF;  therefore  as  Q  ia  to  U*,  ao  it  U 

t  Hj-p.  to  N :  and  becauae taaBiatoCaoisDto 

B,  and  that  H,  K,  are  equimultiplea  of  B, 
D,  and  L,   H  of  C,  B,  therefore  as  H  is  to 

■t.ft,  L,  soia'KtoKI:  and  it  has  been  shewn 

that  0  is  to  H,  aa  U  to  N :  therefore  becauae  there  axa  Hati 
magnitudea  O,  H,  L,  and  other  three  K,  H,  N,  which  have  the 
same  ratio  taken  two  and  two  in  a  croea  order;  if  O  be  grsBtcf 
than  L,  K  is  greater  than  N ;  and  if  equal,  equal ;  and  if  ieat, 

•Sl.o.         less*:  but  0,  K  are  anj  equimultiplea  t  whatever  of  A,  D; 

tsDrf's     ™'*  "*'  ''■"y  whatever  of  C,  F  ;  therefore  asAistoCt,  asii 

'  ■   ■    DtoF. 

Next,  let  there  be  four  magnitudes  A,  B,  C,  D,  and  oduc 
four  £,  F,  Q,  U,  which,  taken  two  and  two  in  a  crow 
order,  have  the  same  ratio;  viz.  A  to  B,  as  O  to     |^jgj{| 
H;  BtoC,  asFto  G;  andCtoD,  asEtoF:  A     '**'*■' 
shall  be  to  D,  as  E  to  H. 

Because  A,  B,  C  are  three  magnitudes,  and  F,  G,  H  other 
three,  which,  taken  two  and  two  in  a  cross  order,  have  the 
same  ratio ;  by  the  first  case,  A  is  to  C,  as  F  to  H ;  but  C  is  to 
D,  aa  E  is  to  F ;  wherefore  again,  by  the  first  case,  A  is  to  D, 
as  E  to  H  :  and  so  on,  whatever  be  the  number  of  magnJtndea. 
Therefore,  if  there  be  any  number,  &c.     g.  £.  S.  .   v 

PROPOSITION  XXIV.  '^ 

S«eN.         tsKOVi.— If  Ihe  JirMi  haa  to  the  second,  the  tame  rmtio  mki(A 

the  third  has  to  the  fourth,  and  the  Jiflh  to  the  Mtomd, 

the  same  ratio  which  the  sixth  has  to  the  fotrih,  the  Jlrtt 

and  ^h  together  shall  have  to  the  second,  the  tamie  ratio 

.  '  which  the  third  and  sixth  together  have  to  thefovrlk. 

Let  AB  the  first  have  to  C  the  second,  the  same  ratio  whidi 
DE  the  third  has  to  F  the  fourth  ;  and  let  B6  the  fifth  have  to 
C  the  sectmd,  the  same  ratio  which  EH  the  sixth  haa  to  F  <he 
fourth:  AG,  the  first  and  fifth  blether,  ihall  hsTetoCtfc^ 


^^^^^^  BOOK    ' 

iei&Di,'iSie  same  ratio  nbich  DH,  the  third  and  sixth  together, 
Bfts  top  the  fourth. 

Because  BG  is  to  C,  as  EH  to  F,  bf  inversion  +, 
C  is  to  BG,  aA  F  to  £H :  and  because,  as  AB  is     n        h 
to  C  t,  so  is  DB  to  F  ;  and  as  C  to  BO,  so  F  to 
EH  ;  ex  (cquali  *,  AB  is  to  BO,  as  DG  to  EH  :     '^       ^ 
■nd  because  these  magnitudes  are  projMrttonals, 
they  are  likewise  proportionals   when  taken  *  I     ' 

jointly ;  therefore  as  AC  is  to  OB,  eo  is  DH  to      A  G  D  K 
flE  :   but  t  as  OB  to  C,  si>  is  HE  to  F  :   therefore  ex  xquuti  •   ■ 
u  AU  is  to  C,  so  is  DH  to  F.     Wherefore,  if  the  tirst,  Sa. 

Q.  S.  D. 

Cob.  1.  If  the  same  hypothesis  be  made  aa  in  the  propo- 
rition,  the  excess  of  the  first  and  fifth  »hall  be  to  the  second, 
aa  the  excess  of  the  third  and  aiirtb  to  the  fourth.  The  de- 
monstnition  of  this  is  the  same  with  that  of  the  proposition, 
if  dinsioQ  be  used  instead  of  composition. 

CoK-  2.  The  proposition  holds  true  of  two  ranks  of  mag- 
nitudes, wlwrtevcr  be  their  number,  of  which  each  of  the  first 
rank,  has  to  the  second  magnitude,  the  same  ratio  tliat  the 
esTTCfaponding  one  of  the  second  rank  has  to  a  fourth  magiii- 
tude ;  as  is  manifest. 


k 


PROPOSITION  XXV. 


:80B> — If  four  tnagniliiiUe  of  the  tame  kind 
lianalt,  the  greatest  and  least  of  them  logeihcr 
UtuK  the  other  Imo  together. 


■e  propor-    See  N. 


Let  the  four  magnitudes  AB,  CD,  E,  F  be  proportionals; 
viz.  AB  to  CD,  as  E  to  F  ;  and  let  AB  be  the  greatest  of  them, 
and  consequently  F  the  least ' :  AB  together  ivith  F,  shall  be   < 
greater  than  CD  together  witli  E. 

Take  AG  equal  to  E,  and  CH  equal  to  F  :  then  because  as 
AB  is  to  CD,  so  is  E  to  F,  and  that  AO  is  equal  to  E,  and  CH 
ei|i»I  to  F,  therefore  AB  is  to  CD  +,  as  AO  to  CH : 
asd  because  AB  the  whole,  is  to  the  whole  CD, 
as  AG  is  to  CH,   likewise  the  remainder  OB  is  to 
the  remainder  HD,  ns  the  whole  AB  is  to  the 
whole*  CD;  but  AB  isgreater+  than  CD;  there- 
fore *  QB  is  greater  than  HD :  and  because  AO 
U  equal  to  E,  and  CH  to  F,  AO  and  F  together, 
are  equal  |  to  CH  and  E  together ;  therefore  if  to  the  unequal   ' 
raagnitudea  OB,  IID,  of  whiuh  OB  is  the  greater,  there  be  added 
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SeeN. 


< 
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eqnal  magnitude^  ;Ms.  to  OB  the  two  Aa  and  F»  and  Ck  and 
E  to  HD,  AB  aiuf  F  together^  are  greater  t  than  CD  arid  E. 
Therefore,  if  folM^agnitudes,  &c.     q.  e,  d. 

PROPOSITION  P. 


Theor. — , 


which  are  compounded  of  ike  tome  rmtioe$ 
are  the  same  to  one  another. 


Let  A  beto  B,  as  D  to  E ;  and  B  to  C,  as  E  to  F :  the  ratio 
which  is  compounded  of  the  ratios  of  A  to  B, 
and  B  to  C,  which,  by  the  definition  of  compound 
ratio,  is  the  ratio  of  A  to  C,  shall  be  the  same 
with  the  ratio  of  D  to  F,  which,  by  the  same  deii- 


A.  B.  & 

D.  E.  F. 


nition,  is  compounded  of  the  ratios  of  D  to  E,  and  E  to  F. 

Because  there  are  three  magnitudes  A,  B,  C,  and  three  others 
D,  E,  F,  which,  taken  two  and  two  in  order,  have  the  aame 
ratio,  ex  aequali  A  is  to  C,  as  D  to  F  *. 

Next,  let  A  be  to  B,  as  E  to  F,  and  B  to  C,  aa  D  to  E: 
therefore  ex  asquaU  in  proportione  perturbatd*,  A  ia  to  C«  as 
D  to  F ;  that  is,  the  ratio  of  A  to  C,  which  is 
compounded  of  the  ratios  of  A  to  B,  and  B  to  C, 
is  the  same  with  the  ratio  of  D  to  F,  which  is 
compounded  of  the  ratios  of  D  to  £,  and  £  to  F. 
And  in  like  manner  the  proposition  may  be  demonalratedj 
whatever  be  the  number  of  ratios  in  either  case. 


A.B.a 
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PROPOSITION  O. 

See  N.  Theor. — If  several  ratios  be  the  same  to  several  roths,  each 
to  each,  the  ratio  which  is  compounded  of  ratios  which  wri 
the  same  to  the  Jirst  ratios,  each  to  each,  shall  he  the  sami 
to  the  ratio  compounded  of  ratios  which  are  the  same  to  the 
other  ratios,  each  to  each. 

Let  A  be  to  B,  as  E  to  F ;  and  C  to  D,  as  G  to  H :  and  let 
A  be  to  B,  as  K  to  L ;  and  C  to  D,  as  L  to  Bf :  then  the  ratb 
of  K  to  M  by  the  definition  of  com- 
pound ratio,  is  compounded  of  the 
ratios  of  K  to  L,  and  L  to  M,  which 

are  the  same  with  the  ratios  of  A  to     

B,  and  C  to  D.     Again,  as  £  to  F, 

so  let  N  be  to  O ;  and  as  G  to  H,  so  let  O  be  to  P:  then  the 

ratio  of  N  to  P,  is  compounded  of  the  ratios  of  N  to  O,  and 


A.  Bi  C.  D.     K*  Lf.  jf« 
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p  »  P,  M-hicli  are  the  same  with  the  ratiiM  of  E  to  F,  aud  O 
I9  U  :  oil)]  il  is  to  be  iHiewa  that  the  ratio  of  S  to  M,  is  the 
■me  with  the  ratio  of  N  to  P ;  or  that  K  is  to  M,  as  N  to  P. 

Because  E  Is  to  L,  as  (A  to  B,  thiLt  is,  as  £  to  F,  that  is  as) 
K  to  O  {  and  as  1.  to  M,  so  is  (C  to  D,  and  bo  is  G  to  H,  and 
io  U)  O  to  P ;  es  a-quali  "  K  is  to  M,  as  N  to  P.     Therefore,   •  ts.  j. 
tf  aerera]  ratios,  &c.     9  s.  p. 

PBOP08ITI0N  H. 


TBBOB. — 1/  a  rallo  which  U  compounded  of  several  ratios.  See  N, 
he  ihe  lame  to  a  ratio  mhich  it  compovadcd  of  teveral  other 
ratioi,  and  if  one  of  thefirtt  ratios,  or  ilie  ratio  mhich  is 
compounded  of  sevi-ral  of  them,  be  the  lame  to  one  of  the 
last  ratios,  or  lo  the  ratio  which  is  compounded  of  several 
of  them,  then  the  remaining  ratio  of  the  ^rsi,  or,  y  there 
ie  more  than  one,  the  ratio  compounded  of  the  remaining 
raluit,  ahaii  be  ihe  same  lo  the  remaining  ratio  t^'  Ihe  last, 
or,  if  there  he  more  than  one,  to  the  ratio  compounded  of 
these  remaining  ratios. 

Let  the  first  ratios  be  those  of  A  to  B,  B  to  C,  C  to  D,  D  to 
C,  and  E  to  F ;  and  let  the  other  ratios  be  those  of  Q  to  B,  H 
to  K,   K  to  L.,  and   L  to  M  ;    also,  let   the 

ratio  of  A  to  F,  which  is  compounded  of*     I      ~     T  I    *  DcBnii 

.     ,  ■       i    .k  -^i,  ^1,        .■         A.B.C.D.E.F.       ofcompo 

the  firat  ratios,  be  the  same  with  the  ratio  „  ,.  ^  i  m  "''* 
of  O  to  M,  which  is  compounded  of  the  I  ■■••■■  \^ 
other  ratios ;  and  besides,  let  the  ratio  of 
A  to  D,  which  is  compounded  of  tlie  ratios  of  A  to  B,  B  to  C, 
C  to  D,  be  the  same  with  the  ratio  of  G  to  K,  which  is  com- 
|K>unded  of  the  ratios  of  G  to  H,  and  II  to  K  :  then  the  ratio 
compounded  of  the  remaining  first  ratios,  to  wit,  of  the  ratios 
of  D  to  E,  and  E  to  F,  which  compounded  ratio  is  the  ratio 
of  D  lo  F,  shall  be  the  same  with  the  ratio  of  K  to  M,  which 
is  compounded  of  the  remaining  ratios  of  K  to  L,  and  !•  to  H 
of  the  other  ratios. 

Because  by  the  hypothesis,  A  is  to  D,  as  G  to  K,  by  inver- 
noD  *,  D  is  to  A,  as  K  to  a  ;  and  t  as  A  is  to  F,  so  is  O  to  M  j   •  B.  A. 
tbenfore  *  ex  squali,  D  is  to  F,  as  E  to  M.     If,  therefore,  a  +  ">'g 
ntio  which  is,  &c.    «■  x.  o. 
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PROPOSITION  K. 

See  N.  Theor. — If  there  be  any  number  of  ratios,  and  any  nuwibtr 

of  other  ratios,  such,  that  the  ratio  which  is  compounded  cf 
ratios  which  are  the  same  to  the  Jirst  ratios,  each  to  eadk, 
is  the  same  to  the  ratio  which  is  compounded  of  ratios  wkiek 
are  the  same,  each  to  each,  to  the  last  ratios,  and  if  one  ef 
the  Jirst  ratios,  or  the  ratio  which  is  compounded  qf  raOu 
which  are  the  same  to  several  qf  the  Jirst  ratios  each  to  emch, 
be  the  same  to  one  of  the  last  ratios,  or  to  the  ratio  which  it 
compounded  qf  ratios  which  are  the  same,  each  to  each,  to 
several  qf  the  last  ratios  ;  then  the  remaining  ratio  rf  the 
Jirst,  or,  if  there  be  more  than  one,  the  ratio  which  is  comn 
pounded  qf  ratios  which  are  the  same,  each  to  each,  to  ike* 
remaining  ratios  qf  the  Jirst,  shall  be  the  same  to  the  re-* 
maining  ratio  qf  the  last,  or,  if  there  be  mare  than  ome,  to 
the  ratio  which  is  compounded  qf  ratios  which  are  ike  same 
each  to  each  to  these  remaining  ratios, 

■1 
Let  the  ratios  of  A  to  B^  C  to  D,  E  to  F,  be  the  first  ratte; 
and  the  ratios  of  G  to  H^  K  to  L,  M  to  N^  O  to  P^  Q  to  B,  be 
the  other  ratios :  and  let  A  be  to  B^  as  S  to  T ;  and  C  to  D>  flMi 
T  to  V ;  and  £  to  F,  as  V  to  X :  therefore,  by  the  definitioa#f- 
compound  ratio^  the  ratio  of  S  to  X  is  compounded  of  th* 
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ratios  of  S  to  T,  T  to  V^  and  V  to  X^  which  are  the  same  to 
the  ratios  of  A  to  B,  C  to  D,  E  to  F,  each  to  each.  Also,  as 
G  to  n,  so  let  Y  be  to  Z ;  and  K  to  L,  as  Z  to  a  ;  M  to  N,  as 
atob;  O  to  P,  as  6  to  c  /  and  Q  to  R,  as  c  to  d:  therefore 
by  the  same  definition,  the  ratio  of  Y  to  d  is  compounded  of 
the  ratios  of  Y  to  Z,  Z  to  a,  a  to  b,  b  to  c,  and  c  to  d,  which 
are  the  same,  each  to  each,  to  the  ratios  of  G  to  H,  K  to  L, 
M  to  N,  O  to  P,  and  Q  to  R :  therefore,  by  the  hypothesis,  S 
is  to  X,  as  Y  to  d.  Also,  let  the  ratio  of  A  to  B,  that  is,  the 
ratio  of  S  to  T,  which  is  one  of  the  first  ratios,  be  the  same  to 
the  ratio  of  e  to  g,  which  is  compounded  of  the  ratios  of  e  tof, 
Rndftog,  which  by  the  hypothesis,  are  the  same  to  the  ratios 
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of  O  to  H,  anil  K  to  I.,  two  of  the  other  ratios ;  and  let  the 
ratio  of  A  to  /  be  that  wbiob  is  compounded  of  the  ratios  of  k 
to  k,  and  k  to  /,  which  ore  the  same  to  the  remaining  first 
ntiw,  lis.  of  C  to  D,  and  E  tn  F ;  also,  let  the  ratio  of  m  to  p, 
be  tLat  which  is  compounded  of  the  ratios  of  m  to  n,  h  to  o, 
and  o  to  p,  which  are  the  same,  each  to  each,  to  the  remaining 
oUier  ratios,  viz,  of  M  to  N,  O  to  P,  and  Q  to  R :  then  the 
ratio  o(  h  to  I  shall  be  the  same  to  the  ratio  of  m  to  p;  or  A 
■hkll  be  to  ',  DG  '1  to  p. 

Because  e  k  to/,  as  (a  to  II,  that  is,  as)  Y  to  Z  ;  and  /  is 
to  ^,  as  (K  to  L,  that  is,  as)  Z  to  a  ;  therefore  +  ex  lequali, 
e  18  to  gr,  as  Y  to  a ;  and  by  the  hypothesis,  A  is  to  B,  that  is, 
a  to  T,  as  e  to  J' :  wherefore  f ,  S  is  to  T,  as  Y  to  a  ;  and,  by 
iDvenion  t,  T  is  to  S,  as  a  to  Y :  but  S  is  to  X  t,  as  Y  to  rf; 
tberefbre  ex  squali,  T  is  to  X,  as  a  to  tl ;  also  +,  because  h  is 
l«  jt  as  (C  to  D,  that  is,  as)  T  to  V  ;  and  i  is  to  /  as  (E  to  F, 
that  is,  aa)  V  to  X ;  therefore  ex  squuli,  A  is  to  /,  as  T  to  X : 
ia  like  manner,  it  may  be  demonstrated,  that  ni  is  to  ^,  aa  a 
to  d;  and  it  has  been  shewn,  that  T  is  to  X,  as  a  to  d;  there- 
fore "  A  is  to  /,  as  m  to  p.     ?.  e.  u. 

The  propositions  O  and  K  are  usually,  fur  the  sake  of  bre- 
vity, expressed  in  the  same  terms  with  propositions  F  and  H, 
and  therefore  it  was  proper  to  shew  the  true  meaning  of  them 
wfien  they  are  so  expressed ;  especially,  since  they  are  very 
(iwqueiitly  made  use  of  by  geometers. 


fB.  5. 
tHyp. 
tHyp. 


i 


THE 


ELEMENTS    OF    EUCLID 


BOOK  VI. 


DEFINITIONS. 

I.  SiHiLAB   rectilineal   figures  are  those 
which  have  their  several  angles  equal,  ^. 

each  to  each,  and  the  sides  about  the     y^\      y\ 
equal  angles  proportionals.  • 

See  N.  II.  *^  Reciprocal  figures,  viz.  triangles  and  paralldograiniy  MS 

'^  such  as  have  their  sides  about  two  of  their  angles  pNH 
''  portionals  in  such  a  manner,  that  a  side  of  the  first  figore 
''  is  to  a  side  of  the  other,  as  the  remaining  side  of  lUI 
''  other  is  to  the  remaining  side  of  the  first." 

III.  A  straight  line  is  said  to  be  cut  in  extreme  and  meui 
ratio,  when  the  whole  is  to  the  greater  s^ment,  as  the 
greater  segment  is  to  the  less. 

IV.  The  altitude  of  any  figure  is  the  straight  ^ 
line  drawn  from  its  vertex  perpendicular  to  y/\ 
the  base.                                                               ^^  f  ' 


PROPOSITION   I. 

ThbOBBH. — Triangles  and  paralkUigrami  of  Ihe  same  all'i-   ! 
lude,  are  one  lo  another  as  their  bases. 

het  the  triangles  ABC,  ACD,  end  tlie  pamllelugrams  EC, 
CF,  have  the  8ame  altitude,  viz.  the  perpendicular  tlrawD 
£rain  tbe  point  A  to  BD :  as  the  ba:ie  8C,  is  to  the  base  CD, 
M  shall  the  triangle  ABC  he  ti>  the  triangle  ACD,  and  the  pa- 
nllelogratn  EC  to  the  parallelogram  CF. 

Produce  ED  both  ways  to  the  points 
H,  Ii,  and  f  take  any  number  of  straight 
lines  BO,  OH,  each  equal  to  the  base 
BC;  andDK,KL,  any  number  of  them, 
each  equal  to  the  base  CD  ;  and  join 
AO,  AH,  AS,  AL:  then,  i>ecHUse  CB,  BG,  GH  are  oil  equal, 
the  triangles  AHQ,  AGB,  ABC  ore  all"  equal:  therefore,  " 
whatever  multiple  the  base  HC  is  of  the  base  BC,  the  same 
multiple  is  the  triangle  AHC  of  the  triangle  ABC  r  for  the 
same  reason,  whatever  multiple  the  base  LC  is  of  the  base  CO, 
tbe  same  multiple  is  the  triangle  ALC  of  the  triangle  ADC : 
and  if  the  b-.ue  BC  be  equal  to  the  base  CL,  the  triangle  AHC 
is  also  equal  •  to  the  triangle  ALC :  and  if  the  base  HC  ■ 
be  greater  than  the  base  CL,  likewise  the  triangle  AHC  is 
greater  than  the  triangle  ALC;  and  if  less,  less:  therefore, 
sace  there  are  four  miignitudcs,  viz.  the  two  bases  BC,  CD, 
mid  the  two  triangles  ABC,  ACD ;  and  of  the  base  BC,  and 
the  triangle  ABC,  the  first  and  third,  any  equimultiples  what- 
erer  have  been  taken,  viz.  the  base  HC  and  the  triangle 
AHC  ;  and  of  the  base  CD  and  the  triangle  ACD,  the  second 
and  fourth,  have  been  taken  any  equimultiples  whatever,  viz, 
the  base  CL,  and  the  triangle  ALC;  and  since  it  has  been 
shrH-n,  that  if  the  base  HC  be  greater  than  the  base  CL,  the 
triangle  ABC  is  greater  than  the  triangle  ALC;  and  if  equal, 
eqtial ;  and  if  less,  less:  therefore  *,  as  the  base  BC  is  to  the  • 
b;ise  CD,  so  is  the  triangle  ABC  to  the  triangle  ACD. 

And  because  the  parallelogram  CE  is  dnuiile  of  the  triangle 
ABC",  and  the  parallelogram    CF    double   of   the    triangle  " 
ACD,  and  that  magtiitmles  have  the  same  ratio  '  which  their  > 
equittiulliples  have;  as  the  triangle  ABC  is  to  the  triangle 
ACD,  so  is  the  paralk-U^ram  EC  to  the  paralleli^Tam  CF  :  and 
because  it  has  been  ^huwn,  that,  as  the  base  BC  is  to  the  base 
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CD,  80  is  the  triangle  ABC  to  the  triangle  ACD ;  and  as  the 
triongle  ABC  is  to  tbe  triangle  ACD,  so  is  the  parallelogram 
EC  to  the  parallel Dgrom  CF  ;  therefore,  as  the  base  BC  is  to 
the  base  CD,  eo  is  '  the  parHllologram  EC  to  the  parallelogram 
CF,     Wherefore,  triangles,  &:c.     q.  e.  d. 

CoBOLLABY.  From  this  it  is  plain,  that  triangles  and  p*«n 
rallclograms  which  have  equal  altitudes,  are  one  to  another  ft-™ 
their  bases. 

Let  the  ligures  be  placed  bo  as  to  have  their  bases  in  the 
same  straight  line;  and  having  draivn  perpendieulars  frttm 
the  vertices  of  the  triangles  to  the  bases,  the  straight  line 
which  joins  the  vertices  is  parallel  to  that  in  which  their  bases 
are  *,  because  the  perpendiculars  are  both  equal  and  paral- 
lel f  to  one  another.  Then,  if  the  same  construction  be  made 
as  in  the  proposition,  the  demonstration  will  be  tlie  same. 


PROPOSITION  II. 

Tkeor. — If  a  xtraigkt  line  be  drawn  parallel  to  one  t^  ^^'\ 
sides  of  a  triangle,  it  shall  cut  the  other  aides,  or  tkese  pT<^^ 
duced,  proporlioaail^ :  and  if  Ike  tides,  or  the  side*  pro- 
duced, be  cut  proportionaUi/,  the  straight  line  tvhick  Joins 
the  points  of  section,  shall  be  parallel  to  the  remainiHg  tide 
of  the  triangle. 

Let  DE  be  drawn  parallel  to  BG,  one  of  the  sides  of  tbe 
triangle  ABC  :  BD  shall  be  to  DA,  as  CE  to  EA. 

Join  BE,  CD ;  then  the  triangle  BDE  is  equal  *  to  the  tri- 
angle CDE,  because  they  are  on  the  same  base  DB,  uid,be- 
tivecii    the    same    parallels  , 

DE,  DC;  ADE  is  another 
triangle ;  and  equal  magni- 
tudes have  to  the  same  *  the 
same  ratio ;  theretore,  as 
the  triangle  BDE  is  to  the 
triangle  ADE,  so  is  tlie  tri- 
angle CDE  to  the  triangle  ADE:  but  aa  the  triangle  BDE 
to  the  triangle  ADE,  so  is  *  BD  to  DA,  because,  having  the 
same  altitude,  viz.  the  perpendicular  dra^v1l  from  the  point  E 
to  AB,  tbey  are  to  one  another  as  their  bases;  and  for  the 
same  reason,  as  the  triangle  CDE  tn  the  triangle  ADE,  so  is 
CE  to  EA :  therefore  as  BO  to  PA,  so  is  C£  to  EA  *. 


» 


Next,  let  the  sides  All,  AC,  of  tin;  triangle  ABC,  or  these 
ides  produced,  be  cut  proportionally  in  the  points  D,  E,  tliat 
that  BD  may  he  to  DA  as  CE  to  EA;  and  Join  DE: 
"bs  shall  be  parallel  to  BC. 

The  same  constrnction  being  made ;  Iiccauae  na  BD  to  DA, 
M  is  CE  to  EA  ;  nad  ns  BD  to  DA,  so  is  the  triangle  BDE  to 
the  triangle  ADE  * :  and  as  CE  to  EA,  so  is  the  triangle  CDE    ■  i.  G. 
to  the  triangle  ADE;  therefore  f  the  triangle  BDE  is  to  the   f  II.5. 
triangle  ADE,  as  the  triangle  CDE  to  the  triangle  ADE;  that 
is,  the  triangles  BDE,  CDE  have  the  same  ratio  to  the  triangle 
ADE:  therefore  *  the  triangle  BDE  is  equal  to  the  triangle   ■  B.5. 
CDE :  and  they  arc  on  the  same  base  DE  :  but  equal  triangles 
on  the  Bfune  base  are  between  the  same  parallels  ",  therefore   '  3".  h 
DE  is   parallel    to   BC.     Wherefore,  if  a  straight  line,  &c. 
9.  E.  D. 

PROPOSITION   III. 

Theoh. — Jf  the  angle  of  a  triangle  be  divided  into  Itto  equal  S«N. 
anglet,  by  a  tlraig/U  lUic  which  also  cats  the  base,  the  leg-  •" 

went*  of  the  baxe  shall  have  the  same  ratio  which  the  other 
tideM  of  the  triangle  have  to  one  another:  and  ij'  the  seg- 
itunU  D^  the  bate  have  the  tame  ratio  tirhick  the  other  sides 
of  Ike  triangle  have  to  one  another,  the  slraigkl  line  dratrn 
Jram  the  rcrtcr  to  the  point  o/'  section,  divides  the  vertical 
angle  into  two  equal  angles. 

Let  ABC  be  a  triangle,  and  let  the  angle  BAG  be  divided 
into  two  equal  angles  by  the  straight  line  AD :  BD  shall  be  to 
BC,  as  BA  to  AC. 

Thnwgh  the  point  C,  draw  CE  parallel  "  to  DA,  and  let  BA  *  3i.  1. 
produced,  meet  CE  in  E.  Because  the  straight  line  AC  meets 
the  parallels  AD,  EC,  the  angle  ACE  is 
equal  *  to  the  alternate  angle  CAD :  but 
CAD,  by  the  hypothesis,  is  equal  to  the 
(^sngle  BAD :  wherefore  BAD  is  equal  t 
to  the  angle  ACE.  Again,  because  the 
straight  line  BAE  meets  the  parallels  AD, 
EC,  the  outward  angle  BAD  is  equal  +  to  the  inward  and  op-  +  E9.  I. 
pmite  angle  AK<.! :  but  the  angle  ACE  has  been  proved  equal 
to  the  angle  BAD  ;  therefore  also  ACE  is  equal  f  to  the  angle  t  •  As. 
AEC. and  consequently  the  side  AB  is  equal  "to  the  side  AC;  *  o.  1. 
and  because  AD  is  drawn  parallel  to  one  of  the  sides  of  the 
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triangle  BCE,  viz.  to  EC,  therefore  •  BD  is  to  DC,  as  BAflaJ 
AE :  but  AE  is  eqoal  to  AC ;  therefore  *,  os  BD  to  DC,  bo  i| 
BA  to  AC. 

Next,  let  BD  be  to  DC,  as  BA  to  AC,  uid  join  AD ;  thl  1 
angle  BAC  shall  be  divided    iuto   two  equal  angles  hy  tbe 
straight  line  AD. 

Tb(?  same  construction  being  made ;  becauie,  as  BD  to  IH^ 
BO  18  BA  to  AC  ;  and  as  BD  to  DC,  so  k  BA  to  A£  *,  because 
AD  ia  parallel  to  EC;  therefore*  BA  is  to  AC,  as  BAto  AB: 
consequently  AC  is  equal 'to  AE,  and  therefore  the  angle  AEG 
is  equal  '  to  the  angle  ACE  ;  but  the  angle  AEC  ia  equal  ta 
the  outward  and  opposite  angle  BAD ;  and  the  angle  ACE  is 
equal  to  the  alternate  angle  CAD  *  ;  wherefore  also  the  angh 
BAD  is  equal  i  to  the  angle  CA  D ;  that  is,  the  angle  BAC  is 
cut  into  two  equal  auglea  by  the  straight  line  AD.  Therefore, 
if  the  angle,  &c.     tf.  e.  d. 

PilOPOSITlON  A. 

Throb. — If  the  onln'tird  nng/e  of  a  Irianglemrtdehy  produc- 
ing arte  ofUi  jiVm,  be  divided  into  (no  equal  angle*  fty  a 
itraight  line  tvhick  aho  cuts  the  base  produced,  Ike  segmmU 
belmeen  Ike  dividing  line  atid  llie  exlremilies  of  Ike  bate, 
have  the  saute  ratio  tnhich  the  olhcr  sides  of  the  triangle 
have  to  one  another  :  and  ij'  the  tegmetit*  of  the  hate  pr^ 
duced  have  the  tame  ratio  rrhich  the  other  tides  of  the  tri- 
angle have,  the  ttraight  line  drawn  from  the  t^crlex  to  the 
pmnt  qfiection,  dirides  the  otttmard  angle  of  the  triangle 
into  two  equal  angles. 

Let  ABC  be  a  triangle,  and  let  one  of  its  sides  BA  be  p 
duced  to  E ;  and  let  the  ontwBrd  angle  CAE  be  divided  into    ^ 
two  equal  angles  by  the  straight  line  AD.whioh  meets  theU 
produced  in  D :  BD  shell  be  to  DC,  as  BA  t 

Through  C,  draw"  CF  parallel  to  AD:  and  I 
straight  line  AC  meets  the  parallels  AD,  FC,  the  angle  Afll 
is  equal  *  to  the  alternate  angle  CAD  ;  but 
CAD  is  equal"  tothe  nngie  DAE;  there- 
fore also  DAE  is  equal  +  to  the  angle  ACF, 

Agaia,because  the  straight  line  FAEmcets 

the  parallels  AD,  FC,  the  outward  angle     * 

DAE  is  equal  f  to  the  inward  and  opposite  angle  CFA  :  brrttlie 

angle  ACF  has  been  proved  equal  to  the  angle  DAE :  therefwr« 


'  "bo  the  sngle  ACF  is  equal  t  to  the  angle  CFA  ;  and  coiise-   1 
quentJy^  the  aide  AF  ts  equal  *  to  the  Hide  AC :  nnd  Iiecause   ' 
AD  is  parallel  to  FC,  r  side  of  the  trinngle  BCF,  therefore'   ' 
o  DC,  as  BA  to  AF  ;  but  AF  is  equul  to  AC ;  therefore 
s  toDCt,  soisBA  to  AC.  1 

Next,  let  BD  be  to  DC,  as  BA  to  AC,  and  join  AD ;  the 
^1e  CAD  eIi^I  be  equal  to  the  nngte  DA£. 
^.The  same  construction  being  mode;  because  BD  is  to  DC, 
I  BA  to  AC;  and  that  BD  is  also  to   DC *,  as  BA  to   AF  ;    ' 
rcfore  ■  BA  is  to  AC,  as  BA  to  AF  ;   wherefore  AC  is  equal  •    ' 
■  t»  AF,  and  the  angle  AFC  equal  •  to  the  angle  ACF :  but  the   I 
angle  AFC  is  equal  to  the  outward  angle  l^ADf,  and  the  angle  { 
ACF  to  the  alternate  angle  CAD ;  therefore  also  EAD  is  equal  +  1 
tp  the  angle  CAD.     Wherefore,  if  the  outward.  Sec     q.  e.  d. 


m  PROPOSITION   IV. 

Theob. — The  tidet  about  ike  equal  angles  of  equiangular 
triangles  are  proporlioiiatu ;  and  those  which  are  opposite 
to  ihe  eqval  utigles  are  homoJogous  iides,  that  is,  are  the 
antecedents  or  conseqnenls  of  the  ratios. 

"La  ABC,  DCE  be  equianguhir  triangles,  having  the  angle 
ABC  equal  to  the  angle  DCE,  and  the  angle  ACB  to  the  angle 
DEC,  and  consequently  ",  the  aiigle  BAC  equal  to  the  angle   *  39,  I,  a. 
CDE:  the  sides  about  the  equal  angles  of  the  triangles  ABC,  "  ^'^ 
PCE,  ihall  be  proportionals;  and  those  shall  be  the  homolo- 
gous sides,  which  are  opposite  to  the  equal  angles- 
Let  the  triangle  DCE  be  placed  •  so  that  its  side  CK  may  be  •  BS.  I. 
contiguous  to  BC,  and  in  the  same  straight  line  with  it :  then, 
because  the  angle  BCA  is  equal  t  to  the  angle  t  I'yp- 

CED,  add  to  each  the  angle  ABC  ;  therefore      p 
the  two  angles  ABC,  BCA  are  equal  +  to  the       ' 
two  Mglet  ABC,  CED  :   but  the  angles  ABC, 
BCA  are  together  less  *  than  two  right  an- 
gle*; therefore  the  angles  ABC,  CED  are  also 
less  than  two  right  angles :  wherefore  BA, 
ED  if  produced  will  meet  *:  let  them  be  produced 
in  the  point  F ;  then  because  the  angle  ABC  is  equal  to  the 
angle  DCEj  BF  is  parallel "  to  CD  ;  and  because  the  angle  ACB    • 
k  equal  to  the  angle  DEC,  AC  is  parallel  to  FE  '  :  therefore  * 
FACD  i>  a  {uralliilogram  ;  and  consequently  *,  AF  is  equiil  to  * 
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CD,  and  AC  to  FD :  nnd  because  AC  ie  parallel  to  FE,  one  of 
•fi.6.  the  sides  of  tlic  tritingle  FBE,  BA  is  to  AF*,  asBCtoCB: 

•  v.  5.  but  AF  U  equal  to  CD;  therefore  "  a*  BA  to  CD,  so  is  BC  to 
t  16. 5.         CE ;  and  alternately  t,  as  AB  to  BC,  so  is  DC  to  CE :  again, 

•  B-  8.  because  CD  is  paruUcI  to  BF,  as  BC  to  CE  •,  so  is  FD  to  DK : 
f.fi-  but  FD  is  equal  to  AC  ;  ihereforef.  as  BC  to  CB,  so  is  AC  to 
tl6.S-         DE;  and  alternately +,  ns  BC  to  CA,  so  CK  to  ED:  therefitTC, 

because  it  has  been  proved,  that  AB  is  to  BC,  as  DC  to  CB,  aod 

•  B8-  fi-         as  BC  to  CA,  80  CE  to  ED ;  ei  sequali ',  BA  is  to  AC,  i»  CD  to 

DE.     Therefore,  the  sides,  &c.     «.  b.  d. 


PROPOSITION  V. 

TaeoR.~ff  the  sides  of  two  trianglet,  about  each  of  their  , 
angles,  be  proporlioiiah,  Ike  triangles  shall  be  equiangtilar , 
and  the  equal  angles  shall  be  those  which  are  opposite  to  the 
homologous  sides. 

Let  the  triangles  ABC,  DEF  have  their  sides  proportionalsi 
so  that  AB  is  to  BC,  as  DE  to  EF ;  and  BC  to  CA,  as  EF  to  IXi ; 
and  consequently,  ex  wquiili,  BA  to  AC,  as  ED  to  DF:  tAe 
triangle  ABC  shall  be  equiangular  to  the  triangle  DEF,  and 
the  angles  which  are  opposite  to  the  homologous  sides  shall  be 
equal,  viz.  the  angle  ABC  equal  to  the  angle  DEF,  and  BCA 
to  EFD,  and  also  BAC  to  EDF. 

At  ttie  points  B,  F,  in  the  straight  line  EF,  malce  *  tlfe 
angle  FEG  equal  to  the  angle  ABC,  and  the  augle  EFO,  eqmtl 
to  BCA  ;  wherefore  the  remaining  angle 
and  BAC  IS  equal  *  to  the  remaining  angle 
EGF,  and  the  triangle  ABC  is  therefore 
equiangular  to  the  triangle  OEF:  conse- 
quently ■  they  have  their  sides  opposite  to 
the  equal  angles  proportionals :  wherefore, 

as  ABto  BC,  so  is  GB  to  EF:  but  as  A  B  to  BC  f ,  so  is  DB  t«- 
EF;  therefore,  as  DE  to  BF,  so  "  OE  to  EF  ;  that  is,  DE  aod 
GE  have  the  saoie  ratio  to  BF,  and  consequently  *  are  eqnal : 
for  the  same  reason,  DF  is  equal  to  FG  ;  and  because  Ju  the 
triangles  DEF,  GEF,  DE  is  equal  to  EG,  nnd  EF  common,  the 
two  sides  DB,  EF  are  equal  to  the  two  GE,  EF,  each  to  each; 
and  the  base  DF  is  equal  to  the  base  GF ;  therefore  the  angle 
DBF  is  equal  "  to  the  itngle  GEF,  and  the  other  angles  to  Hie 
other  angles  ivliich  are  subtended  by  the  equal  aides  • 
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fore  tbe  angle  DFE  is  equal  to  the  angle  OFK,  and  EDF  to 

£GF  :  and  because  the  angle  DKF  is  equal  to  the  angle  UEF, 

and  GEF  equal  +  to  the  angle  ABC,  therefore  the  angle  ABC   t  Conslr. 

ia  equal  +  to  ihe  angle  DEF :   for  the  same  reason,   the  angle   t  '  Ax. 

AOB  IB  equal  to  the  angle  DFE,  and  the  angle  at  A  equal  to 

the  angle  at  D  :  therefore  the  triangle  ABC  is  equiangular  to 

the  triangle  DEF.     Wherefore,  if  tlie  sidea,  &c     v-  b.,i>. 


» 


I 


PROPOSITION  VI. 

Theor. — Iftn-a  triangles  have  one  angle  of  the  one,  equal  lo 
one  angle  of  the  ollter,  and  the  sides  about  Ike  equal  angles 
praporlianah,  the  Irianglen  shall  be  equiangular,  and  shall 
have  those  angles  equal  which  arc  opposite  to  the  homo- 
logous sides. 

Let  the  triangles  ABC,  DEF  have  the  angle  BAC  in  the 
one,  equal  to  the  angle  EDF  in  the  other,  and  the  sides 
about  those  angles  proportionals ;  that  is,  BA  to  AC,  as  ED 
toSF:  the  triangles  ADC,  DKF  shall  be  equiangular,  and 
shall  have  the  angle  ABC  equal  to  the  angle  DEF>  and  ACB 
to  DFE. 

At  the  points  D,  F,  in  the  straight  line  DF,  make  •  the   • 
aagle  FDO  equal  to  either  of  the  angles  BAC,  EDF;  and  the 
angle  DFQ  equal   to  the  angle  ACB: 
wherefore  the  remaining  angle  at  B  Is 
equal  *  to  the  remaining  angle  at  O : 
and  consequently  the  triangle  ABC  is 
equiangular  to  the  triangle  DOF ;  there- 
fore as  BA  to  AC,   so  is'  GD  to  DF:  ■  *,  6. 
but  by  the  hypothesis,  as  BA  to  AC,  so  ia  ED  to  DF ;  there- 
fore as  ED  to  DF,  so  is  *  QD  to  DF ;   wherefore  ED  is  equal  •    "  1 1 .  fi. 
to  DG  :  and  DF  is  common  to  the  two  triangles  EDF,  GDF  :    '  "'  ^■ 
therefore  the  two  sides  ED,  DF  arc  equal  to  the  two  sides 
CD,  DF,  each  to  each  ;  and  the  angle  EDF  is  equal  +  to  the  +  Comir. 
uigle  GDF ;  wherefore  the  base  EF  is  equal  to  the  base  FO  •,   •  *,  I. 
and  the  triangle  EDF  to  the  triangle  GDF,  and  the  remaining 
angles  to  the  remaining  angles,  each  to  each,  which  are  sub- 
tended by  the  equal  sides :  therefore  the  angle  DFO  is  equal 
to  the  angle  DFE,  and  the  angle  at  G  to  the  angle  at  E :  but 
tlie  angle  DFG  is  equal  t  to  the  angle  ACB ;  therefore  the   t  Comtr.' 
angle  ACB  u  equal  +  to  the  angle  DFE :  and  the  angle  BAC  f  i  Ax. 
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is  equal  *  to  the  angle  EDF :  wherefore  also  the  remaining 
angle  at  B  is  equal  +  to  the  remaining  angle  ul  E  :  therdbni 
the  triangle  ABC  is  equiangular  to  the  triangle  DKF.  Wkere- 
fore,  if  two  triangles,  fee.     Q.  £■  o. 


PBOPOSITION  VII. 

TusoK.^If  Itiio  triangles  have  one  angle  of  the  one,  equal  la 
one  angle  of  the  other,  and  the  tides  alioiil  tno  ulher  angltt 
proporlionaU ;  llieii,  if  each  of  the  remaining  angle*  6e 
either  less,  or  nol  less,  than  a  right  angle,  or  if  one  of  them 
be  a  right  angle,  the  triangles  shall  he  equiangular,  and 
shall  have  those  angles  equal  about  rubich  the  sides  art' 
proportionals. 

Let  the  two  triangles  ABC,  DEF  have  one  angle  in  thai 
one,  equal  to  one  angle  in  the  other,  vie.  the  angle  BAC  to'' 
the  angle  EDF,  and  the  sides  about  two  other  angles  ABf^ 
DEF  proportionals,  so  that  AB  is  to  BC,  as  DE  to  EF ;  audi 
in  the  lirat  case,  let  each  of  the  remaining  angles  at  C,  F,  be 
less  than  a  right  angle:  the  triangle  ABC  sliall  be  equi- 
angular to  tlie  triangle  DEF,  viz.  the  angle  ABC  shall  hm 
equal  to  the  angle  DEF,  and  the  remaining  angle  at  C  equal 
to  the  remaining  angle  at  F. 

For  if  the  angles  ABC,  DEF  be  nut  equal,  one  of  then 
must  be  greater  than  the  other:  let  ABC  be  the  greater,  and 
at  the  point  B,  in  the  straight  line  AB*,  make  the  sngla" 
ABQ  equal  to  the  angle  DEF ;  and  be- 
cause the  angle  at  A  is  eqaal  f  to  the 
angle  at  D,  and  the  angle  ABO  to  the 
angle  DEF,  the  remaining  angle  AOB 
is  equal  •  to  the  remaining  angle  DFE : 
therefore  the  triangle  ADG  is  eqiiianguhir  to  the  trii 
DEF :  wherefore  ■  as  AB  is  to  BO,  so  is  DE  to  EF:  but 
DE  to  EF  so  by  hypothesis,  is  AB  to  BC :  therefore  •  as  AB 
to  BC,  BO  is  AB  to  BO  t  and  because  AB  has  the  same  ratio 
to  each  tjf  the  lines  BC,  BG  ;  BC  is  equal  •  to  BO  ;  and  there- 
fore the  angle  BOC  is  equal  '  to  the  angle  BCG :  but  the 
angle  BCG  is,  by  hypothesis,  les!i  than  u  right  angle ;  there- 
fore also  the  angle  BGC  is  less  than  a  right  angle  ;  and  there- 
fore the  adjacent  angle  AOB  must  be  greater  *  thas«  n 
angle  :  but  it  wag  proved  that  the  angle  AOB  \t  equal- to 


I 
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I  angle  M  F ;  therefore  the  angle  at  F  is  Renter  than  a  right 
uigle  :  but,  by  the  hypotheeis,  it  is  less  than  8  right  angle  ; 
whtcb  18  absurd.  Therefore  the  angles  ABC,  DEF  are  not 
unequal,  that  is,  they  are  equal :  and  the  angle  at  A  is 
equal  f  to  the  angle  at  D ;  wherefore  tlie  remaining  angle  at  f  Hyp. 
C  is  equal  t  to  the  remaiuing  angle  at  F :  therefore  the  tri-  f  SS.  1,  & 
angle  ABC  is  equiangular  to  the  triangle  DEF.  ^  *^ 

Next,  let  each  of  the  angles  at  C,  F  be  not  less  than  a  '^H 

right  angle:  the  triangle  ABC  shall  also  in  this  cose  be  equi-  ^H 

angular  to  the  triangle  DEF.  ^H 

The  Eauie  con.struction  being  made,  i 
ma;  be  proved  in  like  manner,  that  BC  i 
equal  to  DO,  and  therefore  the  angle  ut  C 
equal  to  the  angle  BGC  ;  but  the  angle  a 

C  is  not  less  \  than  a  right  angle  ;   there-  t  Hyp. 

fore  the  angle  BGC  is  not  Ices  than  a  right  angle  ;  wherefore 
twn  angles  of  the  triangle  BGC  are  together,  not  less  than 
two  right  angles;  which  is  impossible  • ;  and  therefore  the  ■  J7. 1. 
triangle  ABC  may  be  proved  to  be  equiangular  to  the  tri- 
angle DEF,  as  in  the  first  cose. 

lastly,  let  one  of  the  angles  at  C,  F,  viz.  the  angle  at  C, 
be  B  right  angle :  in  this  case  likewise,  the  triangle  ABC  shall 
be  equiangular  to  the  triangle  DEF. 

For  if  they  be  not  equiangular,  at  the  point  B,  in  the 
Btntight  line  AB,  make  the  angle  ABO  equal  to  the  angle 
D£P :  then  it  may  be  proved,  as  in  the 
first  case,  that  BG  is  equal  to  1 
therefore  *  the  angle  BCG  equal  to  the 
angle    BOG :    but   the   angle   BCG   : 
right  f  angle,  therefore  t  the  angle  BGC 
is  also  a  right  angle ;  whence  two  of  the 
angles  of  the  triangle  BGC  are  together, 
not  less  than  two  right  angles ;  which 

is    impossible*:    therefore  the  triangle  •  !■ 

ABC  is  equiaugular  to  the  triangle  DEF.     Wherefore,  if  two 
triangles,  &c.     (^.  b.  d. 

paoposiTiON  vni. 

Tbrob. — In  a  right-angkd  triangle,  if  n  perpendicular  he  Si¥ 
drann  from  the  right  angle  to  the  bate,  the  triangle*  on 
gach  tide  of  it  are  sitiiUiir  to  the  irholc  Iriangle,  and  iii  one 
another. 


b4 


Let  ABC  lie  n  rigl)t-anglc<l  triangle,  having  the  right  angle 
BAC  ;  and  from  the  pnnt  A,  let  AD  be  drawn  pcri^endicular 
to  the  base  BC :  the  triangles  ABD,  ADC  shall  be  similar  t« 
the  whole  triangle  ABC,  and  to  one  another. 

Because  the  angle  BAC  is  equal  to  the  angle  ADB  t,  each 
of  them  being  a  right  angle,  and  that  the  angle  at  B  is  com- 
mon to  the  two  trtangLea  ABC,  ABD,  the 
remaining  angle  ACB  is  equal  to  the  re- 
maining angle  BAD*:  therefore  the  tri- 
angle ABC  is  equiangular  to  the  triangle 
ABD,  and  the  sides  about  their  eqnal 
angles  ore  proportionals  *  ;  wherefore  the  triangles  are  *  simi- 
lar: in  the  like  manner  it  jnaj  be  demonstrated,  that  thfr 
triangle  ADC  is  equiangular  and  similar  to  the  triungle  ABC^. 
And  the  triangles  ABD,  ACD,  being  both  equiangular  and 
similar  to  ABC,  are  equiangular  and  similar  to  each  other. 
Therefore,  in  a  right-angled,  &c.     9,  B.  D.  Ir 

Cor.  From  this  it  is  manifest,  that  the  perpendicular 
drawn  from  the  right  angle  of  a  right-angled  triangle  to  the 
base,  is  a  mean  proportional  betn'een  the  segments  of  the 
base,  Qnd  also  that  rach  of  the  aideK  is  a  mesn  proportioiul 
between  the  base,  and  the  segment  of  it  adjacent  to  that 
side  :  because  in  the  triangles  BDA,  ADC,  BD  is  to  DA  *>  a(t 
DA  to  DC  ;  and  in  the  triangles  ABC,  DBA,  BC  is  to  BA  *)BS 
BA  to  BD ;  and  in  the  triangles  ABC,  ACD,  BC  is  to  CA  *,  kB 
CA  to  CD. 


PROPOSITION   IX. 


Problem.— from  «  given  slraigfil  line  lo  cut  off"  any  pari 
required. 

Let  AB  be  the  given  straight  line  ;  it  is  required  to  cut  o 
any  part  from  it. 

From  the  point  A,  draw  a  straight  lino  AC,  making  an"! 
angle  with  AB  j  and  in  AC  take  any  point  D,  and  Uke  AC 
the  same  multiple  of  AD,  that  AB  is  of  the  part  which  is  to  j 
be  cut  off  from  it ;  join  BC,  and  draw  DE  parallel  to  it  u 
then  AE  shall  be  the  port  required  to  be  cut  off. 


)  The  iHiugle)  ADB,  ADC,  being  bgili  cqulaii 
anguUr  f  to  eiiA  Qlber  ;  Iherdare  they  hare  Ihe 
ipglei  proportionali ;  iherefors  Ihey  ire  t  «mihr  to 


'  la  ABCV  ■»  equi-  1 
about  ib^r  e<ttld't'  J 


B«:ause  ED  is  parallel  t 


e  of  the  i 


S  CD   is  to  DA  » 


EA  ;  and  by  c^ 


y  composition  *,  C\  is  to  AD,  as  BA 
to  AE :  but  CA  is  a  multiple  +  of  AD  ;  therefore  " 
BA  is  the  same  multiple  of  AE  :  whatever  part, 
therefore,  AD  is  of  AC,  AE  is  the  same  part  of 
AB.  Wherefore,  from  the  straight  line  AB,  the 
part  required  is  cut  off.     Which  was  to  be  done. 

PROPOSITION   X, 

Pbob. — To  divide  a  given  straight  line  similarli/  fo  a  given 
divided  straight  tine,  thai  is,  into  parlt  that  shall  have  the 
tame  ratios  to  one  another,  which  the  parts  of  the  divided 
givfi  straight  line  have. 

Let  AB  be  the  strait  line  given  to  be  divided,  and  AC 
the  divided  line ;  it  is  required  to  divide  AB  similarly  to  AC. 

Let  AC  be  divided  in  the  points  D,  E  ;  and  let  AB,  AC  be 
]daced  so  OS  to  contain  any  angle,  nitd  join  BC  ,'  and  through 
the  pmuta  D,  E,  draw  "  DF,  EG  paraUds  to  ' 

it;  AB  shall  be  divided  in  the  puu|tlL'V>  O, 
similarly  to  AC.  '  ' 

Through  D,  draw  DHK  parallel   to.-AB: 
therefore  each  of  the  figures  FH,  HB  ^'a  pa- 
ralleli^Ani :  wherefore  DH  is  equal  *  to  FO, 
and  UK  to  GB  :  and  because  HE  is  parallel 
to  KG,  one  of  the  sides  of  the  triangle  DKC,  as  CE  to  ED,  so 
is  *  KH  to  HD :  but  KH  is  equal  to  BG,  and  HD  to  OF ;  there-   ' 
fore,  as  CE  to  ED  +,  so  is  BC  to  GF  :  again,   because  FD  is    I 
por&llel  to  OE,  one  of  the  sides  of  the  triangle  AGE,  as  ED  to 
DA,  so  is  +  OF  to  FA :  but  it  has  been  proved  that  CE  Is  to  ■ 
SP,  as  BO  to  GF  :  therefore  as  CE  is  to  ED,  so  is  BO  to  OP, 
a^d  as  ED  to  DA,   so  GF   to  FA.      Therefore,  the  given 
straight  line  AB  is  divided  similarly  to  AC.     Which  ivaa  to 
be  done.       r~v^ ' 

"     .    PROPOSITION'  XI. 


Prob,— To  Jind  < 


third  proportional  I 
lines. 


L«t  AB,  AC  be  the  two  given  straight  lin 
to  find  a  third  proportional  to  AB,  AC- 


'I  straight 
s;  it  is  required 


•  8.6. 
t   7.5. 


t8.  1. 

•81.  1. 


KUCLIDS   KLEUKNTS. 

Let  AB,  AC  be  placed  so  as  to  contain  auy  angle  :   pruilnil 

AB,  AC,  to  the  pMotJt  D,  K;  and  make  liD  equal  to  A(f| 
join  BC,  and  through  D,  draw  DE  parallel  to 
it  * :    CE  tihall  be  ■  third  proportional  to  AB 
and  AC. 

Becau:4c  BC  in  parallel  to  DB,  a  side  of  the 
triuDgle  ADE,  AB  is*  to  BD,  as  AC  to  CE  : 
but  BD  is  equ.il  tu  AC  ;  therefore  as  AB  is  to  t 

AC,  80  h  AC  to  CE.     Wherefore,  to  the  two 
given  struight  lines  ABj  AC,  a  third  proportional  CE  isfou 
Which  was  to  be  done. 

PROPOSITION  XII. 

pBoa.  —  ToJind  ajburih  proportional  to  thre 

Let  A,  B,  C  be  the  three  given  straight  lines ;  it  is  requiq 
to  find  a  fourth  proportional  to  A,  B,  C. 

Take  two  straight  lines,  DE,  DF,   containing  any  a 
EDF ;  and  upon  these  f  make  DG  equal  to  A,  Bt  equaftol 
and  DH  equal  to  C  ;  join  GH,  and  through 
E,  draw  EF  parallel  •  to  it ;   HF  shall  be 
a  fourth  proportional  to  A,  B,  C. 

Because  GH  is  parallel  to  EP,  one  of 
the  sides  of  the  triangle  DEF,  DG  is  to 
OE  •,  as  DU  to  HF  ;  but  DG  is  equal  to 
Aj  OE  to  B,  and  DH  to  C  ;  therefore,  as      ■"  *■        ' 

A  is  to  B-j-,  so  is  C  to  HF.  Wherefore,  to  the  three  ^n 
straight  lines  A,  B,  C,  s  fourth  proportional  HF  ia  fonT 
Which  was  to  be  done. 

PROPOSITION  XIII. 
PsOB.—  To^nd  a  mean  prajmrlional  betweai  /tvo  given  slra^ 

Let  AB,  BC  be  the  two  given  straight  line: 
to  find  a  mean  proportional  between  them. 

Place  AB,  BC  in  a  straight  line,  and  upon 
AC  describe  the  semicircle  ADC  ;  and  from 
the  point  B,  draw  "  BD  at  right  ongles  to 
AC :  BD  shall  be  a  mean  proportional  be- 
tween AB  and  BC. 

Join  AD,  DC:    and  because  the  angle  ADC  i 


'  ii  a  rigbt  angle  *,  snd  because  in  the  right-angled  tri~    ' 
— im'ie   ADC,   BD  is   draws   from   the   right   angle   {wrpcndi- 
^ilar  tn  the  base,  DB  la  a  mean  {inipurtional  between  AB, 
BC  the  »e),'nients  uf  the  base  •.     Therefore,  between  the  twu    ' 
pireo  straight  lines  AD,  BC,  u  mean  projiurtiunal  DD  is  fonnd. 
'Vliich  WM  to  be  done. 


t 


PROPOSITION  xrv. 


TilMK.—Ei/uiil  ptirnlldiigiamn  nhirh  hare  one  angle  of  Ihe 
oar,  equal  lo  one  angle  of  the  other,  hnve  Ihe'ir  sides  aboiil 
Ike  eiptat  angles  rcvipruealtij  proportional ;  and  paralMo- 
grams  that  have  one  angle  of  the  one,  equal  to  one  angle  of 
Ike  other,  and  their  »irtei  about  the  equal  angles  reciprocally 
propitrtiomil,  are  equal  lo  one  another. 

Let  AB,  BC  be  equal  parallel ogTuina  which  have  the  angles 
at  B  equal:  the  sides  of  the  pftmllclograms  AB,  BC  about 
the  equal  angles,  shall  be  reciprocally  jiroportiunal ;  that  is, 
DB  Kboll  be  to  BK,  as  OB  to  BF. 

Let  tile  sides  DB,  BE  be  placed  in  the 
ttni*.'  strti-^bt  line ;  wherefore  also  J  FB,  BG       4_         ~ 
are   in  one  atmight   line*;    complete    the        \_ 
pvjUdt^ram  f  E :  and  because  the  parol- 
kJ<4p«m  AB  is  equal  to  BC,  and  that  FE 
i*  another  parallelogram,  AB  is  to  FE,  aa 

ac  to  FK  *  :   but  as  AB  to  FE,  m  is  the  base  DB  to  BE*,  and    ' 
as  BC  to  FE,  BO  is  the  base  GB   to  BF  ;  therefore,  as  DB  to 
m,  to  is  GB  to  BF*.     Wherefore,  the  sides  of  the  pamllelo-   ■ 
vmn^  AB.  BC  about  their  equal  angles  ore  reciprocally  pro- 
Jtonional. 

I  Next,  let  the  sidcR  about  the  equal  nngleii  be  reciprocally 
tional,  viz.  as  DB  to  BE,  so  OB  to  BF :  the  paralK-lo- 
AB  shall  be  equal  lo  the  parallelogram  BC. 

DB  to  BE,  so  is  fin  to  BF  ;  aud  as  DB  to  BE  +.    t 
h  the  parallel (^rum  AB  to  the  parjillelogram   FE  ;  and  as 
ia  the  pamllclogram  BC  to  tlie  parallelogran) 

|UK  the  angle  DBF  ii  equal  f  lo  ihe  .inglc  GBF,  vid  lo  each  ihi  f 

'%i  Iberdoie  the  i«o  tngiea  DBF,  FBE  Breiogcihereijuiil  t  lo  Ihe  j 

lai^WteB,  EBG;  liul  DBF.  FBE  nre  tngMlitr  «|ubI  f  lo  Iwa  righl  | 

■•gleii    ih^orc  FBE.  EBG  are  iogcih»  rqiLiI  |   lo  t»o  righi  angles,  j 

ihirdore  FB,  BC  tre  In  At  umt  *  tiraighi  Hat.  ' 


146  buglid's  elements. 

«  II. 5.         FE;  therefore*  as  AB  to  FE,  so  DC  to  F£ :   therefore  the 
*  9. 5.  paralleli^ram  AD  is  equal  *  to  the  parallelogram  BC.     There- 

fore^ equal  parallelograms^  Sec.     q.  e,  d. 


PROPOSITION  XV. 

Theor. — Equal  triangles  which  have  one  angle  of  the  one, 
equal  to  one  angle  of  the  other,  have  their  sides  abtmt  the 
equal  angles  reciprocally  proportional;  and  triangles  irAicA 
have  one  angle  in  the  one,  equal  to  one  angle  in  the  other^ 
and  their  sides  about  the  equal  angles  reciprocally  propor- 
tional,  are  equal  to  one  another. 

Let  ABC>  ADE  be  equal  triangles^  which  have  the  an^ 
BAG  equal  to  the  angle  DAE :  the  sides  about  the  equal 
angles  of  the  triangles  shall  be  reciprocally  proportional ;  that. 
h,  CA  shall  be  to  AD,  as  £A  to  AB. 

Let  the  triangles  be  placed  so  that  their 
sides  CA,  AD  be  in  one  straight  line;  where-       i^s/^V       ' 
t  See  N.  last  fore  f  also  £A  and  AB  arc  in  one  straight       /    >^ 

*  Ti*  1         ^^"®  *  *  ^"^^  ^^^^  ^^'     Because  the  triangle     J/^  ^' 

ABC  is  equal  to  the  triangle  ADE,  and  that  ^^ 

ABD  is  another  triangle,  therefore  as  the  triangle  CABj  if  1 

*  7. 6.  triangle  BAD  *,  so  is  the  triangle  AED  to  the  triangle  ])] 

but  as  the  triangle  CAB  to  the  triangle  BAD,  so  is  the 

*  1.  0.  CA  to  AD  *,  and  as  the  triangle  EAD  to  the  triangle 
1. 0.          so  is  the  base  £A  to  AB  * ;  therefore  as  CA  to  AD  *,  ao  ill 

to  AB  :  wherefore  the  sides  of  the  triangle  ABC,  ADE,  >>lM|pi 
the  equal  angles,  are  reciprocally  proportionaL  *  .4. 

Next,  let  the  sides  of  the  triangles  ABC,  ADE,  about  thfe 
equal  angles,  be  reciprocally  proportional,  via.  CA  to  AB,  m 
EA  to  AB :  the  triangle  ABC  shall  be  equal  to  the  tria^M 
ADE.  TT  * 

Join  BD  as  before :  then  because,  as  C A  to  AD,  so  is  £A  to  i 
AB ;  and  as  CA  to  AD,  so  is  the  triangle  ABC  to  the  triafigli^  ■ 
BAD  * ;  and  as  EA  to  AB,  so  is  the  triangle  EAD  to  Om  tri« 
angle  BAD  * ;  therefore  *  as  the  triangle  BAC  to  the  tiuinnl  * 
BAD,  so  is  the  triangle  EAD  to  the  triangle  Bi 
the  triangles  BAC,  EAD  have  the  same  ratio  to 
9.  5.  BAD:  wherefore  the  triangle  ABC  is  equal*  to 

ADE.     Therefore,  equal  triangles,  &c    «•  K.  d. 


•  11.6. 


•  1. 6.  BAD 

•1.6. 

•  11.6. 


BOOK    VI.      PROP,   XVI. 


PROPOSITION  XVI. 


•.0  ivn 

I  .tlciw| 


u 


■If/our  straight  lines  be  proportianati,  the  rectangle 
ilained  hy  the  extremrt  is  equal  to  the  rectangle  contained 
ike  means ;  and  if  the  rectangle  contained  by  the  extremes 
e^ual  to  the  rectangle  contained  by  the  means,  lite  four 
aight  lines  are  proportionals. 

t  the  four  straight  liiiea  AD,  CD,  E,  F,  be  proportionnh, 
ki  AB  to  CD,  so  E  to  F:  the  rectangle  contained  by  AB, 
UI  he  equal  to  the  rectangle  contained  liy  CD,  E. 
Lm  the  points  A,  C,  draw*  AC,  CHat  right  angles  to  AB,   ' 

pd  make  t  AG  equal  to  F,  iinil  ClI  eijual  to  E  ;  and  com-  ' 

r  the  panillelugruDiH  BO,  DII.     Be- 
ss AB  to  CD,  so  is  E  to  F  ;  and  that 

(nal  to  CR,  and  F  to  AG,  AB  is*  to 

E  CH  to  AG :  therefore  the  sides  of 

^dtelograma  BG,  DII,  about  the  equal 

^  are  reciprocally  proportional ;  but 

H^pvoiB  which  have  their  sidcR  about 

rigles  reciprocally  proportional,  are  equal  to  one  an- 
thcre&retheparaUelagrain  BO  is  equal  to  the  porallelo-  '  l< 
tH:  but  the  parallelogram  BG  ia  contained  by  the 
t  lihes  AB,  F,  because  AO  is  equal  to  F;  and  the 
lagram  DH  is  cont^nM^ir^^  and  E,  because  CH  in 
A  E;  therefore  the  recSfflp^nMliicd  by  the  Htniight 
B,  F,  is  equal  to  that  which  is  contained  by  CD  and  E. 
if  the  rectangle  contained  by  the  ^AHght  lines  AB, 
Dnal  to  that  which  is  contained  by  CD,  e,  these  four 
an  be  proportional,  viz.  AB  shall  be  to  CD,  as  E  to  F. 
jatne  construction  being  made  ;  because  the  rectangle 
ted  by  the  straight  lines  AB,  F,  is  equal  to  that  which 
lined  by  CD,  E,  and  that  the  rectangle  BO  is  contained 
,  F,  because  AG  is  equal  to  F ;  «jid  the  rectangle  DH 
E,  because  CH  is  equal  to  E ;  therefore  the  parallelo- 
0  i«  equal  f  to  the  parallelogram  DH  ;  and  they  are  f  i 
■kr :  but  the  sides  about  the  equal  angles  oF  equal 
Igrams  arc  reciprocally  proportional":  wherefore,  as  "  I 
fco,  BO  is  CH  to  AO  :  but  CH  is  equal  to  E,  and  AG  to 
S^fort  as  AB  is  to  CD  f ,  so  is  E  to  F.     Wherefore,  if  (  7, 


PROPOSITION  XVII. 

TuEOK. — If  three  tlraight  lines  be  propnrlionah,  tHe  r^cf^H 
contained  by  the  tJ:treme»  i»  equal  to  the  MquuTc  of  the  tn 
and  if  the  rectangle  contained  by  the  extremes  be  e^^f^C. 
the  square  of  the  mean,  the  three  straight  lint 
porttonah.  , . 

Let  llic  three  straight  lines  A,  B,  C  be  proportioimts,' 
as  A  to  B,  HO  B  to  C  :  the  rectangle  contained  by  A,  C, 
be  equal  to  the  square  of  B. 

Take  D  equal  to  B  :  and  because  as  A  to  B,  so  B  to  C; 
that  B  is  equal  to  D,  A  is  *  to  D,  as  D  to  C :  but  jf 
straight   lines   be    proportionals,   the 

rectangle  contained  by  the  extremes  is     ij         

equal  to  that  which  is  contained  by 

the  means  *  ;  therefore  the  rectangle 

contained  bj'  A,  C,   is  equal  to  that 

contained  by  B,  D  ;  but  the  rectangle 

contained  by  B,  D,  is  the  square  of  B, 

because  B  is  equal  to  D ;  therefore  the  rectangle  coiit>!i 

A,  C,  is  equal  to  the  square  of  B. 

And  if  the  rectangle  contained  by  A,  C.  be  equal 
i^aarc  of  B,  A  shall  be  to  B,  as  B  to  C. 

The  same  construction  being  made  ;  l)ecause  the 
contained  by  A,  C,  is  equal  to  the  square  of  B,  and  the 
of  E  is  equal  to  the  rectangle  contained  by  B,  D,  because  IJfc 
equal  to  D,  therefore  the  rectangle  contained  by  A,  €,  ia  eqn*l 
to  that  Contained  by  B,  D  ;  but  if  the  rectangle  contaioeit 
the  exlremes  be  equal  to  that  contained  by  the  means,'- 
four  straight  lines  arc  proportionals  *  :  therefore  A  is  to 
D  to  C  :  but  B  is  equal  to  D  ;  wherefore,  as  A  to  B,  sa 
C.     Therefore,  if  three  straight  lines,  &c.      9.  K.  D. 


'[=^c[3 


PROPOSITION  XVIII. 

given  tlraight  line  to  describe  a  reetilii 
and  siiHilarly  niualed,  10  a  givtn  rtcfifif 


CltOB.— f/pon  a 

~"  figure,  similar 


,^  Let  AB  be  the  given  straight  line,  and  CDEE;  the  ^iffi 
^(•Qtiliacal  figure  of  four  sides  i  it  u  required,  upQn .  tl^  JJO^ 


e  AB, 
angle   ' 


A  B     C      D 


*%t»^ht  line  AB,  to  describe  a  rectilineal  lignr«,  Bimilar,  and 
aimilarly  situated,  to  CDEF. 

Join  DF,  and  at  the  points  A,  B,  in  the  straight  lii 
male  •  the  angle  BAG  equal  to  the  angle  at  C,  and  th( 
ABO  f^qual  to  the  angle  CDF;  tliere- 
fi jrc  the  remaining  angle  CFD  is  equal 
to  the  rcmaiuing angle  AOB*:  there- 
fore the  triangle  FCD  is  equiangular 
li>  tl<?  triangU  ()A8 :  again,  at  the 
piHnts  ti,  B,  in  the  straight  line  GB, 

moke  •  the  angle  BOH  equal  to  the  angle  DFE,  and  the  angle   • 
DBn  equal  to  FDE ;  therefore  the  remaining  angle  FED  is 
«quBt  to  the   remaining  angle  OHB,  und  the  triangle  FDE 
equiangular  to  the  triangle  GBH:  then,  because   the  angle 
AGB  ia  equal  to  the  angle  CFD,  and  BCH  tu  DFE,  the  whole 
«ng1e  AOll  is  equal  +  to  the  whole  CFE  ;  for  the  same  reason,   t 
tlie  angle  ABH  ja  equal  to  the  angle  CDE  :  also  the  angle  at 
A  is  equal  +  to  the  angle   at   C,  and  the  angle  GHB  to  FED  ;   t 
therefore  the  rectilineal  figure  ADHG  is  equiangular  to  CDEF ; 
likewise  these  figures  have  their  sides  about  the  equal  angles 
prtqwrtionals ;  because  the  trianglBS  GAB,  FCD  being  equian- 
golar,  BA  is  *  to  AG,  as  DC  to  CF ;  and  because  AO  is  tu  OD,    * 
atX'F  la  FD ;  and  as  GB  to  G  B,  ao,  by  reason  of  the  equiangular 
triangles  BOH,  DFE,  is  FD  to  FE  ;  therefore,  ex  aquali  *,  AO    • 
j&  to  Oil,  as  CF  to  FE :  in  the  same  manner  it  may  be  proved 
Uwt  AB  ia  to  BH,  as  CD  to  DE  :  and  GEl  is  to  HB  *,  as  F£  to   ■ 
XP.     Whervfore,  because  the  rectilineal  figures  AltHG,  CDEF 
are  equiangular,  and  have  their  sides  about  the  equal  angles 
proportionals,  they  are  similar  *  to  one  ttuuther.  * 

Next,  let  it  be  required  to  describe  upon  a  given  straight 
line  AB,  a  rectilineal  figure,  siD:iilar,  and  similarly  situated, 
to  the  rectilineal  figure  CDKEF  of  five  aides. 

Join  DE,  and  upon  the  given  straight  line  AB,  describe  tlie 
rectilineal  figure  ABHO,  similar  and  similarly  situated,  to  the 
quadrilateral  figure  CDEF,  by  the  fiirmer  case:  and  at  the 
points  B,  H,  in  the  straight  line  BH,  make  the  angle  HBL 
tqnnl  to  the  angle  EDK,  and  the  angle  RH  I.  equal  to  the  angle 
BfSEj  therefore  the  remaining  angle  at   K  is  equal  f  to  the   t 
remaining  angle  at  L  :  and  iM-cause  tlic  figures  ABHO,  CDEF  ' 
are  similar,  the  angle  GHB  is  equal  +  to  the  angle  FED :  and   + 
BBL  is  equal  to  DER  ;  ivliereforc   the   whole  angle  GHL  is 
n]i)al  to  the  ivholc  angle  FEK  ;  for  tlie  same  reason,  the  ungle 


RtlCMUa    ELKUIiiNTE. 

Afili  ia  cquRl  to  the  nnglc  CUK:  thcrufore  the  five-siM 
figures  AOIlliB,  CFEED  are  equiangular:  and  because  tbc 
figures  AGUB,  CFED  are  similar,  Gil  is  lo  UB+,  os  Pfi  lo 
ED;  buta*H&taHL,aoiBEDt(iEK*i  therefore,  ex  ffiquali  *, 
GH  is  tu  UL,  as  F£  to  £K:  for  the  same  reiuwn,  AB  is  to  SL 
as  CD  to  DK :  and  UL  is  to  LH,  as  '  UK  to  KE,  becatiBC  tlie 
triangles  BLH,  DKE  are  equiangular :  therefore,  because  tlie 
fivc'sided  figure's  AOMLB,  CFEKD  are  equiangular,  and  have 
their  sides  about  the  equal  angles  proportionals,  they  are  similar 
to  one  another.  In  the  same  manner  a  rcctiUueal  figure  uf  six 
sides  may  be  described  upon  a  given  Etniiglit  line  similar  tu 
one  given,  and  so  on.     Which  was  to  be  done. 


PROPOSITION  XIX. 


'£nEOR.^Si'iiilar  iriangSea  arc  la  one  another  in  the  tlu/Jicalc 
ratio  1^' their  iiomolvgoui  tidei. 

-y  Let  ABC,  DEF  be  similar  triangles,  having  ^e  angU  B 
*qual  to  the  angle  E,  and  let  AB  be  to  BC,  as  DB  to  EF,  w 

.  that  the  side  BC  may  be*  homologous  toEF:  the  trian^* 
ABC  shall  have  to  the  triangle  DEF  the  duplicate  ratio  of  tlut 
which  BC  has  to  EF. 

Take  ■  BO  a  third  proportional  to  BC,  EF,  bo  that  BC  nUf 
be  to  EF,  as  EF  to  BG,  and  join  OA  :  then,  because,  as  AB  lu 

BC,  so  DE  to  KP ;  alternately  *,  AB  is  ■ 

to  DE,  as  BC  to  EF :  but  as  BC  to  EF  +, 

BO  is  EF  to  BG  ;  therefore*,  as  AB  to 

DE,  so  is  EF  to  B(i :  therefore  the  sides 

of  the  triangles  ABG,  DEF,  which  are 

about  the  equal  angles,  are  recipTi>- 

colly  proportional :  but  triangles,  which  have  the  si 

two  equal  angles  reciprocally  proportional,  are  equal  *  toVI 

another;  therefore  the  triangle  ABG  is  cfiual  to  the  t 

DEF  :  and  because  as  BC  is  to  EF,  so  EF  to  BU.  and  I 

>  three  straight  lines  be  proportional,  the  first  is  s^d  * 
to  the  third  the  duplicate  ratio  of  that  which  it  hs 
second,  therefore  BC  has  to  BG  the  duplicate  ratio  of  i 
which   BC  has  to  EF  :   but  as   BC  lo  BG,  so 
ABC  to  the  triangle  ABG  ;  therefore  the  triangle  ABC  h 
the  triangle  ABG  the  duplicate  ratio  of  that  which  BC  h 
EF:  but  the  triangle  ABO  is  equal  to  tlio  triangle  DST; 


c  slso  the  triangle 


PROPOSITION  XX, 


to  the  triaiiglc  DEF  the  du|ili- 
wtc  ratio  of  thut  which  BC  has  to  EF.  Therefore,  similnr 
triangles,  &c.     «.  K.  d. 

Cor.  From  this  it  is  manifcat,  that  if  tbrce  straight  lines 
be  proportiouals,  as  the  first  is  to  the  third,  so  is  any  triangle 
upon  the  fir*t,  to  a  similar  and  similarly  described  triangle 
upon  the  second. 

^V  ter  of  similar  triangles,  having  the  same  ratio  to  one  another 

^^    (ArtI  Ike  poli/gons  hare  :  and  the  polygoiii have  lo  one  anolher, 

the  duplicate  ratio  of  that  tvhich  their  homologous  sides  have. 

Let  ABCDE,  FUHKL  be  uimilar  polygons,  and  let  AB  be 
the  homoli^us  side  to  FO:  the  potygens  ABCDE,  FOHKL 
may  be  divided  into  the  same  number  of  similar  triangles, 
whereof  each  shall  have  to  mch  tlie  same  ratio  which  the  poly- 
gons have;  ajid  the  polygon  ABCDE  shall  have  to  the  polygon 

)HKL,  the  duplicate  ratio  u(  that  which  the  side  AB  has  to 
side  FO. 

Join  BE,  EC,  OL,  LU  :  and  because  the  polygon  ABCDt:  is 

lilar  to  the  polygon  FGH  KL,  the  angle  BAE  is  equal  *  to  the   * 
angle  GFL,  and  BA  is  to  AB  *,  as  OF  to  FL :  therefore,  because    ■ 
the  triangles  ABK,   PtiL  have  an  angle  in  one,  equal   to  au 
angle   in  the  other,  and  their  sides  about  these  equal   angles 
proportionals,  the  triangle  ABE  is  equiangular  *  to  the  triangle    ■ 
FGL,  and  therefore  •  similar  to  it ;  x  ' 

wherefore  the  angle  ABE  is  equal        ^^-"'^'''^i"^,,.^ 
lo  the  angle  FGL,  r  and,  because  the     ^^^..^^      /^^^^^■C^y^ 
poIygaBS  are  similu-,  the  whole  \  ^--/         V^V^ 

angle  ADC  is  equal  '  to  the  whole  DC  KB         , 

ai^le  FOH,  therefore  the  remaining  angle  EBCisequalf  to  the  | 
Tcmaimng  angle  LGH  :  andbccause  the  triangles  ABE,  FGL  are 
similar,  EB  is  to  BA  *,  as  LG  to  OF  ;  and  also,  because  the  ' 
polygons  are  similar,  AB  is  to  BC  •,  as  FG  to  OH  ;  therefore,  ' 
ex  aHjuuli  *,  £B  is  to  BC,  as  LG  to  OH ;  that  is,  the  sides  ' 
about  the  equal  angles  EBC,  l.GH,  arc  proportionals ;  therefore 
the  triangle  EBC  is  equiangular  *  to  the  triangle  LGH,  and  ' 
similar  *  to  it ;  fur  the  satne  reason,  the  triangle  ECD  likewise  ' 
in  ttinilur  to  the  triangle  LUK  :  therefore,  the  umilar  polygons 


¥ 
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ABCDE,  F&HKi.  (irs  divided  into  the  same  nuntber  trf'ahn!l«r'f 

AIbu  tJiettc  trionglctt  ahaj]  have,  tach  to  each,  the  same  ntjO" 
which  iho  polygoDS  have  In  one  another,  the  antecedents  l>eiag<' 
ABE,  KlU',  £CD,  and  the  cunsuquenLs  FOL,  LOH,  LUK  :  ud'! 
the  pulj-gon  AUCDE  shtdl  hare  tu  the  puiygoii  FUHKL.  th«. 
dupliCMte  lutiu  of  that  which  the  auic  AD  hus  to  the  hamol»>  ^ 
g9Us  side  to. 

Because  the  triangle  ABE  is  similar  to  tiie  triangle  FQI.,  . 
AltE  has  to  FUL,  the  duplicate  ratio  '  of  tbut  whic^  the  side' 
BE  has  to  the  «ide  UL  :  for  the  same  reason,  the  triangle  BE(' 
has  to  ULH  the  duplicate  ratio  of  that  which  BE  has  to  OL: 
thcroforc,  as  the  triangle  ABK  is  to  the  triangle  FGL,  so*  is 
the  triangle  BEC  to  the  triangle  GLII.  Agtiin,  because  the 
triangle  EBC  is  sirailar  to  the  triangle  LOH,  EBC  has  to  LOU, 
the  duplicate  ratio  of  that  which  the  side  EC  has  to  the  side 
LH :  for  the  game  reason,  the  triangle  EtD  has  to  the  triangle 
LHK,  the  duplicate  ratio  of  that  which  EC  has  to  LH  :  tfaere> 
for*,  aa  the  triangle  EBC  to  the  triangle  LOH,  so  is  *  the  trt< 
angle  ECD  to  the  triangle  LUK;  hut  it  has  heen  proved,  UnC 
thetriangleUBCixJikewise  to  the  a         „        _    '" 

triangle  LGM,  as  the  triangle  ABE 
to  the  triangle  KOL ;  therefore,  as 
thetrianghi  ABK  to  the  triangle 
.  '  Fqi.,M>  is  triangle  EltC  totriangle 

L.UU,  und  triangle  ECU  to  triangle  LHK:  and  theref^K,  til' 
oM  of  the  wtectdents  to  one  of  the  conseqaentB  *, 
the  autcHdcuts  to  all  the  con^icquents ;  that  is,  as  the  triangli 
ABB  to  the  triangle  FOL,  bo  Is  the  polygon  ABCDE  to 
p«lygon  FUHKL:  but  the  triangle  ABE  has  to  the  trii 
FOL,  the  duplicate  ratio  +  of  that  which  the  side  AB  b 
the  homolnguus  side  FU  ;  therefore  also,  the  polygon  ABCPl 
has  to  the  polygon  FUUKL  the  duplicate  ratio  of  that  wfaiA< 
AB  has  to  the  homologous  side  FG.    Wherefore,  similar  polf- 

gOUB,  &C.      (/.  E,  I).  .  <,T  I 

CoH>  1-    In  like  nmnner  it  may  be  jiravod,  that  siinihr 
four-sided  Hgurcs,  or  of  any  number  of  sidea,  itre  «ue  lo 
otlicr  in  tlie  duplicate  ratio  of  their  homologous  aides :  aud  itj 
has  already  1>een  proved  t  in  triangles;  therefore,  nnivenaUfi 
simitar  rectilineal  figures  are  to  one  another  in  the  dupUol 
ratio  of  their  homulogoua  itidca.  <i 

,ri)n.S.  And  if  to  A  B,  Fti,  Uv«  pf  tho  liouioliigou*  udMt 


.^75, 
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V    thiid  +  prupoitiaiiDl  M  be  taken,  AB  •  La»  to  M  tlie  i]up)icatc   t  ".  fl. 

I     nlio  i>f  llml  wiiidi   AH  Iij.«  to  iO  :   but  tlie   four-hiJcd  6gare   '  '"  "'■'■*■ 
Qt  palj^aa  iipun  AB,  kua  tw  the  fiiur-iiidtcl  tigurt;  or  |MilygDii 
upcn  ft),  likcwue  the  diiplHstc  ntio  f  of  that  which  AB  hu   t  (-'"'■  ■■ 
tii  ¥*i  ;  thcrefure  t>  a*  ^^  ii  to  M,  so  U  the  flgare  npon  AB   t  ■  ■■  a. 
to  tke  iguit  ni>uu  VG  ;  which  WM  also  provnl  *  in  trUnglt^ ;    *  C»r.  IH.6. 
tbvitAire,   nnireraally.  it  ia  maiiilesi,  that  if  three  slrniglit 
linea  be  prnpurtioiials,  us  the  f)r«t  U  U>  the  ttiiril,  so  i»  any 
recxilibe*]  figure  upon  the  fint,  to    a  Bimtlsr   end  ximilaHy 
(IeM:niM.-d  rectilineal  figure  upou  the  tccoiid.  '  -" 

1 
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T^j^U^—Ji^Uiiieai  Jigurei  nkkh  are  hmiiar  to  Iht  — UK. 
t  ,      nctilintal  Jigu rt,  art  altu  MimiUtr  to  vmc  HHOlhtr. 

Let  euoli  of  the  rectiliaeol  Agurea  A,  B  be  tiaitlar  to  the 
rectilineal   figure   C :    tlie  figure  A  Ahall  be  •imilur  tu  ihu 

Becaute  A  is  simibr  to  (',  they  urc  equiangular,  and  aUn 
hare  their  aides  about  the  equal  onglet  jirolHirtiutial  *  :  Sgain,    *  1  l^-  <>> 
became   B  is  bimiUr   to  (',  thoy  are 

eijtiiailgular,  and  have  their  Bideanbout  /\     ^\     *    ; 

tbce4i>'>lot>(9'i-'si"^'Ixx^''>i>i'^''  there-      /   *■  \         ,/^\.    ■  •  I  D«£9. 
fare  the  figum  A,  U  art;  each  of  th«m 

e^uiangolur  to  C,  and  iiave  the  aidea  about  tlie  equal  naglas  -  >>' '  ,* 

of  est:h  of  them,  and  of   C,  prujHirtiunnlv.      H'bervftw*,    the 
rectilineal  figuies  A  and  ftare  *  equiaugiilar,  and  kave  their  '  ■  Ak  U 
ddea  aUwut  llie  e<jual  migleii*  prtipurtiuoala ;  tbcnfurc  A  is   *  iMh 
aitBiLir  *  to  D.     Thervfure,  rectilineal  ligUTcti,  &c>     V-  ■.  u.         *  I  Utf.  a 

PROPOSITION   XXII. 

Tbkob. — If /ouritraig/il  linn  be  prujMtrtioHah.  thr  xtmUar 
-  rettUiiienl  Jigurer  timilar/i/  dtscrihcd  u^ton  Ihrm  *luiU  altti 
h*  proporlioaals :  and  if  the  timilar  ffctiUnealJiguTti  timi- 
lattg  deteribed  upun  Jour  straight  line*  be  praporliuHaU, 
thoM  atraighl  lint*  thuU  br  projiarlionaU. 

Let  tbe  four  atraight  lines  AB,  CD,  EF,  Oil  be  proiHir- 
tMMtoh)  vie.  AB  (well,  as  KT  tuOH;  and  uiwn  AB,  CD,  let 
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the  similar  rectilineal  figures  KAB,  LCD  be  similarly  described; 
and  npon  EF^  GH,  the  similar  rectilineal  figures  MF^  NH,  in 
like  manner :  the  rectilineal  figure  KAB  shall  be  to  IjC0;  'm 
MF  to  NH. 
To  AB^  CD^  take  a  third  pro* 

*  11. 6.         portional  *  X ;  and  to  EF,  GH,  a 

third  proportional  O :  and  be- 
cause AB  is  to  CD  as  EF  to  GH, 

*  11.6.         therefore  CD  is*  to  X  as  GH  to 

*  22.  ft.         o ;  wherefore^  ex  sequali  ^,  as 

AB  to  X^  so  EF  to  O :  but  as 

AB  to  X^  so  is  the  rectilineal  figure  KAB  to  the  rectilineal 

*  2  Cor.  20.  figure  LCD^  and  as  EF  to  O^  so  is  *  the  rectilineal  figure  MF 
**ll  6         ^  ^^^  rectilineal  figure  NH  :  therefore^  as  KAB  to  LOD^  so* 

is  MF  to  NH. 

And  if  the  rectilineal  figure  KAB  be  to  LCD  as  MF  to  NH, 
the  straight  line  AB  shall  be  to  CD  as  EF  to  GH. 

*  12. 0.  Make  *  as  AB  to  CD^  so  EF  to  PR ;  and  upon  PR  describe^ 

*  18. 6.         the  rectilineal  figure  SR^  similar  and  similarly  situated  to 

either  of  the  figures  MF^  NH :  then^  because  as  AB  to  CD,  is 
is  EF  to  PR,  and  that  upon  AB,  CD,  are  described  the  similar 
and  similarly  situated  rectilincals  KAB,  LCD,  and  upon  EF, 
PR,  in  like  manner,  the  similar  rectilincals  MF,  SR,  therefijl^ 
KAB  is  to  LCD:}:,  as  MF  to  SR :  but  by  the  hypothesis  JCAb 
is  to  LCD,  as  MF  to  NH ;  and  therefore,  the  rectilineal  MF 
having  the  same  ratio  to  each  of  the  two  NH,  SR,  these  are 

*  9. 5.  equal  *  to  one  another :  they  are  also  similar,  and  similarly 

situated  ;  therefore  GH  is  equal  to  PR :  and  because  as  AB  to 

t  7.  6.  CD,  so  is  EF  to  PR,  and  that  PR  is  equal  to  GH,  AB  is  to  CDt, 

as  EF  to  GH.     If,  therefore,  four  straight  lines,  &c.    Q.  e,  d* 

PROPOSITION  XXIIL  J 

See  N.  Theor. — Equiangular  parallelograms  have  to  atte  another ^ 

the  ratio  which  is  compounded  of  the  ratios  of  their  sides. 

Let  AC,  CF  be  equiangular  parallelograms,  having  the  an- 
gle BCD  equal  to  the  angle  ECG :  the  ratio  of  the  paralldo- 
gram  AC  to  the  paraUelogram  CF,  shall  be  the  same  with  the 
ratio  which  is  compounded  of  the  ratios  of  their  sides. 

t  By  Uie  pracediog  ctiie  of  this  PiD|io8itio& 
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iihot  BC,  CObepliiccd  in  a  utraight  line ;  therefore DCit  s"*^  t^ 
:e  also  in  a  Btraight  Jine  * ;  and  complete  die  parallelo-  i",",! 
^u  D(i ;  and  taking  any  Htraiglit  line  K,  make  *  as  BC  to  ■  I 
K  to  L  ;  and  hs  DC  to  CE,  so  make  "  L  to  M ;  there-  *  ' 
e  the  ratios  of  K  to  L,  and  1.  to  M,  are  the 
with  the  ratios  of  the  sides,  viz,  of  BC 
),  and  DC  to  CE  :  but  the  ratio  of  K  to 
31  is  that  which  is  said  to  be  compounded  * 
of  the  ration  of  K  to  L,  and  L  to  M  ;  there- 
fore K  has  to  M  the  ratio  compounded  of  the 
ratios  of  the  sides :  and  because  as  BC  («  CO,  KIM  L  F 
BO  is  Lfic  paraUelograni  AC  to  the  parallclu- 

gram  tH";  but  as  BC  to  CO,  so  is  K  to  L;  therefore  K  is  •   '1.8. 
to  L,  as  the  parallelogram  AC  to  the  parallelc^ram  CH :  again,   '  "'  *' 
because  as  DC  to  CE,  so  is  the  parallelogram  CH  to  the  paral- 
lelogram CF;  but  as  DC  to  CE,  so  is  L  to  M;  wherefore  L  is*    *  1I.&. 
to  At,  as  the  parallelogram  CU  to  the  parallelogram  CF :  there- 
fore since  it  has  been  proved,  that  as  E  to  L,  so  is  the  paral- 
lelogram AC  to  the  paraUelograni  CH  ;  and  as  !>  to  M,  so  the 
parallelogram  CH  to  the  parallelf^ram  CF ;  ex  «quali  *,  K  is   *  ^S-  &■ 

Itt,  as  the  parallelogram  AC  to  the  paralIelogr.ini  CF  :  hut 
luu  to  M  the  ratio  which  is  compounded  of  the  ratios  of  the 
fa;  therefore  also,  the  parallelogram  AC  has  to  the  paral- 
Bgntm  CF  the  ratio  M'hicli  is  compounOed  of  the  nitios  of  the 
PROPOSITION  XXIV. 

fuoji. — Parallelograms  about  the  diatnelerof  ai't)  jMralUh-   s™  N. 
gram,  are  similar  to  the  whole,  and  to  one  another. 

Let  ABCD  be  a  parallelogram,  of  which  the  diameter  is  AC  ; 
■ind  E(t,  UK  paralleli^rams  about  the  diameter:  the  pural- 
leJtigrams  EG,  ItK  shall  be  similar  both  to  the 
**'l)ole  parallelogram  ABCD,  and  to  one 
■Oother- 

fiecauseDC,  OKsreparallds,tbeangle ADC 
"*  equal  *  to  the  angle  AGF :  for  the  same 
•^ttaon,  because  BC,  EF  are  parallels,  the  a 
_K1«  ABC  is  equal  to  the  angle  AEF:  and  each 

f  the  angles  BCD,  EFQ  is  equal  to  the  opposite  angle  DAB  ", 
"  i  therefore  they  »rc  equal  to  one  ttuuthcr ;  wherefore  ihe 


D   K 


liarallelogrBUi  ABCl),  AEFO  are  equiungubr :  and  because ^e 
angle  ABC  is  equal  to  the  angle  AEP,  and  tlie  anglv  BAC 
common  to  the  two  triangles  BAC,  EAF.  they  are  equiangular 
to  one  another ;  therefore  ■  as  AB  to  BC.  m>  is  AE  In  BP : 
and  becanse  the  opposite  aides  of  porallelngromR  are  equal  tA 
one  another  *,  AB  *  is  to  AD,  ns  AE  to  AO ;  and  DC  to  IB, 
OS  OP  to  FE ;  and  dIbo  CD  to  DA,  bb  FG  to  UA :  thnvfore  thfe 
BideH  of  the  porallcli^rams  ABCD,  AEPG  aWit  the  «qtiiil 
ongiesare  proportionals  ;  and  they  are  thcrcfiire  siiiiiiar*  ta 
one  another  :  for  the  same  reaiton,  the  parnllelogmm  ABCD  fa 
nmilar  to  the  purBlIclognim  FlICK  ;  wherefore  each  of  the 
pBrallelugramii  UE,  KEI  U  similar  to  DB:  but  rectilineal 
fignres  which  arc  similar  to  the  same  rectilineal  Hgurc,  me 
also  similar  *  to  mie  another;  therefore  the  pamllelogram  OB 
ia  similar  ta'KR>     Wherefore,  pamllelograms,  &c.     <t.  k.  u'.' 


PROPOSITION  XXV. 

Phub. —  To  detcribe  a  reclHiaeal  Jigvrc  tvhick  ihall  be  tmi- 
lar  to  one,  a^d  ctjual  to  another,  given  rectilineal  Jigurt. 

Let  ABC  be  the  given  rectilineal  figure  to  which  tlic  ttgltr^ 

to  be  described  is  required  to  be  similar,  and  D  timt  to  which 

it  must  be  equal ;  tt  is  required  to  describe  a  rectiliiwai  ligUre 

Mmtlar  to  ABC,  and  equal  to  D.  ■■ ! 

U[>on  the  straight  line  BC,  describe  *  the  parallelogram  BE 

'  equal  to  the  figure  ABC  ;  also  upon  CE,  describe  *  the  paral- 
lelggram  CM  equal  to  D,  and  having  the  angle  FCE  equal  to 

I  the  angle  CBL:  therefore]:  BC  and  CF are  in  a  strait  line*, 
as  also  IiE  and  EM :  between  BC  and  CF  find  *  a  mean  pr^  J 
portionol  GU  ;  and  U{)oi)  Gil  describe  *  (he  rectilineal  f^uM  I 
KGH,  similar  and  similarly  situated  to  the  figure  ABC. 

(  BcciuM  the  angle  FCE  i«  cqud  f  to  ilic  .ingle  CBL,  »dil  19  odi  A 
glc  BCB  1  IherefDie  ihe  inglei  FCE,  ECB  are  equal  f  tii  ibe  •ngki  KCtl 
CBL  :  bul  Ihe  angin  ECD,  CBL  are  rfjual  •  lo  two  righi  »a%\n ;  (benfij 
(he  ingln  FCE,  ECB  nre equal  t  lo  tvo  righl  angles-.  Ilitrrfon  •  Bi 
CFsraiutiK  UDie  (tralgbl  line.     Agun,  becauK  the  (Ogle  LBC  Uei; 
tb«  angle  FCE,  ind  Ihai  the  nngte  LBC  \»  equal    (o  the  Offn^ 
LEdbeccToretheiDgleUilCiscqaalltoibewtcleECFi  add  l< 
angle  CEMj  thercfocv  Ihe  wglu  LEC,  CEM  are  equal  Mllwtnf 
CEM  :  but  tbe  anglei  FCE,  OEM  are  equal  >  lo  two  tlghi  sngia  iMM 
■    aiiglnLEC,  CKMarte^ual)  lu  two  rifihl  an(;1ts:  (liereron- 1  LlT 
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raighl  line- 
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Bccaiisc  BC  is  to  OU  as  UM  to  CF,  oad  tliat  if  three  stmi^it 


o  the  third. 


•  the 


rA 


I 


■  he  pruportionals,  . 
(J^V*!^  upon  the  first  tn  the  similur 
Bad  siiHil»r1y  described  figure  upon 
lie  ^Kimd,  thereEbrc  as  BC  to  CF, 
^  is  the  ractilineal  figure  ABC  to 
KOH  :  but  as  DC  to  CF,  EM  is 'the 
larallelggnun  BE  to  the  pandlelo- 
gram  £F ;  therefore  *  as  the  rectili-  *  1 1 

oeaJ  Agure  ABC  is  to  KGIl,  ho  is  the  parallelogram  BE  to  the 
(nrallclagratn  EF :  and  the  rectilineal  figure  ABC  is  equal  t  to  +  C 
Ute  parallel ogram  BE  ;  therefore  the  rectilineal  figure  tCUU  ia 
e^ual  •  to  the  pantile  I  ogram  EF :  hut  EF  is  equal  f  to  the   *  l; 
figiirc  O ;  wherefore  also,  KGH  is  equal  to  U;  and  it  is  sini-    ' 
liu-  to  ABC.     Therefore,  the  rectilineal  ligiitv  HOU  has  been 
i^ribed  similar  to  the  figure  ABC,  and  equal  to  D.     Which 
ls  to  be  dune. 


PROPOSITION  xxvr. 


TirKOR. — l/ljFo  li 
■'  Md'be  nmiiarlif  . 


Hilar  jinralklogravis  hare  a  common  angle, 
]tuated,  theij  are  about  the  same  diameter. 


'  "liBl  the  patBllelograma  ABCD,  AEFO  he  similar  and  simi- 
l«rlj:  situated,  and  have  the  angle  DAB  common  :  ABCD  snd 
AXPS  dtall  be  about  the  same  diameter. 

.  For,  if  not,  let,  if  possible,  the  parallelngn 
dia.lsetBr  AHC  in  a  different  straight  line  from 
terof  ihe  pvallelogram  EO,  and  let  OF  meet 
ABC  in  U;  and  through  M,  draw  IIK  parallel 
t»  ADi  or  BC  :  therefore  the  parallelograms 
ABCD,  AKilO,  being  about  the  same  diame- 
ter, are  similar •  to  one  another:  wherefore 
as  r>A  to  AB,  so  is  *  GAto  AK:  but  because 
ABCD  and  AEFQ  are  similar  t  parallelograms. 
Ml  IA  (iA  to  AE ;  therefore  *  as  GA  to  AE,  so  G 
ia  OA  has  the  name  ratio  to  each  of  the  straight  lines  AE,  AK; 
and  conacquently  AEis  equal*  to  AE,  the  less  to  the  greater;  •  B.»J  J«*l 
^rhichisimpoEaible:  therefore  ABCDand  AKHOarenotabout  ■*'■  '  tl 
the  sBme  diameter-,  wherefore,   ABCD  and  AEFG  must  b«  .[jM^t 

about^  tiie  same  diameter.      Therefore,  if  two  similar,  Sto.         ^f,  ij^ 
Q.  E.  D.  -I>il4 


am  BD  have  its 
AF,  thediame- 

A    G       n 

■a. Man 

.v.*  I 

tHyp.,,, 

m 

as  DA  is  to  AB, 
JA  toAK;  that 

156  strcLrD*9  wimmwxtb^ 

'  omkj,  hmtmhe 

L  *  That  a  fuMeiopam  is  wud  to  be  applied  torn  ttnught 
'  line,  when  it  is  teeribed  npon  it  as  oBe  of  its  cides.  Ei: 
'  gr.  the  ponllelognni  AC  it  mad  to  be  applied  to  the  atra^bt 
'  line  AB. 

2.  '  But  a  parallelflgraai  AB  is  said  to  be  applied  to  a 
'  straight  b'ne  AB,  deficient  bf  a  paiallelognnn,  nHien  AB  the 
'  base  of  A£  ia  lev  than  AB,  and  tbcieforc 

'  AE  is  less  than  the  paraDelograni  AC  do- 

*  scribed  npon  AB  in  the  same  an^,  and 
'  between  the  same  parallels,  bj  the  paiml- 
'  lelogram  DC ;  and  DC  is  therelbre  cilled 
'  the  defect  of  AS. 

3.  '  And  a  parallelogram  AO  is  said  to  be  applied  to  a 

*  straight  line  AB,  exceeding  by  a  parallelogram,  when  AF 
'  the  Tiatfe  of  AG  is  greater  than  AB,  and  therefore  AO  exceedil 

*  AC  the  parallelogram  described  upon  AB  in  the  same  angle, 
'  and  between  the  same  parallels,  by  the  poralldogram  BO.' 

PROPOSITION  XXVII. 

Set  N.  Theor. — 0/  all  paraUelogranu  applied  to  the  same  straight 

Unef  and  deficient  hy  parallelograms  similar  and  sifmlarb) 
situated  to  that  which  is  described  upon  the  half  of  ike  lnif> 
that  which  is  applied  to  the  half  and  is  similar  to  its  defsett 
is  the  greatest* 

Let  AB  be  a  straight  line  divided  into  two  eqnal  porta  in 
C  ;  and  let  the  parallelogram  AD  be  applied  to  the  half  A€> 
which  is  therefore  deficient  from  the  parallelogram  upon  the 
whole  line  AB,  by  the  parallelogram  CE  upon  the  other  half 
CD :  of  all  the  parallelograms  applied  to  any  other  parts  of 
AD,  and  deficient  by  parallelograms  that  are  similar  and  simi" 
larly  situated  to  CE,  AD  shall  be  the  greatest. 

Let  AF  be  any  parallelogram  applied  to  AK,  any  other 
part  of  AD  than  the  half,  so  as  to  be  deficient  from  the  pa« 
rallelogram  upon  the  whole  line  AB,  by  the  parallelogram 
KH  similar  and  similarly  situated  to  CE  :  AD  shall  be  gredtar 
than  AF. 

First,  let  AK  the  base  of  AF,  be  greater  than  AC  tli€  bplf 
t  Hnv         of  AB :  and  because  CE  is  similar  f  to  the  parallelognim  ttk. 


/f: 


they  are  ttlraut  tliu  auae  *  diameter :    ilniw  their  diameter    ' 

DB.  Rnd  complete  the  scheme:  then,  Ikcbiim 

tbo  parallelngnun  CF  is  equal  *  to  FE,  add 

KB  to  both  ;  therefure  the  whole  CH  h  equal 

to  Uie  whole  KE ;  but  CU  is  equal  *  to  CO, 

becaUM  the  Itasc  AC  is  equal  to  the  bone  CB ; 

therefore  CU  it  equal  +  to  KE  :  to  each  of  thettt 

add  CF  ;   then  the  whole  AP  U  equal  f  ta 

the  gnomon  CIIL  ;   therefore  Cll  or  the  parallelogram  AD, 

greuter  than  the  parallelogram  AF. 

Next,  let  AK  the  bnse  of  AF,  be  Icaa 
than  AC :  then,  the  same  construction  being 
made,  because  BC  in  equal  to  CA,  llierefuro 
DM  is*  equal  to  SIO  ;  therefore  the  paml- 
lelogram  DH  in  equal  '  to  the  (larullelugniin 
DO ;  wherefore  DH  ii  greater  than  LO :  but 
DH  ia  equal  '  to  DK  ;  therefore  DK  is  greater  • 

than  LO :  to  each  of  these  add  A  I. ;  then  the  wholr  AD  is 
gmtter  thoji  the  whole  AF.     Therefore,  of  all  paralUdograma 

K'ied,  &c.     Ii.  B.  D. 
■■ — 7\»  a  gircH  riraight  line  to  oppty  a  jtarMrlogram   '. 
pfuil  h>  a  gifen  rectilineal ^garr,  and  deficirnt  by  a  paral- 
iograiH  stmilar  to  a  given  pfirallclogram :  but  the  girrn 
•  •xtUiueai^gure  to  whic/i  the  parallelogrtim  to  be  applied  it 
to  be  equal,  must   not  be  greater  t  lAnn  Ihe  parallelogram    i 
applied  to  half  of  Ihe  given  line,  having  iti  defect  titnilar  to 
<  ihe  defect  of  that  wAicA  i*  to  be  applied,  that  i»,  to  the  gineu 
pcraiUlogra  m, 

.Let  AB  be  the  given  straight  line,  and  C  the  given  recti- 
1  figure  to  which  the  paniUelograin  to  be  applied  is  re- 
uired  to  be  equol,  xrhidi  6gure  must  not  he  greater  than 
e  parallelogrnni  applied  to  the  half  of  the  line,  having  its 
%  from  that  upon  the  whole  line  aimilar  to  the  defect  of 
that  which  is  to  be  applied ;  and  let  D  be  the  parallelogram 
to  which  this  defect  is  required  to  be  similar ;  it  is  requirud 
to  apply  >  parallelogram  to  the  straight  line  AB,  which  shall 
be  equal  to  the  figure  C,  and  be  deficient  from  the  paralleln- 
gram  apon  the  whole  line  by  a  paralleli^rjin  siniilar  to  D. 
Oiride  All  into  two  equal  paita  *  in  Utc  point  E,  and  ujHiti    ■ 
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Rrri.lD8   ELFWRNTS. 

GR  describe  the  pnralltilograin  EDFG  similar"  and  slWflarlr 
sitimtC'il  to  D,  and  complete  the  panillulogram  AG,  which 
BitiBt  either  be  equal  to  C,  or  greater  than  it,  by  the  detenni- 
nBtion.  If  AQ  lie  e(]unl  to  C,  then  what  was  required  U  aU 
ready  done:  for,  upon  the  straight  line 
AB,  the  pnrallelogmm  AQ  is  npplied 
equal  to  the  figure  C,  and  deficient  by 
the  parntleli^ram  EF  similar  to  D.  But, 
if  AG  be  nut  equal  to  C,  it  U  greater 
than  it:  and  EF  is  equal  f  to  AO; 
therefore  EF  also  is  greater  than  C. 
Make'  the  parallelogram  KI<MN  equal 
to  the  exccits  uf  EF  above  C,  and  similar  and  simikrlf 
situated  to  D:  then,  since  D  is  similar-t  to  EF,  therefttK* 
also  KM  is  similar  to  EF :  let  KL  be  the  homologous  bMc  tO 
EG,  and  LM  to  GF :  and  because  EF  is  equal  to  C  and  KM 
together,  EF  is  greater  than  KM  ;  therefore  the  straight  Um 
EG  is  greater  than  KL,  and  GF  than  EM  :  maket  OX  rqUd 
to  LK,  and  GO  equal  to  LM,  and  complete  +  the  parBllel»> 
gram  XGOP  ;  therefore  XO  is  equal  and  similar  to  KM  :  bUt 
KM  is  similar  to  EF;  wherefore  also  XO  is  similar  bJ  E*! 
and  therefore  *  XO  and  EF  are  about  the  same  diametet :  M 
OPB  be  their  diameter,  and  complete  the  scheme.  TlM^ 
because  EF  is  equal  to  C  and  KM  together,  and  XO  a  part  rf 
the  one,  is  equal  to  Kit  a  part  of  the  other,  the  remttitldnv 
vii.  the  gnomon  ERO.  is  equal  +  to  the  remainder  C:  im 
because  OR  ia  equal  ■  to  \S,  by  adding  9R  to  each,  the  xiVlBt 
OB  is  equal  to  the  whole  XB  :  but  XB  is  equal  *  to  fB,  tf 
cause  the  base  AE  is  equal  to  the  base  EB;  wherefore  UB 
TE  is  equal  t  to  OB  :  add  XS  to  each,  then  the  \vholfc  Tt 
is  equal  to  the  whole,  viz.  to  the  gnomon  ERD  :  but  it  htk 
been  proved  that  the  gnomon  ERO  is  equal  to  C  ;  and  them 
fore  also  TS  is  equal  to  C.  Wherefore  the  pandlelc^MM 
TS,  equal  to  the  given  rectilineal  figure  C,  is  applied  ta  &» 
given  straight  line  AB,  dclicient  by  the  parallelogram  SR,  it- 
milar  to  the  given  one  D,  because  SR  is  similiir  *  tv  St- 
Which  was  to  be  done. 


PROPOSITION  XXIX. 
rn  Mtraight  li/te  lo  apply  n  paralMogrwm 


BOOK    VI.      PROP,   XXIX. 

a  given  rci;Hl\a«ai  Ji'gure,  exceeding  bif  a  paralMu- 
•Hilar  to  another  given. 

X  AB  be  the  given  straight  line,  and  C  the  given  rcctili- 
I  Ggure  to  which  the  parallelogrnm  to  be  applied  ia  re- 
quired t«  be  equal,  and  D  the  paraUelogntm  to  which  the  w 
ceBS  of  the  one  to  be  applied  above  timt  upon  tho  given  line 
is  required  to  be  aimilar  i  it  is  rei^uired  to  apply  a  pitrallelo- 
gratn  to  the  given  straight  line  AB  which  shall  be  equal  to 
the  4gure  C,  exceeding  by  a  parallelogram  similar  to  D. 
,  Divide  AB  into  two  equal  parts  t  in  the  point  E;    and  t  i"-  ' 
npon  EB,  describe  *  tlie  parallelogram  EL  similar  aiwl  simi-   ■  ih.  i 
Urlf  situated  to  D;  and  make*  the 
puaUelc^ram  Gil  equal  to  GL  and 
C  tvgelher,  and  similar  and  simi- 
larly situated  to  D :  wherefore  OH 
is  •imilar*  to  £L:  let  EII  be  the 
^^B  bwtologous  to  Fli,  and  KG  to 
FJt  i  afid  because  the  parallelogram 
QU  ia  greater  than  EL,  tlierefore  the 
vit  KH  ia  greater  than  FX.,  and  KO 

than  F12 :  produce  FL  and  F£,  and  make  FLM  equal  to  KH, 
and  rCN  to  KG,  and  complete  the  puTallelograni  MN  ;  :MN  is 
therefore  equal  and  similar  to  Oil :  but  QH  is  similar  to  KL  ,- 
wherefore  .MN  is  similar  to  EL;  and  coitsequently  EL  and 
UN  are  about  the  same  diameter  *  ;  draw  their  diameter  FXj  ' 
and  complete  the  scheme.  Therefore,  since  OH  is  equal  to  EL 
and  C  together,  and  that  GH  is  equal  to  MN,  MN  is  equal  to 
EL  and  C:  take  away  llie  common  part  EL;  then  the  rc- 
Stoiiider,  viz.  the  gnomon  NOL,  Is  equal  to  C.  And  because 
AE  ia  equal  to  EB,  the  parallelogram  AN  is  equal  *  to  the  ■ 
paniU«higram  NB,  that  is,  to  IlAI  * :  add  NO  to  each ;  there-  • 
fare  lie  whole,  viz.  the  parallelogram  AX,  is  equal  to  the 
gnomon  NOL;  but  the  gnomon  NOL  is  equrJ  to  C;  there- 
f«re  «lao  AX  ia  equal  to  C,  Wherefore,  to  the  straight  line 
AB,  there  is  applied  the  parallelogram  AX  equal  to  the  given 
rectilineal  figure  C,  exceeding  by  the  parol  lei  ogmni  PO,  which 
t  D,  because  PO  is  similar*  to  EL.     UTiith  was   ' 
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PROPOSITION  XXX. 

Pbob.^To  cut  a  given  straight  line  in  extreme  and  mum 

ratio. 

Let  AB  be  the  given  straight  line ;  it  is  required  to  cut  it 
in  extreme  and  mean  ratio. 

•  46. 1.  Upon  AB  describe  *  the  sqnare  BC,  and  to  AC  *  apply  the 

•  «9. 6.         parallelogram  CD,  equal  to  BC,  exceeding  by  the  figure  AD 

similar  to  BC :  then,  since  BC  is  a  square,  there- 
fore also  AD  is  a  square:  and  because  BC  is  j^ 

equal  to  CD,  by  taking  the  common  part  CE 
from  each,  the  remainder  BF  is  equal  to  the  re-      J 
mainder  AD :  and  these  figures  are  equiangular, 
therefore  their  sides  about  the  equal  angles  are 

•  14w  6.         reciprocally  *  proportional :  therefore,  as  FE  to 

•  84. 1.  ED,  so  AE  to  EB :  but  FE  is  equal  *  to  AC, 
t  SO  Def.       that  is,  to  t  AB  ;  and  ED  is  equal  to  AE ;  therefore  as  BA  to 

AE,  so  is  AE  to  EB :  but  AB  is  greater  than  AE ;  where- 

•  14. 6.         fore  AE  is  greater  than  EB  * :    therefore  the  straight  line 

•  3  Def.  6.     AB  is  cut  in  extreme  and  mean  ratio  in  £  **.     Which  xma  to 

be  done. 

Otherwise : 
Let  AB  be  the  given  straight  line ;  it  is  required  to  cat  it 
in  extreme  and  mean  ratio. 

Divide  AB  in  the  point  C,  so  that  the  rectangle  contained 

•  1 1 .  «.         by  AB,  BC,  may  be  equal  *  to  the  square  of  AC  : 

then,  because  the  rectangle  AB,  BC  is  equal  to     A       C    B 

•  17. 6.         the  square  of  AC,  as  BA  to  AC,  so  is  AC  to  CB  •: 

•  8  Def.  6.     therefore  AB  is  cut  in  extreme  and  mean  ratio  in  C  *.  Whick 

was  to  be  done. 

PROPOSITION  XXXI. 

See  N.  Theor.— /«  right-angled  triangles,  the  rectilineal  Jlgure  de* 

scribed  upon  the  side  opposite  to  the  right  angle,  is  equal  to 
the  similar  and  similarly  described  figures  upon  the  sides 
containing  the  right  angle. 

Let  ABC  be  a  right-angled  triangle,  having  the  right  ai^ 
BAC  :  the  rectilineal  figure  described  upon  BC,  shall  be  equal 
to  the  similar  and  similarly  described  figures  upon  BA,  AC. 
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Draw  the  perpendicular  t  AD:  therefore^  because  in  the  t  is.  i. 
ri^t-angled  triangle  ABC^  AD  is  drawn  from  the  right  angle 
at  A,  perpendicular  to  the  base  BC^  the 
triangles  ABD^  ADC  are  similar  *  to  the 
whole  triangle  ABC^  and  to  one  another  : 
and  because  the  triangle  ABC  is  similar  to 
ADB^  as  CB  to  BA^  so  is  *  BA  to  BD :  and 
.becaase  these  three  straight  lines  are  pro- 
poriional8>  as  the  first  is  to  the  thirds  so 
IS  the  figure  upon  the  first  to  the  similar  and  similarly  de- 
scribed figure  *  upon  the  second :  therefore  as  CB  to  BD^  so  is  *  8  Cor.  go. 
the  figure  upon  CB  to  the  similar  and  similarly  described  figure 
upon  BA :  and  inversely*^  as  DB  to  BC^  so  is  the  figure  upon  ^  S-  ^• 
BA  to  that  upon  BC :  for  the  same  reason^  as  DC  to  CB^  so  is 
the  figure  upon  CA  to  that  upon  CB  :  therefore  as  BD  and  DC 
together  to  BC  *^  so  are  the  figures  upon  BA^  AC^  to  that  upon  *  24,,  5. 
BC :  but  BD  and  DC  together  are  equal  to  BC ;  therefore  the 
^gare  described  on  BC  is  equal  *  to  the  similar  and  similarly  *  A.  5. 
described  figures  upon  BA^  AC.     Wherefore^  in  right-angled 
trumgles^  &c.    q.  e,  d. 


PROPOSITION  XXXII. 

Thcor. — If  two  triangles,  which  have  two  sides  of  the  one,   See  N. 
proportional  to  tmo  sides  of  the  other,  he  joined  at  one  an^ 
gle  so  as  to  have  their  homologous  sides  parallel  to  one  an^ 
other,  the  remaining  sides  shall  be  in  a  straight  line. 

Let  ABC,  DCE  be  two  triangles,  which  have  the  two  sides 
BA,  AC  proportional  to  the  two  CD,  DE,  viz.  BA  to  AC,  as  CD 
to  DE  ;  and  let  AB  be  parallel  to  DC,  and  AC  to  DE :  BC  and 
GE  shall  be  in  a  straight  line. 

Because  AB  is  parallel  to  DC,  and  the  straight  line  AC  meets 
them,  the  alternate  angles  *  BAC,  ACD  are  equal ;  for  the 
same  reason,  the  angle  CDE  is  equal  to 
the  angle  ACD ;   wherefore  also  BAC  is 
equal  t  to  CDE :  and  because  the  triangles 
ABC,  DCE  have  one  angle  at  A  equal  to 
one  at  D,  and  the  sides  about  these  angles 
proportionals,  viz.  BA  to  AC,  as  CD  to  DE, 
the  triangle  ABC  is  equiangular*  to  DCE ; 
thenfivre  the  angle  ABC  is  equal  to  the  angle  DCE :  and  the 
angle  BAC  was  proved  to  be  equal  to  ACD;  therefore  the  whole 

M  2 


89.  I. 


t  1  Ax. 


6.6. 
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f  2  Ax.  angle  ACE  is  equal  t  to  the  two  angles  ABC^  BAG :  add  the 
common  angle  ACB^  then  the  angles  ACE,  ACB  ore  equal  to  the 

•32.  1.  angles  ABC,  BAC,  ACB:  but  ABC,  BAG,  ACB  are  equal*  to 
two  right  angles ;  therefore  also  the  angles  ACE,  ACB  are 
equal  to  two  right  angles :  and  since  at  the  point  C,  in  tb^ 
straight  line  AC,  the  two  straight  lines  BC,  CE,  which  are  on 
the  opposite  sides  of  it,  make  the  adjacent  angles  ACE,  ACB 

*  14.  I.         equal  to  two  right  angles,  therefore*  BC  and  CE  are  in  a 

straight  line.     Wherefore,  if  two  triangles,  &c     q.  c.  d. 

PROPOSITION  XXXIII. 

Soe  N.  Theor. — In  equal  circles,  angles,  whether  at  the  centres  or 

circumferences,  have  the  same  ratio  which  the  ctrcumfer^ 
ences  on  which  they  stand  have  to  one  another;  so  also  have 
the  sectors. 

Let  ABC,  DEF  be  equal  circles ;  and  at  their  centres  the 
angles  BOC,  EHF,  and  the  angles  BAC,  EDF  at  their  circum- 
ferences :  as  the  circumference  BC  to  the  circumference  £F, 
so  shall  the  angle  BGC  be  to  the  angle  EHF,  and  the  angle 
BAC  to  the  angle  EDF ;  and  also  the  sector  BQC  to  the  sector' 
EHF. 

Take  any  number  of  circumferences  CK,  KL,  each  equal  to 
BC,  and  any  number  whatever  FM,  MN,  each  equal  to  EF ; 
and  join  OK,  GL,  HM,  HN.  Because  the  circumferences  BC, 
CK,  KL  are  all  equal,  the  angles  BGC,  COK,  KOL  are  also 

*  27. 3.        all  *  equal ;  therefore  what  multiple  soever  the  circumference 

BL  is  of  the  circumference  BC,  the  same  multiple  is  the  an- 
gle BGL  of  the  angle  BGC  :  for 
the  same  reason,  whatever  mul- 
tiple the  circumference  EN  is  of 
the  circumference  EF,  the  same 
multiple  is  the  angle  EHN  of 
the  angle  EHF :  and  if  the  cir- 
cumference BL  be  equal  to  the 

*  27.  S.         circumference  EN,  the  angle  BGL  is  also  equal  *  to  the  ang^ 

EHN ;  and  if  the  circumference  BL  be  greater  than  EN,  like-^ 
wise  the  angle  BGL  is  greater  than  EHN;  and  if  less,  1688 : 
thcrefDrc  since  there  arc  four  magnitudes,  the  two  circumfer- 
ences BC,  EF,  and  the  two  angles  BGC,  EHF :  and  that  of  the 
circumference  BC,  and  of  the  angle  BGC,  have  been  ta&ei 


wiy  equimultiples  whatever,  via.  tlie  eircumfcrencc  BL,  aud 

Uie  angle  KOL ;  anil  of  the  circumference  EF,  and  of  the  aii- 

g^  EHF,  any  equimultiples  tvlmtever,  viz.  the  circumference 

EN,  and  the  angle  £HN  ;  and  since  it  has  been  proved,  that 

if  the  circumference  BL  be  greater  than  EN,  the  angle  BGL 

is  greater  than  EHN  ;  and  if  equal,  equal;  and  if  less,  less: 

therefore  aa  tlie  circumference  BC  to  the  circumference  EF,  so  •    '5  Dil.  5. 

is  tb«  angle  BGC  tg  the  angle  EHF  :  but  as  the  angle  Bac  in 

to  the  angle  EHF,  so  is  *  the  angle  BAC  to  the  angle  GDF,  for    •  15.5. 

each  is  double  *  of  each  ;  therefore,  as  the  circumference  BC    '  so.  s. 

is  to  EF,  so  is  the  angle  BGC  to  the  angle  EHF,  and  the  angle 

BAC  to  the  angle  EDF. 

AUo,  as  the  cireimiferencc  BC  to  EF,  so  shall  the  sector 
DOC  be  to  the  sector  EHF.     Join  BC,  CK,  and  in  the  circum- 
ferences BC,  CK  take  any  points  X,  O,  and  join  BX,  XC,  CO, 
OK:  then,  because  in  the  triangles  OBC,  GCK,  the  two  sides 
BG,  QC  are  equal  to  the  two  CO,  OK,  each  to  each,  and  that 
tbcy  canton  equal  angles  ;  the  base  BC  !s  equal  *  to  the  base   •  4.  i. 
CK,  and  tUc  triangle  GBC  to  the  triangle  GCK  :  and  because 
the  circumference  BC  is  equal  to  the  circumference  CK,  the 
remaining  port  of  the  whole  circumference  of  the  circle  ABC, 
is  equal  f  to  the  remaining  part  of  the  whole  circumference  f  s  Ax. 
flf  the  sonie  circle :  therefore  the  angle  BXC  is  equal  *  tu  the  ■  E7.  S. 
angle  COK ;  and  the  segment  BXC  is  therefore  similar  tu  the 
segiment  COK*;  and  they  are  upon  equal  straight  lines,  BC,    *  II  IM.. 
CK;  hut  similar  segments  of  circles  ujion  equal  straight  lines, 
are  equal  '  to  one  another ;    therefore  the  segment  BXC  is    •  51-  3. 
equal  to  the  segment  COK:  and  the  triungle  BGC  was  proved 
to  be  equal  to  the  triangle  COK ;  therefore  the  whole,  the  sec- 
tor BOC,  is  equal  to  the  whole, 
the  sector   CGK:    for   the   same 

each  of  the  secturs,  BOC,  COK  : 
ia  the  same  manner,  the  sectors 
EHF,  FHM,  MHN  maybe  proved 
cqnftl  to  one  another :  therefore, 

what  multiple  soever  the  circumference  BL  is  of  the  circum- 
ference BC,  the  same  multiple  is  the  sector  BGL  of  the  sector 
BOC;  and  for  the  same  reason,  whatever  multiple  the  cir- 
cumference EN  is  of  EF,  the  same  multiple  is  the  sector  EHN 
of  the  sector  EHF  :  and  if  the  circumference  BL  be  equal  to 
EN,  tlie  sector  BGL  is  equal  to  the  sector  EUN ;  and  if  the 
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circumference  BL  be  greater  than  EN,  the  sector  BOL  is 
greater  than  the  sector  EHN ;  and  if  less^  less :  since  then, 
there  are  four  magnitudes,  the  two  circumferences  BC>  EF, 
and  the  two  sectors  BOC,  EHF ;  and  that  of  the  drcumiereiice 
BC,  and  sector  BGC,  the  circumference  BL  and  sector  B6L 
are  any  equimultiples  whatever;  and  of  the  circumference 
£F,  and  sector  EHF,  the  circumference  EN,  and  sector  EHN 
are  any  equimultiples  whatever ;  and  since  it  has  been  proved, 
that  if  the  circumference  BL  be  greater  than  EN,  the  sector 
BOL  is  greater  than  the  sector  EHN ;  and  if  equal,  equal;  and 
*  5  Def.  5.  if  less,  less :  therefore  *,  as  the  circumference  BC  is  to  the  cir- 
cumference EF,  so  is  the  sector  BGC  to  the  sector  EHF. 
Wherefore,  in  equal  circles.  Sec.     q.  e,  d, 

PROPOSITION  B. 

Sec  N.  Theor. — Tfan  angle  of  a  triangle  be  bisected  by  a  siraighi 

line  which  likewise  cuts  the  base,  the  rectangle  contained  by 
the  sides  of  the  triangle  is  equal  to  the  rectangle  contained 
by  the  segments  of  the  bas%  together  with  the  square  of  ike 
straight  line  which  bisects  the  angle. 

Let  ABC  be  a  triangle,  and  let  the  angle  BAC  be  bisected 
by  the  straight  line  AD :  the  rectangle  BA,  AC  shall  be  equal 
to  the  rectangle  BD,  DC,  together  with  the  square  of  AD. 

*  6<  4.  Describe  the  circle  *  ACB  about  the  triangle,  and  produce 

AD  to  the  circumference  in  E,  and  join  EC :  then  because  the 
t  Hyp.  angle  BAD  is  equal  t  to  the  angle  CAE,  and 

•21.3.         the  angle  ABD  to  the  angle  •  AEC,  for  they 

are  in  the  same  segment,  the  triangles  ABD, 
fS8. 1.         AEC   are   equiangular t    to  one   another: 

♦  4. 6.  therefore  as  BA  to  AD,  so  is  *  EA  to  AC ; 

and  consequently  the  rectangle  BA,  AC  is 

•  16.6.  equal  *  to  the  rectangle  EA,  AD,  that  is  * 

*  ^*  *•  to  the  rectangle  ED,  DA,  together  with  the  square  of  AD:  bat 
^35.3.          the  rectangle  ED,  DA  is  equal  to  the  rectangle*  BD^  DC; 

therefore  the  rectangle  BA,  AC  is  equal  to  the  rectangle  BD, 
DC,  together  with  the  square  of  AD.     Wherefore^  if  an  angle. 

Sec.      Q.  £.  D, 


PROPOSITION  C. 


I 


Tmw*m^-If  from  anif  angle  of'  a  triangle  a  ilraighl  line  h«  I 
dratm  perpendicular  lo  the  batr,  the  rectangle  amtained  6y 
lAe  tidet  of  the  triangle,  it  equal  lo  the  rectangle  contained 
hg  the  perpeniliciilar  and  Ike  diameter  of  the  circle  detcriied 
about  the  triangle. 

Let  ABC  be  a  triangle,  Rnd  AD  tbe  perpendicular  from  the 
■ogle  A  to  the  bane  DC :  the  rectangle  BA,  AC  shall  be  equal 
to  tlie  rectangle  cnntiiined  by  AD  and  the  diameter  nf  (h« 
circle  describeil  about  the  triangle. 

Describe  *  the  circle  ACB  about  the  triangle,  and  draw  its  ■ 
diameter  AE,  and  juin  EC  :  because  the  right 
angle  BDA  is  equal  *  to  the  angle  ECA  in  u 
aemieircle,  and  the  angle  ABD  equal  *  to  the 
angle  AEC  in  the  same  gegment ;  the  tri- 
angles ABD,  AEC  are  equiangular;  therefore 
AD,  so  h  EA  to  AC  ;  and  con^e- 

lently  the  rectangle  BA,  AC  U  equ&l  *  In 

rectangle  EA,  AD.     If,  therefore,  from  any  angle,  &c. 


PROPOSITION   D. 


'hbob. — The  rectangle  contained  hi/  the  diagonaU  of  a  qua-  Sre  N. 
drilateraljigure  intcribrd  in  a  circle,  it  equal  lo  both  the 
rectangle*  contained  by  its  opposite  tide*. 

Iiet  ABCn  be  any  quadrilateral  figure  inscribed  in  a  circle, 
1  join  AC,  BD:  the  rectangle  contained  by  AC,  BD  shall 
t  equal  to  the  two  rectangles  contained  by  AB,  CD,  and  by 

I,  BCJ. 

'  Make  the  angle  ABE  equal  +  to  the  angle  DBC ;  add  to  f  IS.  I. 
each  of  thc«e  the  coDiuion  angle  EBD,  then  the  angle  ABD  is 
equal  to  tbe  angle  EBC :  and  the  angle  BDA  ia  equal  *  to  tho  ■  81.S. 
angle  BCE,  because  they  are  in  the  name  segment ;  therefore 
e  triangle  ABD  is  equiangular  to  the  triangle  BCE :  where- 
of CI.  PtoloiDXu^  in  pige  9  of  hit  MiyiX*  tirrJiu, 
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fbre  ^,  as  BC  is  to  C£^  so  is  BD  to  DA  ;  and  consequently  the 

rectangle  BC>  AD  is  equal  *  to  the  rectangle  BD,  CE :  again, 

because  the  angle  ABE  is  equal  to  the  angle  DBC,  and  the 

angle  *  BAE  to  the  angle  BDC,  the  triangle  ABE  is  eqni- 

angukr  to  the  triangle  BCD ;  therefore  as 

BA  to  AE,  so  is  BD  to  DC ;  wherefore  the 

rectangle  BA,  DC  is  equal  to  the  rectangle 

BD,  AE:    but  the  rectangle  BC,  AD  has 

been  shewn  equal  to  the  rectangle  BD,  CE ; 

therefore  j:  the  whole  rectangle  AC,  BD*  is 

equal  to  the  rectangle  AB,  DC,  together 

with  the  rectangle  AD,  BC.     Therefore,  the  rectangle,  &c. 

Q.  £.  o. 


• 

f  8  AjC  i  Therefore  the  rectanglei  BC,  AD,  and  BA,  DC  are  together  equal  f  to 

t  1, 8.  the  rectangles  BD,  CKi  tnd  BD,  AE ;  that  is  f  to  the  whole  rectangle  BD, 

Ap. 


^  , 
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THE 


ELEMENTS    OF    EUCLID- 


BOOK  XL 


DEFINITIONS. 


'ii"»  i 


\  .t 


■  t 


I.  A  SOLID  is  that  which  hath  lengthy  breadth^  and  thickness* 

II.  That  which  bounds  a  solid  is  a  superficies. 

III.  A  straight  line  is  perpendicular,  or  at  right  angles,  to  a 
plane^  when  it  makes  right  angles  with  every  straight  line 
in  that  plane  which  meets  it. 

IV.  A  plane  is  perpendicular  to  a  plane>  when  the  straight 
lines  drawn  in  one  of  the  planes  perpendicular  to  the  com- 
mon section  of  the  two  planes,  are  perpendicular  to  the 
other  plane. 

V.  The  inclination  of  a  straight  line  to  a  plane,  is  the  acute 
angle  contained  by  that  straight  line,  and  another  drawn 
from  the  point  in  which  the  first  line  meets  the  plane>  to 
the  point  in  which  a  perpendicular  to  the  plane  drawn  from 
any  point  of  the  first  line  above  the  plane^  meets  the  same 
plane. 


^^  EUCLin'a    ELEUKK'TS. 

XXIX.  An  icowiliedroii  is  a  solid  figure  conUined  by  f 
equal  aud  cquilatcnil  triangles. 

Dep.  a.  a  paralleiopi|M!d  ia  a  solid  figure  contuined  liy  dx 
quadrilateral  figures,  whereof  every  opposite  two  are  jia- 
raUel. 

PKOPOSITION  I.  ..•  I:.] 

S«e  N,  TuBOBEH. — One  pari  of  a  straight  line  cannot  be  in  a  Ji^OHy' 

and  another  part  above  it.  ^ 

If  it  be  possible,  let  AB,  part  of  the  btraiglit  line  ABC, 
be  in  the  plane,  and  the  part  BC  above  it :  and  since  tbe^ 
straight  line  AB  is  in  the  plane,  it  can  he  ' 

produced  in   that   plane:    let  it  be  pro-  ^ 'i 

duced  to  D ;  and  let  any  plane  pass  through     _ -j^^  ' ' 

the  straight  line  AD,  and  be  turned  about      \^     B    ~d\ 
it  until  it  pass  through  the  point  C ;  and 

*  T  Dd!.  1.     because  the  points  B,  C  are  in  this  plane,  the  straight  line  * 

BC  ia  in  it :  therefore  there  are  two  straight  lines  ABC,  ABJfV 
in  the  same  plane  that  have  a  common  segment  AB  ;  which 

•  Cor.il.i.  is"  impossible-     Therefore,  one  part,  &c-     v-  e-  o. 


PfOWL 

'"I 


PROPOSITION   II. 

TuROR. — Ttvo  straight  lintt  which  cut  one  another  are  in  6 

plane;  and  three  straight  lines  which  meet  one  another  a 

ill  one  plane. 

Let  two  straight  lines  AB,  CD  cut  one  another  ii 
CD  shall  be  in  one  phuie ;  and  three  straight  lines  EC.  OB^g 
BE,  which  meet  one  another,  shall  be  in  one  ploi 

Let  any  plane  pass  through  the  straight  line  EB,  and  U||] 
the  plane  be  turned  about  EB,  produced  if  necessary,  until  itii 
pass  through  the  point  C  :  then,  because  the 
poiuta  E,  C  are  in  this  plane,  the  straight  line  * 
EC  ii  in  it;  for  the  sa^mc  reason,  the  straight 
line  BC  is  in  the  same;  and  by  the  hypothesis, 
EB  is  in  it ;  therefore  the  three  straight  lines 
EC,  CB,  BE  are  in  one  phuie  :  but  in  the  plane  _ 
in  which  EC,  EB  arc,  in  the  snme  are  *  CD,  ~ 
AB:  therefore  AB,  CD  are  in  one  plane.  Whercfor*^  t 
straight  line^  &c.     c  e.  d. 


HOOK    XI.      PROP.    III.   IV. 


TbGOR. — if  tivo  plant 


PROPOSITION   III. 

■  eul  one  imolk&r,  iknr 
a  ttraighl  litJe. 


Let  two  pknes  AB,  BC  cut  one  luiother,  and  let  the  line 
DB  be  tbeir  common  section  :  DB  shall  be  a  straight  line. 

If  it  be  not,  from  Uie  point  D  to  B  f ,  draw,  i 

in  the  plane  AB,  the  straight  line  DEI),  and  in 
the  plane  BC,  the  straight  line  DFB  :  then  two 
straight  lines  DEB,  DFB  bare  the  same  extre- 
ntitieSi  and  therefore  include  a  space  betwiit 
them  ;  which  ia  *  impossible :  therefore  BD, 
the  common  section  of  the  planes  AB,  BC,  cannot  but  be  a, 
stiaight  line.     Wherefcre,  if  two  planes,  &c.     «.  e.  d. 


PBOPOSITION  JV. 

Tbeob. — fj'n  slrnight  line  stand  at  right  angles  to  each  of  3 
-Vwo  tlraighl  line*  in  the  point  of  Iheir  intersection,  it  shall 
I       aUo  be  at  right  angles  to  the  plane  which  passes  through 
\       Ihem,  that  is,  to  the  plane  in  rvhich  they  are. 


Let  the  straight  line  EF  stand  at  right  angles  to  each  of 
tbe  straight  lines  AB,  CD,  in  E,  the  point  of  their  intersec- 
tion :  EF  sbull  also  be  at  right  angles  to  the  plane  passing 
through  AB,  CD. 

Take  the  straight  lines  AE,  EB,  CE,  ED,  all  equal  to  one 
another;  and  through  E,  Ar&ve,  in  the  plane  in  vihieh  are 
AB,  CD,  any  straight  line  GEH,  and  Join  AD,  „ 

CB;  then  from  any  point  F,  in  EF,  draiv  FA, 
FB,  FD,  FC,  FH,  FB:  and  because    the   two 
straight  lines  AE,  ED  are  equal  to  the  two  BE, 
EC,  each  tii  each,  and  that  they  contain  equal 
angles*  AED,  BEC,  tbe  base  AD  is  equal'  to 
the  base  BC,  and  the  angle  DAE  to  the  angle 
EBC:    and  the  angle  AEG  is  equal*  to  the  angle  B£H;    ' 
therefore  the  triangles  AEG,  BEH  have  two  angles  of  the  one, 
eqtial  to  two  angles  of  the  other,  each  to  each,  and  tbe  sides 
EB,  adjacent  to  the  equal  angles,  equal  to  one  aootber ; 
'herefore  they  have  their  other  sides  equal  *  ;  therefore  0£  ia 
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equal  to  EH^  and  AO  to  BH :  and  because  A£  is  equal  to  £B» 
and  F£  common  and  at  right  angles  to  them,  the  base  AF  is 

*  i.  1.  equal  *  to  the  base  FB  ;  for  the  same  reason^  CF  is  equal  to 

FD  :  and  because  AD  is  equal  to  BC^  and  AF  to  FB,  the  two 
sides  FA^  AD  are  equal  to  the  two  FB^  BC^  each  to  each ;  and 
the  base  DF  was  proved  equal  to  the  base  FC ;  therefSore  the 

*  B.  1.  angle  FAD  is  equal  *  to  the  angle  FBC :  again,  it  was  proved 

that  GA  is  equal  to  BH>  and  also  AF  to  FB ;  therefore  FA  and 
AO,  are  equal  to  FB  and  BH,  each  to  each ;  and  the  angle 
FAO  has  been  proved  equal  to  the  angle  FBH ;  therefore  thtt 

*  i.  1.  base  OF  is  equal  ^  to  the  base  FH :    again,  because  it  was 

proved  that  0£  is  equal  to  EH,  and  EF  is  common,  therefore 
OE,  EF  arc  equal  to  HE,  EF,  each  to  each ;  and  the  base  OF 

*  B.  1.  is  equal  to  the  base  FH  ;  therefore  the  angle  GEF  is  equal  * 

to  the  angle  HEF ;  and  consequently-  each  of  these  angles  is  a 

*  10  Def.  1.  right  *  angle :  therefore  FE  makes  right  angles  with  GH,  that 

is,  with  any  straight  line  drawn  through  E,  in  the  plane  pass- 
ing through  AB,  CD.  In  like  manner  it  may  be  proved,  that 
FE  makes  right  angles  with  every  straight  line  which  meets 
it  in  that  plane.  But  a  straight  line  is  at  right  angles  to  a 
plane  when  it  makes  right  angles  with  every  straight  line 

*  S  Def.  11.  which  meets  it  in  that  plane  * :  therefore  EF  is  at  right  angles 

to  the  plane  in  which  a.  8  AB,  CD.  Wherefore,  if  a  straight 
line,  &c.     Q.  E,  D. 

PROPOSITION  V. 

See  N.  Theor. — If  three  straight  lines  meet  all  in  one  paint,  and  a 

straight  line  stand  at  right  angles  to  each  of  them  in  that 
points  these  three  straight  lines  are  in  one  and  the  same 
plane. 

Let  the  straight  line  AB  stand  at  right  angles  to  each  of  the 
straight  lines  BC,  BD,  BE,  in  B  the  point  where  they  meet : 
BC,  BD,  BE  shall  be  in  one  and  the  same 
plane. 

If  not,  let,  if  it  be  possible,  BD  and  BE 
be  in  one  plane,  and  BC  be  above  it ;  and 
let  a  plane  pass  through  AB,  BC,  the  com- 
mon section  of  which,  with  the  plane  in 

*  S.  11.         which  BD  and  BE  arc,  is  a  straight  ^  line ;  let 

this  be  BF :  therefore  the  three  straight  lines  AB,  BC,  BF  are 
all  in  one  plane,  viz.  that  which  passes  through  AB,  BC :  and 
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cause  AB  utaads  at  right  auglus  to  each  of  the  straight 
line*  BD,  BE,  it  is  also  at  right  nngles  *  to  tlie  plane  passing  * 
throogh  them,    and    therefore    makes    right    angles  •   with  ■ 
every  straight  line  in  thtit  plane  which  meets  it:   but  BF, 
which  is  in  that  plane,  meets  it ;  therefore  the  angle  ABP 
is  a  right  angle:    but  the    angle  ABC,    by  the  hypothesis, 
is  also  a  right  angle  ;  therefore  the  angle  ABF  is  equal  to  the 
angle  ABC,  and  they  are  both  in  the  same  plane;  which  is  -j-  "t 
inpcMiiible :  therefore  the  straight  line  BC  is  not  above  the 
pluie  in  vhich  are  BD  and  BK :   wherefore  the  three  straight 

El  BC,  BD,  BE  arc  in  one  and  the  suine  plane.     Therefore, 
iree  straight  lines,  SiC.      q.  e.  d. 
; 


PROPOSITION  VI. 


R. — If  Irpo  ttraight  lines  be  at  right  angles  lo  the  m 
plane,  tkc^  shall  be  parallel  lo  one  another. 


;  it  shall 


Iict  the  straight  lines  A  B,  CD  be  at  right  angles  to  the  same 
B  sliall  be  parallel  to  CD. 

Xiet  them  meet  the  plane  In  the  points  B,  D,  and  draw  the 
straight  line  BD,  to  which  drawf  DE  at  right  angles,  in  the 
same  plane ;  and  make  f  DE  equal  to  AB,  and  join  BE,  AE, 
AD.  Then,  because  AB  is  perpendicular  to  the  pla 
make  right  •  angles  with  every  straight  line 
which  meets  it,  and  is  in  that  plane :  hut  BD,  ^ 
BE,  which  are  in  that  plane,  do  each  uf  them 
meet  AB ;  tlierefore  each  of  the  angles  ABD, 
ABE  is  a  light  angle ;  for  the  same  reason, 
each  of  the  angles  CDB,  CDE  is  a  right  angle: 
and  because  AB  is  equal  to  DE,  and  BD  cum-  ~ 

■nan,  the  two  sides  AB,  BD  are  equal  to  the  two  ED,  DB,  each 
taeacfa;  and  they  contain  right  angles;  therefore  the  base  AD 
18  equal  *  to  the  base  BE :  again,  because  AB  is  equal  to  DE, 
and  BE  to  AD ;  AB,  BE  are  equal  to  £D,  DA,  each  to  each  ; 
and,  in  the  triangles  ABE,  EDA,  the  base  AE  is  common; 
therefore  the  angle  ABE  is  eqnal  *  to  the  angie  EDA :  but  ABE 
is  a  right  angle ;  therefore  EDA  is  also  a  right  angle,  and  ED 
perpendicular  to  DA  :  but  it  is  also  perpendicular  to  each  of 
the  two  BD,  DC  ;  wherefore  ED  is  at  right  angles  to  each  of 
three  straight  linea  BD,  DA,  DC,  in  the  point  in  which 

J  meet ;  therefore  *  these  three  straight  lines  are  all  in  the 


tll.l. 

tl.3. 
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*  2.  n.        same  plane :  bat  AB  is  in  the  plane  in  which  an  'B0j  ttE^ 

because  any  three  straight  lines  which  meet  one  UMtfaMj^  fK;^ 
in  one  plane ;  therefb^  ^B,  BD^  DC  are  in  €oe  pbae':  iMt 
each  of  the  angles  AVBt  BDC  is  a  right  angle ;  thenlfaiMH| 

*  SB.  1.        is  paraUel*  to  CD.    Wherefore,  if  two  straig^  HMik'ilKi 

Q.  £.  D, 

I 

PROPOSITION   VII. 

SceN.  Theob. — If  two  straight  lines  be  parallel,  the  sirtn^  Um 

drawn  from  any  point  in  the  one  to  any  point  im  ike  aiktrg 
is  in  the  same  plane  with  the  parallels. 

Let  AB^  CD  be  paraUd  straight  lines,  and  take  any  poiit 
£  in  the  one,  and  the  point  F  in  the  other :  the  strai^t  live 
which  joins  £  and  F,  shall  be  in  the  same  plane  with  the 
paraUels. 

If  not,  let  it  be,  if  possible,  above  the 
plane,  as  £OF;  and  in  the  plane  ABCD,  in 
which  the  parallels  are,  draw  the  straight 
line  £HF  from  £  to  F :  and  since  £OF  also 
is  a  straight  line,    the  two  straight  lines 

*  10  Ax.  1.    £HF,  £GF  include  a  space  between  them ;  which  is  •  im] 

ble :  therefore  the  straight  line  joining  the  points  E,  F  it  nik 
above  the  plane  in  which  the  parallels  AB,  CD  are,  andll 
therefore  in  that  plane.    Wherefore,  if  two  straight  lines,  && 

Q.  £.  D. 

PROPOSITION  VIII. 

See  N.  TheoH.^ — If  two  straight  lines  he  parallel,  ond  one  of  them  is 

at  right  angles  to  a  plane,  the  other  also  shall  be  at  rigki 
angles  to  the  same  plane. 

Let  AB,  CD  be  two  parallel  straight  lines,  and  let  one  of 
them  A  B  be  at  right  angles  to  a  plane :  the  other  CD  shall  be 
at  right  angles  to  the  same  plane. 

Let  AB,  CD  meet  the  plane  in  the  points  B,  D,  and  join 

*  7. 11.  BD:  therefore  *  AB,  CD,  BD  are  in  one  plane.  In  the  pUne 
t  1 1. 1.  to  which  A B  is  at  right  angles,  draw  f  DE  at  right  angles  to 
t  ^  '•  BD,  and  make  f  DE  equal  to  AB,  and  join  B£,  A£,  AD.    And 

because  AB  is  perpendicular  to  the  plane,  it  is  perpendicular 
*SI>ef.  11.  to  every  straight  line  which  meets  it  and  is  in  that  pbne*; 
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k  of  lite  angles  AIID,  ABE  is  a  rif^ht  an^le ;  oiul 
uiUaigbt  line  UD  meeti!  tbc  parnllvl  Btmight  liaca 
k«n|jlra  AUD,  TDB  ara  tu^tbur 
^ri|^uuglei:  uutl  ABJI  iiarigbt 
~  10  CUii  is  a  rigli(  aogloi  mi 
a  BD:  ami  Iwcaune  AB  in 
<quai  to  OK,nn(I  BD  nxntnun,  the  two  AD,  BD 
are  cqanJ  to  the  iwu  EC,  DD,  each  Ut  eadi  ;1md 
tbeanglcABDiiociiialtutlicanglcEDB.ticcaUM.- 
acb  of  ihtm  iaa  rif^lit  an|;lv;  therefore  tbobaac  AD  h  «]nal  *  *t.l. 
Ja  Ibe  loae  BB;  again,  tiecnUM-  AB  »  equal  to  PE,  and  DK  to 
JaI>,  ihii  two  AB,  BE  are  equal  to  the  two  El>,  DA,  cadi  to 
^ each  :  and  the  Inisu  AE  is  comintin  to  the  triauglea  ADE,  EDA  ; 
f    wbcreforo  tlie  angle  ABE  h  equal  *  tn  the  luigle  EDA  :  but  •  e.  t. 
ABE  iit  a  right  angle ;  and  thi-rcfure  £0A  i«  a  riglit  angU-,  and 
ED  perpendicular  to  DA  ;   but  it  is  aUo  pt-'rpciidicular  to  t  BD ;   t  Conilr. 
efure   ED  is  perpendicular*  to  the  plane  which  patscH  *  «.  II. 

,  DA  ;  and  Uicrvforc  *  uiakca  right  uiiglc*  with  'SIM  11. 
J  atraight  line  meeting  it  in  tlint  plunc:  but  DC  is  iu  the 
t  paMing  tlircnigti  BD,  DA,  bvcauM-  all  three  ore  iu  the 
piano  in  which  are  tbc  parallds  AB,  CD ;  whercforo  £D  ia  ut 
ri^kt  angles  to  DC;  uud  therefore  CD  is  at  right  angles  t» 
ft*  ''"^  "^^  '"  '^  "'  Ti^tt  angh^s  to  UB  ;  thurcfora  CD  in  at 
pt  angles  li>  thu  two  straight  linca  DE,  DB,  iu  the  point  of 
't  intcr»«ction  D  ;  and  therefore  is  at  right  angles  *  to  the  •  i.  1 1. 
e  paNidng  thrungh  DE,  DB,  which  is  the  same  [ilaue  tn 
llJch  AB  IK  at  right  angles.  Therefore,  if  two  i,traight  linr^, 
e.  «.  D. 

PROPOSITION   IX. 

IB.— Two  tttaighl  tinr*  which  arc  ivch  ^TMlw  pnralUl 
lo  the  tame  tiraigbl  line,  and  not  in  the  same  plane  trith  it, 
are  parallel  to  one  another. 

Let  AB,  CD  1)c  cnch  of  them  parallel  to  EK,  :ind  not  i»  tlin 
amo  plane  utth  it :  Alt  »>hall  be  pamUi'l 


In  BF,  take  anj-  point  O,  frum  which  t 
in  the  plane  [lasslng  tliroiigli  EF,  j 
aight  line  Oil  at  right  angles 
n  the  pianc  piiuing  through   EF,  CD, 
irllK  Vt  right  angles  to  the  same  EF'.     Anil  because  EF 
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*  4. 1 1.         is  perpendicular  both  to  GH  and  GK>  £F  is  perpendicular  *  to 

the  plane  IIGK  passing  through  them  :  and  £F  is  poralkl  t» 
*8. 11.  AB;  therefore  AB  is  at  right  angles*  to  the  plane  HOK:, 
for  the  same  reason^  CD  is  likewise  at  right  angles  to  the 
plane  HGK ;  therefore  AB,  CD  are  each  of  them  at  right  unglei 
to  the  plane  HGK.     But  if  two  straight  lines  are  at  rigbl; 

*  G.  11.         angles  to  the  same  plane,  they  are  parallel  *  to  one  another; 

therefore  AB  is  parallel  to  CD.    Wherefore,  two  straight  linn^ 
&c.     Q.  £.  D. 

PROPOSITION  X. 

Theob. — Ifiwo  straight  lines  meeting  one  another  be  parmlU 
to  two  others  thai  meet  one  another,  and  are  not  in  ike  same 
plane  with  thejlrst  two,  thejirst  two  and  the  other  tmo  shtU 
contain  equal  angles. 

Let  the  two  straight  lines  AB,  BC,  which  meet  one  another^ 
be  parallel  to  the  two  straight  lines  DE,  EF,  that  meet  OM 
another,  and  are  not  in  the  same  plane  with  AB,  BC;,the 
angle  ABC  shall  be  equal  to  the  angle  DBF.  ;  ^ 

Take  BA,  BC,  ED,  £F  all  equal  to  one  an- 
other ;  and  join  AD,  CF,  BE,  AC,  DF :  then  be- 
cause BA  is  equal  and  paraUel  to  ED,  therefore 

*  SS.  1.         AD  is  *  both  equal  and  parallel  to  BE :  for  the 

same  reason*  CF  is  equal  and  parallel  to  BE ; 
therefore  AD  and  CF  are  each  of  them  equal 
and  parallel  to  BE.  But  straight  lines  that  are 
parallel  to  the  same  straight  line,  and  not  in  the  same  plaoi,. 

*  9.  11.        with  it^  are  parallel  *  to  one  another ;  therefore  AD  is  psjiJlel 

*  1  Ax.  1.     to  CF ;  and  it  is  equal  *  to  it ;  and  AC,  DF  join  them  towards 
*3S.  1.         the  same  parts;  and  therefore*  AC  is  equal  and  parallel  to 

DF.     And  because  AB,  BC  are  equal  to  DE,  £F,  each  to  each, 

*  8. 1.  and  the  base  AC  to  the  base  DF,  the  angle  ABC  is  equal  *  to 

the  angle  D£F.  Therefore,  if  two  straight  lines,  &c.   q.  £.  ik 

PROPOSITION  XL 

Problem. —  To  draw  a  straight  line  perpendicular  to  a  pltrtie^ 

from  a  given  point  above  it, 

i  f 

Let  A  be  the  given  point  above  the  plane  BH ;  it  ia  required 
to  draw  from  the  point  A,  a  straight  line  porpeudiculai  to  thfl 
plane  BH. 


m 


BOOK  xr.      rnop.  xit. 

Tn  the  pTanej  dmw  any  strnight  line  JiC,  and  from  tlie  point, 
A.  draw  "  AD  perpendicular  to  BC  :  if  then  AD  be  also  per- 
peiidiciiLir  to  the  plane  Rtl,  tlie  thing  rc- 
i]iiired  is  already  dtine :  but  if  it  be  not, 
fiwn  the  point  D,  draw  ',  in  the  plane  BH, 
the  straight  line  DE  nt  right  angles  to  BC  ; 
nnd  from  the  point  A,  draw  AF  perpen- 
dicular to  DE :  AF  shall  be  perpendicular 
tD  the  plane  BH. 

Through  F,  draw*  OH  parallel  to  BC:  and  because  BC  is   •  31. 
U  right  angles  to  ED  and  DA,  BC  is  at  right  angles  •  to  the    •  *,  i 
plaoc  passing  through  ED,   DA  ;  and  GH  is  parallel  to  BC ; 
but,  if  two  striiigbt  lines  be  parallel,  one  of  which  is  at  right 
angles  to  a  plane,  the  other  is  at  right*  angles  to  the  same   *  s.  I 
plane ;  wherefore  QH  is  at  right  angles  to  the  plane  throngh 
ED,  DA  ;  and  is  perpendicular  *  to  every  straight  line  meet-  '3D 
ing  it  in  that  plane;  hut  AF,  which  is  in  the  plane  through 
ED,  DA,  meets  it ;  therefore  GH  is  perpendicular  to  AF ;  and 
consequently  AF  is  perpendicular  to  OH  :  and  AF  is  perpen- 
dicular to  DE ;  therefore  AF  ig  perpendicular  to  each  of  the 
straight  lines  OH,  DE.     But  if  a  straight  line  stand  at  right 
angles  to  each  of  two  straight  lines  in  the  point  of  their  inter- 
section, it  is  also  at  right  angles  t  to  the  plane  passing  through  f  i.  i 
tbejn :  but  the  plane  passing  through  ED,  GH,  is  the  plane 
BH  ;  therefore  AF  is  perpendicular  to  the  plane  BH  ;  therefore, 
from  the  givpu  point  A,  above  the  plane  BH,  the  straight  line 

r^ifl  dntwn  perpendicular  to  that  plane.     Which  was  to  be 


TKOPOSITION  XII. 

To  erect  a  slraig/it  line  at  right  angles  to  a  given 
plane,  Jrom  a  poitil  given  hi  the  plane. 

jet  A  be  the  point  given  in  the  plane ;  it  is  required  to 
erect  a  straight  line  from  the  point  A,  at  right  angles  to  iho 

From  any  point  B  above  the  plane,  draw  * 
BC  perpendicular  to  it ;  and  from  A,  draw  ■ 
AD  parallel  to  BC.  Because,  therefore,  AD, 
""  I  parallel  straight  lines,  and  one  of 

»'SC  is  at  right  angles  to  the  given  plane, 

pMher  AD  is  also*  at  right   angles  to   it:    ihercFore,  ■ 


n2 
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straight  line  has  been  erected  at  right  angles  to  a  given  plane, 
from  a  point  given  in  it.     Which  was  to  be  done. 

PROPOSITION  XIII. 

Theor. — From  the  same  point  in  a  given  plane,  there  cannot 
be  two  straight  lines  at  right  atigles  to  the  plane,  upon  ike 
same  side  of  it :  and  there  can  be  but  one  perpendicular  to 
a  plane  frotn  a  point  above  the  plane. 

For,  if  it  be  possible,  let  the  two  straight  lines  AB^  AC  be 
at  right  angles  to  a  given  plane,  from  the  same  point  A  in  the 
plane,  and  upon  the  same  side  of  it.  Let  a  plane  pass  through 
BA,  AC ;  the  common  section  of  this  with  the  given  plane  is 

*S.1K  a  straight*  line  passing  through  A:  let 
DAE  be  their  common  section :  therefore  the 
straight  lines  AB^  AC,  DAE  are  in  one  plane : 
and  because  CA  is  at   right  angles  to  the 

f  8Def.  11.  given  plane,  it  mokes  right    angles  f  with 

every  straight  line  meeting  it  in  that  plane :  but  DAE,  which 
is  in  that  plane,  meets  CA ;  therefore  CAE  is  a  right  angle : 
for  the  same  reason  BA£  is  a  right  angle ;  wherefore  the  angle 

f  1 1  Ax.  CAE  is  equal  f  to  the  angle  B A£ ;  and  they  are  in  one  plane, 
which  is  impossible.  Also,  from  a  point  above  a  plane,  there 
can  be  but  one  perpendicular  to  that  plane ;  for  if  there  could 

*  6.  11.  be  two,  they  would  be  parallel  *  to  one  another^  which  is  ab- 
surd.    Therefore,  from  the  same  point,  &c.     q.  e.  d. 

PROPOSITION  XIV. 

Theor. — Planes  to  which  the  same  straight  line  is  perpen- 
dicular,  are  parallel  to  one  another. 

Let  the  straight  line  AB  be  perpendicular  to  each  of  the 
planes  CD,  EF :  these  planes  shall  be  parallel 
to  one  another. 

If  not,  they  shall  meet  one  another  when 
produced :  let  them  meet ;  their  common  sec- 
tion is  a  straight  line  GH,  in  which  take  any 
point  K,  and  join  AK,  BK.  Then,  because  AB 
is  perpendicular  to  the  plane  EF,  it  is  pcrpen- 
•SDef.  11.  dicular  *  to  the  straight  line  BK  which  is  in 

that  plane;  therefore  ABK  is  a  right  angle:  for  the 
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reason  BAK  is  a  right  angle ;  wherefore  the  two  angles  ABK^ 

BAK  of  the  triangle  ABK,  are  equal  to  two  right  angles;  which 

is  *  impossible :  therefore  the  planes  CD^  £F^  though  produced^   *  17. 1. 

do  not  meet  one  another ;  that  is *,  they  are  parallel.     There-   •  8  Def.  l  !• 

fore,  planes,  &c.     q.  b,  d. 

PROPOSITION  XV. 

Theor. — If  two  straight  lines  meeting  one  another,  be  parallel  See  N. 
to  ttvo  other  straight  lines  which  meet  one  another  but  are 
noi  in  the  same  plane  with  the  first  two,  the  plane  which 
passes  through  these  is  parallel  to  the  plane  passing  through 
the  oihei's. 

Let  AB,  BC,  two  straight  lines  meeting  one  another,  be 

parallel  to  D£,  £F  that  meet  one  another,  but  are  not  in  the 

same  plane  with  AB,  BC :  the  planes  through  AB,  BC,  and 

D£,  EF  shall  not  meet,  though  produced. 

From  the  point  B,  draw  BG  perpendicular  *  to  the  plane    1  i  .11. 

whidi  passes  through  D£,  £F,  and  let  it  meet  that  plane  in 

G ;  and  through  G,  draw  GH  parallel*  to  •  S^  !• 

ED,  and  GK  parallel  to  £F.    And  because 

BO  is  perpendicular  to  the  plane  through 

DE,  EF,  it  makes  *  right  angles  with  every  ^^^      ^  ^    *  5  ^^'  ^  *• 

straight  line  meeting  it  in  that  plane:  but 

the  straight  lines  GH,  GK  in  that  plane 

meet  it ;  therefore  each  of  the  angles  BGU,  BGK  is  a  right 

angle :  and  because  BA  is  parallel  ^  to  GH,  (for  each  of  them   *  0.  ]  I. 

is  parallel  to  D£,  and  they  arc  not  both  in  the  same  plane  with  ' 

it,)  the  angles  GBA,  BGH  are  together  equal  •  to  two  right  •  29, 1. 

angles :  and  BGH  is  a  right  angle ;  therefore  also  GBA  is  a 

right  angle,  and  QB  perpendicular  to  BA :  for  the  same  reason 

OB  is  perpendicular  to  BC ;  since  therefore  the  straight  line 

OB  stands  at  right  angles  to  the  two  straight  lines  BA,  BC 

that  cut  one  another  in  B,  GB  is  perpendicular  *  to  the  plane   *  4.  ll. 

through  BA,  BC :  and  it  is  perpendicular  t  to  the  plane  through  f  Constr. 

DE,  £F ;  therefore  BG  is  perpendicular  to  each  of  the  planes 

through  AB,  BC,  and  D£,  £F :  but  planes  to  which  the  same 

straight  line  is  perpendicular,  arc  parallel  *  to  one  another;   *  14.  ll. 

therefore  the  plane  through  AB,  BC  is  parallel  to  the  piano 

through   DE,   £F.     Wherefore,   if  two  straight  lines,   &c. 

0.  B.  D, 
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PROPOSITION  XVI. 

Thbob. — If  two  parallel  planet  be  cut  by  another  plane, 
common  sections  with  it  are  parallels* 

Let  tHe  parallel  planes  AB^  CD  be  cut  by  the  plane  EFHO, 
and  let  their  common  sections  with  it  be  £F^  OH  :  £F  shall 
be  parallel  to  GH. 

For  if  it  is  not>  £F,  OH  shall  meet  if  prodnced  either  on 
the  side  of  FH^  or  EG.  Firsts  let  them  be  produced  on  the 
side  of  FH>  and  meet  in  the  point  K :  there- 
fore^ since  £FK  is  in  the  plane  AB,  every 
point  f  in  EFK  is  in  that  plane :  and  K  is  a 
point  in  EFK ;  therefore  K  is  in  the  plane 
AB :  for  the  same  reason,  K  is  also  in  the 
plane  CD;  wherefore  the  planes  AB>  CD, 
produced  meet  one  another :  but  they  do  not 
meet>  since  they  are  parallel  by  the  hypo- 
thesis ;  therefore  the  straight  lines  £F^  GH  do  not  meet  when 
produced  on  the  side  of  FH :  in  the  same  manner  it  may  be 
proved,  that  £F,  GH  do  not  meet  when  produced  on  the  ode 
of  EG.  But  straight  lines  which  are  in  the  same  plane,  and 
do  not  meet,  though  produced  either  way,  are  parallel ;  thert* 
fore  £F  is  parallel  to  GH.     Wherefore,  if  two  parallel  planei^ 

&c.      Q.  E,  D. 


•16.  11. 


PROPOSITION  XVII. 

Theor. — If  two  straight  lines  be  cut  by  parallel  plaftef,  iheg 

shall  be  cut  in  the  same  ratio. 

Let  the  straight  lines  AB,  CD  be  cut  by  the  parallel  pUmea 
GH,  KL,  MN,  in  the  points  A,  £,  B ;  C,  F, 
D :  as  A£  is  to  EB,  so  shall  CF  be  to  FD. 

Join  AC,  BD,  AD,  and  let  AD  meet  the 
plane  KL  in  the  point  X ;  and  join  EX, 
XF.  Because  the  two  parallel  planes  KL, 
MN  are  cut  by  the  plane  EBDX,  the  com- 
mon sections  EX,  BD  are  *  parallel :  for 
the  same  reason,  because  the  two  parallel 
planes  GH,  KL  arc  cut  by  the  plane  AXFC,  the  common  ^ec* 
tions  AC,  XF  are  parallel :  and  because  EX  is  parallel  to  BD, 
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^  side  of  tlie  triangli;  ABD  ;  as  AE  to  EB,  bo  is  '   AX  to  XD  :    i 

ill,  becnoae  XF  is  pftralle]  to  AC,  a  aide  of  the  triangle  ADC  ; 

LX  to  XD,  so  U  CF  to  FD :  and  it  ivos  proved,  that  AX  is 

tXD,  Bi  AE  to  EB  ;  therefore  ",  as  AE  to  EB,  so  is  CP  to   ■ 

Wherefore,  if  two  straight  lines,  &c.     Q.  R,  d. 


_D 


PHO POSIT  ION  XVIII. 

HBon.^ — If  a  slraig/it  liitede  at  right  angles  to  a  plane,  every 
gilplune  mhich  passes  Chroiigk  il  shall  be  at  right  angles  to  that 

Let  the  straight  line  AB  be  at  right  angles  to  the  plane  CK  : 
Jivery  plane  which  passes  through  AB,  shall  be  at  right  angles 
"  I'liie  plane  CK. 

il  Let  any  plunc  DE  pass  tlirnugh  AB,  and  let  CE  be  the  eom- 
1  section  of  the  planes  DE,  CK  ;  tate  any  point  F  in  CE, 
n  whieh  draw  Fn,  in  the  plane  DE,  at 
^t-|-  angles  to  CE:  and  because  A B  is 
irpcndicular  to  the  plane  CK,  therefore  * 
\  IM  also  perpendicular  to  every  straight 
hat  plane  meeting  it,  and  consc- 
i^iiently  it  is  perpcndleular  to  CE  ;  wherc- 
"  eABFisarightangle:  but  GFB  is  like- 

Ke  +  a  right  angle ;  therefore  AB  is  i>arallel  *  to  FO  :  and  AB   t  C 
%  Bt  right  angles  to  the  jilane  CK ;  therefore  i'Q  is  also  '  at   ■  g 
lea  to  the  same  plane-     But  one  plane  is  at  right  nn- 
8  to  another  plane,  when  the  straight  lin^a  drawn  in  one 
l^the  planes  at  right  angles  to  their  common  section,  are  also 
t  right  angles  •  to  the  other  plane ;  and  any  straight  line  FO    "  * 
in  the  plane  DE,  which  is  at  right  angles  to  CE,  the  common 
section  of  the  planes,  has  been  proved  to  be  perpendicular  to 
the  other  plane  CK  ;  therefore  the  plane  DE  is  at  right  angles 
to  the  plane  CK.     In  like  manner  it  may  be  proved,  that  all 
piftnes  which  pass  through  AB,  are  at  right  angles  to  the  plana 
cK.      Therefore,  If  a  straight  line,  i\-c.      9.  E.  D, 


4- 


PROPOSITION   XIX. 

^BOR. — If  Itro  planes  which  cut  one  another  be  each  of  them 
icttlar  to  a  third  plane,  their  comnioti  icclion  t/uill 
uUtr  to  the  same  plunc. 
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Let  the  two  planes  AB^  BC  be  each  of  them  perpendicidar 
to  a  third  plane,  and  let  BD  be  the  common  section  of  the-fint 
two :  BD  shall  be  perpendicular  to  the  third  plane. 
1 1  ].  1.  If  it  be  not^  from  the  point  D  t,  draw  in  the  plane  AB,  the 

straight  line  DE  at  right  angles  to  AD,  the  common  aectioil  «f 
the  plane  AB  with  the  third  plane ;  and  in  the 
plane  BC>  draw  DF  at  right  angles  to  CD^  the 
common  section  of  the  plane  BC  with  the  third 
plane.  And  because  the  plane  AB  is  perpendi- 
cular to  the  third  plane,  and  D£  is  drawn  ia 
the  plane  AB  at  right  angles  to  AD  their  oom- 

*  4  Def.  11.  mon  section,  D£  is  perpendicular  *  to  the  third 

plane :  in  the  same  manner  it  may  be  proved, 

that  DF  is  perpendicular  to  the  third  plane ;  wherefore,  ^rom 

the  point  D,  two  straight  lines  stand  at  right  angles  to  the 

*  13.  II.       third  plane,  upon  the  same  side  of  it ;  which  is*  impossible: 

therefore,  from  the  point  D,  there  cannot  be  any  straight  line 
at  right  angles  to  the  third  plane,  except  BD  the  common  sec- 
tion of  the  planes  AB,  BC  ;  therefore  BD  is  perpendicalar  to 
the  third  plane.     Wherefore,  if  two  planes,  &a     Q.  le.  o. 

PROPOSITION  XX. 

See  N.  Theor. — If  a  solid  angle  be  contained  by  three  plane  angles, 

any  two  of  them  are  greater  than  the  third. 

Let  the  solid  angle  at  A  be  contained  by  the  three  plane 
angles  BAC,  CAD,  DAB :  any  two  of  them  shall  be  greater 
than  the  third. 

If  the  angles  BAC,  CAD,  DAB  be  all  equal,  it  is  evident 
that  any  two  of  them  are  greater  than  the  third :  but  if  they 
arc  not,  let  BAC  be  that  angle  which  is  not  less  than  either 
of  the  other  two,  and  is  greater  than  one  of  them  DAB; 
and  at  the  point  A,  in  the  straight  line  AB,  make,  in  the  plane 

*  23.  1.         which  passes  through  BA,  AC,  the  angle  BAE  equal  *  to  the 

angle  DAB  ;  and  make  AE  equal  to  AD,  and 
through  E,  draw  BEC  cutting  AB,  AC,  in  the 
])oints  B,  C,  and  join  DB,  DC.  And  because 
DA  is  equal  to  AE,  and  AB  is  common,  the 
two  DA,  AB  arc  equal  to  the  two  EA,  AB, 
each  to  each  ;  and  the  angle  DAB  is  equal  to 

*  i.  1.  the  angle  EAB  ;  therefore  the  base  DB  is  equal  *  to  the  base 
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Bfi :  and  because  BD,  DC  are  greater*  than  CB/  and  one  of  *  SO.  I. 

Ihem  BD  has  been  proved  equal  to  BE  a  part  of  CB,  therefore 

the  other  DC  is  greater  t  than  the  remaining  part  EC :  and  f  5  Ax. 

beoause  DA  is  equal  to  AE^  and  AC  common^  but  the  base  DC 

gmler  than  the  base  £C>  therefore  the  angle  DAC  is  greater*  •  25.  i. 

than  the  angle  EAC ;  and^  by  the  construction,  the  angle  DAB 

is  equal  to  the  angle  BAE;  wherefore  the  angles  DAB,  DAC 

are  together  greater  t  than  BAE,  EAC,  that  is,  than  the  an-   t  i  Ax. 

gle  BAC :  but  BAC  is  not  less  than  either  of  the  angles  DAB^ 

DAC  ;  therefore  BAC  with  either  of  them  is  greater  than  the 

other.     Wherefore,  if  a  solid  angle.  Sec    q.  b.  d. 


PROPOSITION  XXI. 

Theob. — Every  solid  angle  is  contained  hy  plane  angles, 
which  together  are  less  than  four  right  angles. 

First,  let  the  solid  angle  at  A  be  contained  by  three  plane 
angles  BAC,  CAD,  DAB :  these  three  together,  shall  be  less 
than  four  right  angles. 

Take,  in  each  of  the  straight  lines  AB,  AC,  AD,  any  points 
B,  C,  D,  and  join  BC,  CD,  DB.     Then,  because  the  solid  angle 
at  B  is  contained  by  the  three  plane  angles  CBA,  ABD,  DBC, 
any  two  of  them  are  greater  •  than  the  third ;  therefore  the   •  20. 1 1, 
angles  CBA,  ABD  are  greater  than  the  angle 
DBC :  for  the  same  reason,  the  angles  BCA, 
ACD  are  greater  than  the  angle  DCB^  and  the 
angles  CD  A,  ADB  greater  than  BDC ;  where- 
fore the  six  angles  CBA,  ABD,  BCA,    ACD, 
CDA,   ADB  are  greater  than  the  three  angles 
DBC,  BCD,  CDB  :  but  the  three  angles  DBC,  BCD,  CDB  are 
equal  to  two  right  angles  * ;  therefore  the  six  angles  CBA,   *  82. 1. 
ABD,  BCA,  ACD,  CDA,  ADB  are  greater  than  two  right  an- 
gles :  and  because  the  three  angles  of  each  of  the  triangles 
ABC,  ACD,  ADB  arc  equal  to  two  right  angles,  therefore  the 
nine  angles  of  these  three  triangles,  viz.  the  angles  CBA,  BAC, 
ACB,  ACD,   CDA,  DAC,  ADB,   DBA,   BAD  are  equal  to  six 
right  angles :  of  these,  the  six  angles  CBA,  ACB,  ACD,  CDA, 
ADB,  DBA  are  greater  than  two  right  angles ;  therefore  the 
remaining  three  angles  BAC,  CAD,  DAB,  which  contain  the 
solid  angle  at  A,  are  less  than  four  right  angles. 


Bitclid'b  elements. 

Next,  let  t)ie  solid  angle  at  A  be  contained  li^  imy  il 
of  plane  angles  BAG,  CAD,  DAE,  EAF,  FAB  :   thtm  fhal!  fl 
gcthcr  be  less  ihnij  four  right  angles. 

Let  the  planes  in  which  the  angles  are,  be 
cut  by  a  plane,  and  let  the  common  sections  of 
it  with  those  planes  he  BC,  CD,  DE,  EF,  FB. 
And  because  the  solid  angle  at  B  is  contained 
by  three  plane  angles  CBA,  ABF,  FBC,  of  which 
any  two  are  greater  ■  than  the  third,  the  an- 
gles CBA,  ABF  are  greater  than  the  angle  FBC  :  for  the  sg 
reason,  the  two  plane  angles  at  each  of  the  points  C,  D,  E,  T> 
viz.  those  angles  which  are  at  the  bnaes  of  the  triangles  twving 
the  common  vertex  A,  are  greater  than  the  third  angle  at  tlw 
same  point,  which  is  one  of  the  angles  of  the  polygon  BCDEFf  J 
therefore  all  the  angles  at  the  bases  of  the  trianglea  sreti 
gether  greater  than  all  the  angles  of  the  polygon : 
cause  nil  the  angles  of  the  triangles  arc  together  equal  to  twM  " 
as  many  right  angles  *  as  there  are  triangles,  that  is,  u  there 
are  sides  in  the  polygon  BCDEF;  and  that  all  the  angles  of 
tlie  polygon,  together  with  four  right  angles,  ore  likcMM 
.  equal  to  twice  as  many  right  angles  *  as  there  are  sides  in  tiM 
polygon;  therefore  all  the  HTiglcs  of  the  triangles  are  e^jU^^ 
to  all  the  uiglcs  of  the  polygon  together  with  four  ri^ 
angles;  but  all  the  angles  at  the  bases  of  the  triangles  fl^tj 
greater  than  all  the  angles  of  the  polygon,  as  has  been  ji 
wherefore  the  remaining  angles  of  the  triangles,  tib. 
the  vertcs,  which  contain  the  solid  angle  at  A,  are  h 
four  right  angles.     Therefore,  every  solid  angle,  &c.    q.  K.  fl 
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PROPOSITION  XXII. 

TuEoR.— //"  every  two  of  three  plane  aiif,ks  be  greoUr  ikat 
Ike  ih'ird,  and  if  the  straight  lines  tehkh  eontaln  them  be  Ol 
equal,  n  Iritingle  tnerif  be  made  qflke  straight  liaes  tkaljt ' 
the  cxlremilies  of  Ikoae  equal  straighl  littet. 

Let  ABC,  DEF,  GHK  be  the  three  plane  angles,  wher 
every  two  arc  greater  than  the  third,  and  let  them  be  nmtft 
ed  hy  the  equal  straight  lines  AB,  BC,  DE,  EF,  OH,  HK: 
their  extremities- be  Joined  by  the  straight  lines  AC,  BF,'I 
a  triangle  may  be  mode  of  tlirec  straight  lines  e<|tinl  to'i^ 
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IIP>  GK  ;  that  is,  every  two  a£  tkcm  iliall  togctlicr  be  grcalcr 
tb«n  the  third. 

If  the  angles  at  B,  E,  U,  are  equal,   AC,   DK,  UK  are  aim 
equal*,  and  any  two  of  ihun  grvuler  tiian  the  third:  but  if  ' 
tba  angles  are  not  all  equal, 
let  the  angle  ABC  be  i 


1«H    thar 


either 


of    the 


two  at  E,  II ;  therefore  the 

straight    line   AC   ia    not 

less*   than  either  uf  the 

other  two   DF,  GK;    and 

llicrefore  it  is  jdain  that  AC,  together  with  either  of  the  other 

tw«,  muM  be  greater  than  th»  third :  also  DF,  with  OK  aliall 

|te  grcatfr  tlmn  AC  ;  for  at  the  piiint  D,  in  the  Htmight  line 

tbkfi,  nuku  '  (he  .ingle  ABL  equal  to  the  angle  UUK,  and  nudco 

^^  equnl  to  one  of  the  straight  lines  AB,  fiC,  OE,  C>',  QH, 

UK,  (uid  join  AL,  LC.     Then,  because  AB,  BL  arc  equal  to 

GH,  BE,  each  to  each,  onii  the  angle  ABL  to  the  angle  OHK, 

the  base  AL  is  equal  f  to  the  haae  OK:   and  because  tlie 

■i^le»ut  Z,  H,  are  greater -^  than  the  angle  ABC,  of  uhich  the 

e  at  H  in  equal  to  ABL,  therefore  the  remaining  angle  at 

^  JA  greater  t  than  the  angle  LBC  :  and  because  the  two  sides 

"if  BC  arc  equal  to  the  two  DE,  EF,  each  to  each,  and  that 

t  angle  DEF  is  greater  than  the  angle  LBC,  the  base  DF  is 

*  than  the  base  LC :  oiid  it  has  been  proved,  that  OK 

il  to  AL;  therefore  DF  and  tiK  are  greater  t  than  AL 

I  ItC :  but  AL  and  LC  are  greater  *  than  AC ;  much  mors 

then  are  DF  and  GK  greater  than  AC.     Wherefore,  every  two 

of  these  straight  lines  AC,  DF,  GK,  are  greater  than  the  third; 

,  tlierefore,  a  triangle  may  be  made  *,  the  aides  of  which 

U  be  equal  to  AC,  OF,  OK.     «.  e.  o. 


tHyp. 


PROPOSITION   XXIIL 

Fbob. — To  firikc  a  tolid  angle  which  shall  be  contained  by  S«  N. 

three  given  plane  anglen,  any  trvo  of  Ihem  being  grraler  t  f  *"■  '  '■ 

L  Ikan  the  third,  atid  nil  three  together  ■t  lea  than /wtr  right  f  si.  II. 
^OMglet. 

t  J>t  tlie  three  given  plane  angles  be  ABC,  DBF,  OIIK,  any 
0  uf  which  are  greater  than  the  tliird,  and  all  of  ihcm  to- 
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gcther,  less  than  four  right  angles ;  it  is  reqaired  to  make  a 
solid  angle  contained  by  three  plane  angles  cqaal  to  AEC, 
DEF^  QUK,  each  to  each. 

From  the  straight  lines  ^  ^ 

which  contain  the  angles^ 
cut  off  AB,  BC,  DE,  EF, 
OH,  HK  all  equal  to  one 
another ;    and   join   AC, 

*  22. 11.       DF,  OK:  then  a  triangle  may  be  made^  of  three  straight 
•22.  I.        lines  equal  to  AC,  DF,  OK:  let  this  be  the  triangle  LMN*, 

so  that  AC  be  equal  to  LM,  DF  to  MN,  and  OK  to  LN ;  and 

*  5.  i.  about  the  triangle  LMN  describe  *  a  circle  and  find  f  its 

*  •  centre  X,  which  will  be  either  within  the  triangle,  or  in  one 

of  its  sides,  or  without  it. 

First,  let  the  centre  X  be  within  the  triangle,  and  join  LX, 
MX,  NX  :  AB  shall  be  greater  than  LX.  If  not,  AB  must 
cither  be  equal  to,  or  less  than  LX:  first, 
let  it  be  equal :  then  because  AB  is  equied  to 
LX,  and  that  AB  is  also  equal  to  BC,  and 
LX  to  XM,  AB  and  BC  are  equal  to  LX  and 
XM,  each  to  each ;  and  the  base  AC  is,  by 
construction,  equal  to  the  base  LM ;  where- 
fore  the  angle  ABC  is   equal  to  the  angle 

*  8.  ].  LXM  *  :  for  the  same  reason,  the  angle  DEF  is  equal  to  the 

angle  MXN,  and  the  angle  OHK  to  the  angle  NXL ;  therefore 
the  three  angles  ABC,  DEF,  OHK  are  equal  to  the  three  angles 
LXM,  MXN,  NXL  :  but  the  three  angles  LXM,  MXN,  NXL  are 
* 2 Cor.  15.  equal*  to  four  right  angles;  therefore  also  the  three  angles 
^'  ABC,  DEF,  OHK  are  equal  to  four  right  angles :  but,  by  the 

hypothesis,  they  are  less  than  four  right  angles ;  which  is  ab- 
surd :  therefore  AB  is  not  equal  to  LX.  But  neither  can  AB 
be  less  than  LX :  for,  if  possible,  let  it  be  less ;  and  upon  the 
Straight  line  LM,  on  the  side  of  it  on  which  is  the  centre  X* 
1 22. 1.  describe  t  the  triangle  LOM,  of  which,  two  of  the  sides  LO, 

OM  are  equal  to  AB,  BC  :  and  because  the  base  LM  is  equal 

*  B.  I.  to  the  base  AC,  the  angle  LOM  is  equal  *  to  the  angle  ABC: 

and  AB,  that  is  LO,  is,  by  the  hypothesis  less  than  LX: 
wherefore  LO,  031  fall  within  the  triangle  LXM ;  for,  if  they 

*  21. 1.         fell  upon  its  sides,  or  without  it,  they  would  be  *  equal  to,  or 

greater  than,  LX,  XM  ;  therefore  the  angle  LOM,  that  is  the 

*  21, 1.        angle  ABC,  is  greater  *  than  the  angle  LXM  :  in  the  same 

manner  it  may  be  proved,  that  the  angle  DEF  is  greater  than 


BOOR  Xf.      7R0P.   XXIIT. 

tbe  angle  SIXN,  and  the  angle  OHK  greater  than  the  angle 
f«XL. ;  therefore  the  three  angles  ABC,  DEF,  QHK  are  greater 
ithan  the  three  angles  LXM,  MXS,  NXL,  that  is  f,  than 
'taur  ri^ht  angles :  but  the  tame  angles  ABC,  VEf,  GUK  are 
.lesa  t  Uian  four  right  angles  ;  which  is  absurd ;  therefore  AB  ia 
Vot  less  than  LX :  and  it  lios  been  proved,  that  it  is  not  equal 
'to  I'X  ;  wherefore  AB  is  greater  than  LX, 

Next,  let  the  centre  X  of  the  circle,  fall  j^ 

one  of  the  sides  of  the  triangle,  via.  iu 

Ji.  and  join  XI. :  in  this  case  aha,  AB  shall 

greater  than  LX  j  if  not,  it  is  either  equal 

to,  or  less  than  it.      First,  let  it  be  equal  to 

therefore  AB,  and  BC,  that  is,  DE  and 

J  EF.  arc  equal  to  MX  and  XL,  that  is,  toMN; 

I  but  by  the  construction,  MN  is  equal  toDF;  therefore  DE, 
'  ^BF  ftre  equal  to  DF ;  which  is  f  inipossibSe ;  wherefore  AB 

II  is  not  equal  to  LX :  nor  ia  it  less ;  for  then,  much  more,  an 
I  absurdity  would  follow ;  therefore  AB  is  greater  than  LX. 

I  But,  let  the  centre  X  of  the  circle  fall  without  the  triangle 
.LHN,  and  join  LX,  MX,  NX:  in  this  case  likewise,  AB  shall 
I  be  greater  than  LX  ;  if  not,  it  is  cither  equal  to  or  less  than 
f  LX.  First,  let  it  be  eqnal :  it  may  be  proved,  in  the  same 
Bumner  as  in  the  first  case,  that  the  angle  ABC 
JB  equal  to  the  angle  31XL,  and  OHK  to  LXN ; 
jpierefore  the  whole  angle  BIXN  is  equal  tothe 
llwo  augles  ABC,  OHK  :  but  ABC  and  OHK 
■re  together  greater  f  than  the  angle  DEF  ; 
iherefore  also  the  angle  MXN  is  greater  than 
i!|[>EF :  and  because  DE,  EF  are  equal  to  MX, 
iN,  eacli  to  each,  and  the  base  DF  to  tlie 
Iwse  MN,  the  angle  MXN  is  equal*  to  the  angle  DEF: 
tnit  it  has  been  proved,  that  it  is  grealer  than  DEF;  which  ia 
absurd  ;  therefore  AB  is  not  equal  to  LX :  neither  is  it  less ; 
then,  as  has  been  proved  iu  the  first  case,  the  angle  ABC 
ll  greater  than  the  angle  MXL,  and  the  angle  OHK  greater 
iban  the  angle  LXN.  At  the  point  B,  in  the  straight  line 
CB,  nmke  the  angle  CBP  equal  to  the  angle  OHK,  and  make 
BP  equal  to  UK,  and  join  CP,  AP.  And  because  CB  is  equal 
to  GH;  CB,  BP  are  equal  to  GH,  HK,  each  to  each;  and 
tbe}'  contain  equal  angles;  wherefore  the  base  CP  is  eqnal  to 
^e  bow  OK,  that  is,  to  LN.  And  iu  the  isosceles  triangles 
ABC,  MXL,  because  the  angle  ABC  is  greater  than  the  angle 
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1. 


greatct 


MXL,  therefore  the  tingle  MLX  at  the  base, 

than  tlic  angle  ACB  at  the 

base  :  for  the  same  reason,  n 

because  the  angle  OHK  or 

CBP,  is  greatur  than  the 

angle  LXN,  the  angle  XLN 

is  greater  than   the  angle 

BCP ;  therefore  the  whole 

angle  MLN  h  greater  than  the  whole  angle  ACP.     And  hht 

cause  ML,  LN  are  equal  to  AC,  CP,  each  to  each,  but  tU 

angle  MLN  is  greater  thon  the  angle  ACP,  the  base  MN  ff 

greater  *  than  the  base  AP  ;  hut  MN  is  equal  to  DF  ;  there* 

fore  also  DF  is  greater  than  AP.     Again,  because  DE,  EP  an 

equal  to  AB,  BP,  each  to  each,  but  the  base  DF  greater  than 

the  base  AP,  the  angle  DEF  is  greater  *  than  the  angle  ABP^ 

but  ABP  is  equal  to  the  two  angles  ABC,  CBP,  thmt  ii 

two  angles  ABC,  GHK  ;  therefore  the  angle  DEF  is  greater 

than  the  two  angles  ABC,  GHK:  hut  it  is  also  less+  thaa 

these;  which  is  impossible;  therefore  AB  is  not  less  thaa 

LX :  and  it  has  been  proved,  that  it  is  not  equal  to  it ;  ther^ 

fore  AB  is  greater  than  LX. 

From  the  {loint  X,  vrect  *  XR  at  right  angles  to  the  jjUoft 
of  the  circle  LMN.  And  because  it  has  been  proved  in  ta 
the  cases,  that  AB  is  greater  than  LX,  find  a 
square  equal  to  the  excess  of  the  square  of 
AB  above  the  square  of  LX,  and  make  RX 
equal  to  its  side,  and  juin  RL,  RM,  HN :  the 
solid  angle  at  B  shall  be  the  angle  required. 

Because  RX  is  perpendicular  to  the  plane 
.   of  the  circle  LMN,  it  is*  perpendicular  to 
each   of  the   straight   lines  LX,  MX,  NX. 
And  because  LX  is  equal  to  MX,  and  XR  common, 
right  angles  to  each  of  them,  the  base  RL  is  equal  f  to  t\m 
base  HM  :  for  the  same  reason,  RN  is  equal  to  each  of  l' 
two  HL,  RSI  j  therefore  the  three  straight  lines  RL,  BSI, 
are  hU  equal.     And  hccause  the  squan;  of  XR  is  equal  to 
excess  of  the  square  of  AB  above  the  square  of  LX,  thcrrfo 
the  square  of  AB  is  equal  to  the  squares  of  LX,  XR:  but  ll 
square  of  RL  is  equal  "  to  the  same  squares,  because  UHR 
a  right  angle;  tiicrefore  the  square  of  AB  is  equal  to  ll 
square  of  RL,  and  the  straight  line  AB  to  RI„     But  eadi  ■ 
the  straight  liues  BC,  DE,  EF,  GU,  HK,  is  cqiiai  to  AB,  n 
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h  of  tlie  tv-o  RM,  RN,  is  equal  to  ni> ;  therefor?  AB,  i 


.    EF,   GH,   UK   1 


ach   of  then 


tquul  to  eiich  of  the 


to  AB,  BC,  each  to  each,  aiiil  tht!  Ixuo  LSI  to  the  base  A(^ 
the  angle  LRM  is  equal  *  to  the  angle  ABC :  fur  the  same  ' 
re«wn,  th«  angle  MRN  is  equal  to  the  angle  DEF,  and  NRIj 
to  OtIR.  'I'hcrcfuri;,  there  is  maili;  a  uilicl  angle  nt  K,  which 
■d  by  three  phmc  angles  LBM,  SIRN,  NKI.,  wUivh 
pluiio  angle*  ABC,  DEF,  OIIK, 
be  done. 


lire  cquul  to  the  three  gcivc 
I  «^cli  to  caeh-     Wlkich  veas  t 


PROPOSITION  A. 


I 

^RFlfEOB.-^T/'  each  ijf  two  solid  anglci  he  eanlainert  Ay  ihrec   &-c  N. 
^r     j/lane  angU',  tvh'tck  arc  ci^iial  lo  one  anolhrr,  (acb  to  ciicli, 

the  plant*  in  which  the  equal  anklet  are,  have  the  same  in- 

cliiuilion  lo  one  aiuAher. 

Let  there  be  Ino  solid  ongl^  at  the  jmints  A,  D  ;  and  lot 
b&e  uiijjie  at  A  be  containt^  b)'  the  three  plane  angles  CAl>. 
Vc^l^G,  EAD,  sinil  tlic  angle  at  B  by  ibt:  three  plane  nngli-n 
VtBO.  KBIT,  DBO,  of  which  the  ougli-  CAD  is  cquiil  to  the 
trnglc  FDG,  mid  CAE  to  FBH,  and  EAD  to  ItBG :  the  pinnes 
ill  wkicb  the  equal  angles  arc,  shall  have  the  same  inclinotion 
to  «ne  ttQuther, 

In  the  straight  line  AC,  lake  any  point  K,  and  from  K  f,    f  ii.  l 
draw,  in  the  plane  CAD,  the  stniight  line  KD  al  right  angUs 
to  AC,  and  in  the  plane  CAE,  the  straight  line  KL  at  right 
angles  to  the  same  AC:  thereftiiv  the  migle  DKL  is  the  in- 
cliimtion  *  of  the  plane  CAD  to  the  pkni:  CAE.      In  ItF,  taki>   •  o  \M.  I 
BM  equal  to  AK,  and  from  the  point  31,  draw  in  the  pluues 
FBO,  FBH,  the  straight  lines  SlU,  MN 
at  ri^t  angles  lo  BF ;    therefore  the  A.  R 

angle  OMN  is  the  inclination  "  of  the 
plane  FBO  to  the  plane    FBH.     Join 
LD,  NO.     And  bccautt  in  the  triangles 
KAD,   MBO,    the   angles    EAD,    MBU 
BMt  equ«l,  as  also  the  right  ongtei  .\KD,  BMO,  and  that   t  l>yi<. 
Htbe  tiitt  AL,  BM,  adjacent  to  the  equal  angles,  are  e<iual  to 
^^^  snother,  therefore  KD  is  equal  *  tu  MG,  and  AD  to  B(i :    •  SO.  I. 
^n)r  the  Kinie  riiaton,  iu  the  triangles   K.IL,  MBN,  KL   is 
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equal  to  MN,  and  Ali  to  BN ;  therefore  in  the  triangles  I«AD» 
NBG,  LA^  AD  are  equal  to  ND,  BO,  each  to  each ;  and  they 
contain  equal  angles;  therefore  the  base  LD  is  equal*  to 

*  ^*  1*  the  base  NO.     Lastly^  in  the  triangles  KLD^  MNO,  the  sides 

DK,  KL  are  equal  to  OM^  MN  each  to  each^  and  the  base 

*  8.  1.  LD  to  the  base  NG;  therefore  the  angle  DKL  is  equal  to* 

the  angle  GMN :  but  the  angle  DKL  is  the  inclination  of  the 
plane  CAD  to  the  plane  GAE,  and  the  angle  GMN  is  the  in* 
clination  of  the  plane  FBG  to  the  plane  FBH^  which  planes 
•7Def.  11.  have  therefore  the  same  inclination*  to  one  another.  And 
in  the  same  manner  it  may  be  demonstrated,  that  the  other 
phincs  in  which  the  equal  angles  arc,  have  the  same  inclina- 
tion to  one  another.  Therefore,  if  each  of  two  solid  angles, 
Sec.     Q.  £.  D. 


PROPOSITION  B. 

See  N.  Thror. — If  two  solid  angles  be  contained,  each  hy  three  plane 
angles  which  are  equal  to  one  another,  each  to  each,  and 
alike  situated,  these  solid  angles  are  equal  to  one  another* 

Let  there  be  two  solid  angles  at  A  and  B>  of  which  the 
solid  angle  at  A  is  contained  by  the  three  plane  angles  CAD, 
CAE,  EAD,  and  that  at  B,  by  the  three  plane  angles  FBG, 
FBH,  HBO,  of  whicli  CAD  is  equal  to  FBG,  CAB  to  FBH, 
and  EAD  to  HBG  :  the  solid  angle  at  A  shall  be  equal  to  the 
solid  angle  at  B. 

Let  the  solid  angle  at  A  be  applied  to  the  solid  angle  at  B: 
and  first,  the  plane  angle  CAD  being  applied  to  the  plane 
angle  FBG,  so  that  the  point  A  may  coincide  with  the  point  B, 
and  the  straight  line  AC  with  BF ;   then 
AD  coincides  with  BO,  because  the  angle  j^  ^ 

CAD  is  equal  to  the  angle  FBG :  and  be- 
cause the 
•  A.  11.        the  plane 

tion  of  the  plane  FBH  to  the  ])lane  FBG, 
the  plane  CAE  coincides  with  the  plane  FBH,  because  the 
planes  CAD,  FBG  coincide  with  one  another:  and  because 
the  straight  lines  AC,  BF  coincide,  and  that  the  angle  CAE  is 
(^qual  to  the  angle  FBI!,  therefore  AE  coincides  with  BH; 
and  AD  coincides  with  BO ;'  wherefore  the  plane  EAD  coin- 


[ual  to  the  angle  FBG:  and  be-  A.         A 

inclination  of  the  plane  CAE  to      /    '\    '     »\ 
CAD,  is  equal  *  to  the  inclina-     C     ^  ^   ^G 


I 
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I  ndes  witli  the  plane  HBG  :  therefore,  the  solid  angle  A  coin- 
1  ddes  wiili  the  solid  angle  B,  and  conKquently  ihey  ttvn  equal  *   ■  S  Ai. 
e  another.     Q.  E.  D. 

PB0P03ITI0N   C. 

Thbor.—  Si)liri_figuret  which  are  contained  htf  ihe  tame  nu m-  Ste  N. 
ber  of  equal  and  similar  planrM  atikt  niuaUd,  and  baaing 
none  of  Ihtir  iolid  angler  ainlained  (ti/  more  than  three  plant 
angle*,  are  equal  and  timilar  lo  one  another. 

Let  AG,  KQ  Ik  two  solid  figures  contained  by  the  Hinie 
nnmber  of  limitor  and  equal  planes,  alike  situated,  via.  let 
the  pliuie  AC  be  similnr  and  equal  to  the  plane  KM  j  the  plane 
Ar  to  KP  ;  BO  to  LQ  i  GD  to  QN  ;  UE  to  NO  ;  and,  lagtly. 
FB  similar  and  equal  to  PR  ;  the  aolid  figure  AG  shall  be 
efjoal  and  aimilar  to  the  solid  figure  KQ. 

Because  the  solid  angle  at  A  is  (XHitained  bv  the  three  plane 
uigles  BAD,  BAE,  EAD,  which,  by  the  hypothesis,  are  equal 
to  tb«  plane  angles  LEN,  LKO,  OKN,  which  contain  the  solid 
angle  at  K,  each  to  each,  therefore  the  solid  angle  at  A  is 
equal  *  to  the  solid  angle  at  K  :  in  the  same  manner,  the  other  *  B.  II. 
solid  angles  of  the  figures  are  equal  to  one  another.  Let  then 
the  solid  figure  AG  be  applied  to 

the  solid  Hgiire  liQ :  drat  the  plane       fl        G      R       Q 
figure  AC  being  applied  to  the  plane 
figure  KM,  so  that  the  straight  line 
AB   may  coincide   with   KL,    the 
figure  AC  mnsl  coincide  w-ith  the 

figure  KM,  bccauRc  th«y  are  equal  and  similar ;  therefore  the 
rtraight  lines  AD,  DC,  CB  coincide  with  KN,  NM,  ML,  each 
with  each  ;  and  the  points  A,  D,  C,  B,  with  the  points  K,  N, 
M,  L ;  and  the  solid  angle  at  A  coincides  with  •  the  solid  an-  ' 
glc  at  K ;  wherefore  the  plane  AF  coincides  with  the  plane 
KP,  And  the  figure  AF  with  the  figure  KP,  because  they  are 
eqiud  and  similar  to  one  anothar  :  therefore  the  straight  lines 
AE,  EF,  FB  coincide  with  KO,  OP,  PL;  and  the  ]wints  S,  F, 
with  the  points  O,  P:  in  the  same  manner,  the  figure  AU 
coincides  with  the  figure  KR,  and  the  straight  line  DH,  with 
NR,  and  the  point  II  with  the  point  H.  And  because  the 
solid  angle  at  B  is  equal  to  the  solid  angle  at  L,  it  may  be 
IJlwWt  ia  tlw  wne  nwaBcr,  that  the  figmt  BO  aiMicide«  with 
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the  figure  LQ,  and  tlic  straight  line  CH  with  itQ,  and  l] 
point  G  ivith  the  point  Q.  Therefore,  since  all  the  planes 
sides  of  the  solid  figure  AG,  eoindde  ivith  the  planes  and  sidi 
of  the  solid  figure  K(i,  AG  is  equal  and  similar  to  KQ.  An^ 
ill  the  eame  manner,  any  other  solid  figures  whatever,  con- 
tained by  tlie  same  number  of  equal  and  similar  planes,  alike 
situated,  and  having  none  of  their  solid  angles  contained,  b 
more  than  three  plane  angles,  may  be  proved  to  be  equal  u 
similar  to  one  another,     a.  e.  d. 

PROPOSITION  XXIV. 

TheoR. — If  a  ioUd  he  conlaiiicd  bi/  iix  pltim 
of  which  are  parallel ;  the  opjiosile  plana  a 
equal  para llclogra mx. 

I«t  the  solid  CUOEt  be  contained  by  the  parallel  planes  AG, 
OF;  BG,  CK;  FB,  AE:  its  opposite  planes  shall  be  umiUr 
and  equal  paralleli^ranis. 

liciausc  the  two  parallel  planes  BG,  CE  are  cnt  by  tlie  plan* 
AC,  their  common  sections  Ali,  I'D  *  are  parallel :  again.  b«* 
cause  the  two  parallel  planes  BF,  AE  arc  cot  by  the  plaae 
AC,  their  cumnion  sections  AD,  BC  *  are  parallel ;  and  AB  H 
parallel  to  CD;  therefore  AC  is  a  parallelogram. 
manner  it  may  be  pruved,  that  each  of  the 
figures  CF„  FG,  OB,  BF,  AE,  is  a  parallelo- 
gram. Join  AH,  DF:  and  because  AB  is 
parallel  to  DC,  and  BH  to  CF ;  the  two  straight 
tines  AB,  BII,  which  meet  one  another,  are 
parallel  to  DC  and  CF,  which  meet  one  an- 
other, and  are  not  in  the  same  plane  with  the  other  t 
wherefore  they  contain  '  equal  angles ;  therefore  the  * 
ABU  is  equal  to  the  angle  DCF :  and  because  AB,  BHil 
equal  to  DC,  CF,  each  to  each,  and  the  angle  ABIi  equalD 
the  angle  DCF,  therefore  the  base  AH  is  equal  •  to  Uie  hue 
DF,  and  the  triangle  ABH  to  the  triangle  DCF:  but  the 
parallelogram  BO  is  double*  of  the  triangle  ABH,  and  the 
jiarallelogram  CE  double  of  the  triangle  DCF ;  therefore  th* 
parallelogram  BO  is  equal  and  similar  to  the  pamlteK^nM 
CB.  In  the  same  manner  it  may  be  proved,  that  the  poitl' 
Iclogram  AC  is  equal  and  similar  to  the  parallelc^ram  OP,  i  *~ 
the  iwrallelogram  AE  to    BF.      Therefore,  if  u    stdU,  1 


In  Uln 


t  XI,    pnop.  XXV. 


PROPOSITION    XXV. 


Th  koh. — If  a  xoliil  paraUdapiped  be  cut  hi)  a  plane  pafh 
ta  tieo  ^"  iV*  opponUe  planes,  it  ilivides  Ike  irAale  into  tteo 
totids.  the  bane  of  one  ^  which  shall  be  to  the  base  of  the 
other,  as  the  one  solid  m  to  the  alher. 

Let  the  ulid  parallelepiped  ADCD  be  cut  by  the  plane  BV, 
which  is  parallel  to  the  opposite  planes  Alt,  IID,  and  di\-ides 
the  whole  into  the  tn-u  solids  ABFV,  EQCD:  as  thebascAEFY 
of  the  first  ia  to  the  base  EHCF  of  the  other,  ao  shall  the  wlid 
AUrv  be  to  the  solid  EOCD. 

Produce  AI!  both  woj-s,  and  take  any  number  of  straight 
lines  HM,  -MN,  each  equal  to  Ell,  and  any  number  AK,  KL, 
each  equal  to  EA,  and  complete  the  parallelograms  LO,  KY, 
HQ,  MS,  and  the  solids  LP,  KH,  ilU,  MT.  Then,  because  the 
straight  lines  LK,  KA,  AE,  arc  all  equal,  the  parullelognuns 
LO,  KV,  AF  are  •  equal ;  and  « 

likewise  the  parallelograms  KX, 
KB,  AG  :  also  •  the  parallelo- 
gmna  LZ,  KP,  AR  are  equal,  be- 
cause they  are  opposite  planes : 
for  the  same  reason,  the  parnl- 
Idaignitns  EC,  IIQ,  SIS  are  equal  *,  and  the   parallelogratna   • 
BO,  HI,  IN:  as  also*  IID,  MU,  NT:  therefore  three  planes  i 
of  the  solid  LP  are  equal  and  similar  to  three  planes  of  the 
■olid  KB,  as  also  to  three  pbines  of  the  solid  AV:  but  the 
three  ptunea  opposite  to  these  three  arc  cqnal  and  similar  *  to  < 
tliiem  in  the  several  solids,  and  none  of  their  solid  an({les  are 
contained  by  more  than  three  plane    angles ;    therefore  the 
three  solids  LP,  KR,  AV  arc  equal  *  to  one  another :  for  the   • 
tame  reason,  the  three  solids  ED,  Uir,  MT  are  equal  to  one 
Miother:  therefore  what  multiple  soever  the  base  LF  ia  of  the 
baae  AF,  the  same  multiple  is  the  solid  LV  of  the  solid  AV ; 
aud  whatever  multiple  the  base  NF  is  of  the  base  UF,  the  sauic 
maltiple  Is  tlie  solid  NV  uf  the  solid  ED :  and  if  the  base  LF  be 
oqtwl  to  tite  base  NF,  the  solid  I.V  is  equal  *  to  the  solid  NV ;  • 
and  if  the  base  LF  be  greater  than  the  base  NF,  the  solid  LV 
■K  greater  than  the  solid  NV ;  and  if  leas,  less.     Since  then 
tbvn  are  four  niagnitudea,  viz.  the  two  basea  AF,  FH,  and 
Uie  two  solids  AV,  ED ;  and  that  vf  the  base  AF  and  solid, 
o  3 
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AV,  tlie  base  LF  and  solid  LV  are  ftny  equi multiples  whit' 
ever ;  and  of  the  ba»e  FH  aod  solid  ED,  the  Lose  FN  and  solid 
NV  arc  any  cqaimultiplefl  whatever;  and  since  it  has  been 
proved,  that  if  the  l>a»e  LF  is  greater  than  the  base  FN,  lh» 
solid  LV  IS  greater  than  the  solid  NV ;  and  if  equal,  equal ; 
and  if  less,  less ;  therefore  *  as  the  base  AF  is  to  the  blue  FH, 
so  is  the  solid  AV  to  the  solid  £D.     Whercfoie,  if  a  wilid. 


PROPOSITION  xxvr. 

■ce  N.  pROB. — Al  a  given  point  in  a  giren  tlraighl   line,   to  make  a 

folid  angle  equal  to  a  given  solid  angle  contained  liif  three 
plane  anglei. 

Let  AB  be  a  given  straight  line,  A  a  given  point  in  It,  ud 
D  a  given  solid  angle  cuntaiucd  by  the  three  jilanc  angles  EDC, 
EOF,  FDC;  it  is  required  to  make  at  the  point  A,  in  the 
straight  line  AB,  a  solid  angle  equal  to  the  solid  angle  D. 

11.  II.  Id  the  straight  line  DF  take  any  point  P,  from  which  draw* 

FG  perpendicular  to  the  plane  EDC,  meeting  that  plane  in  O, 

93.  1.  and  join  DO  :  at  the  point  A,  in  the  straight  line  AB,  make  * 
the  angle  BAL  equal  to  the  angle  EDC;  and  in  the  plane  BAL, 
make  the  angle  BAK  equal  to  the  angle  EDO  ;  then  maJieAK 
le.  1 1.  equal  to  DO,  and  from  the  point  K,  erect  *  KU  at  right  angles 
tu  the  plane  BAL,  and  make  KH  equal  to  OF,  and  join  AD: 
the  solid  angle  at  A  which  is  contained  by  the  three  plane  an- 
gles BAL,  BAH,  DAL,  shall  be  equal  to  the  solid  angle  at  D 
contained  by  the  three  plane  angles  EDC,  EDF,  FDC. 

Take  the'equol  straight  lines  AB,  DE,  and  join  HB,  KB,  FE. 
OE.     And  because  FO  is  perpendicular  to  the  plane  EDT.  it 

3Der.  11.  makes  right  angles  *  with  every  straight  line  meeting  it  in 
that  plane ;  therefore  each  of  the  angles  FOD,  FOE  is  a  rigltt 
angle:  for  the  same  reason,  HEA,  HKB  &re  right  nngln. 
And  because  KA,  AB  are  equal  to  OD, 
DE,  each  to  each,  and  that  they  con- 
tain equal  angles,  therefore  the  base 

i-  I.  BK  is  equal  *  to  the  liase  EC ;  and  KU     It^ 

C«n.tr.       ii,  equal  +  to  OF,  and  HKB,  FOE  are 

*■  '  right  angles,  therefore  HB  is  equal  " 

to  FE.     Again,  because  AK,  KH  are  equal  to  DO,  Of, 
to  each,  and  contain  right  angles,  the  base  All  is  equal  l»ll 
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base  DF;  ami  AD  is  equal  to  DE  ;  ihcrefore,  HA,  AB  areequal 
W  FD,  DE,  each  to  each  ;  and  tiie  base  IlB  U  equal  to  the  base 
FE;  Uierefore  ihe  angle  BAH  is  equal  •  to  the  angle  EDF; 
fw  the  same  reason,  the  angle  UA  Ii  is  equal  to  the  nngle  FDC  : 
beoiuseif  ALand  DC  be  made  equal,  and  KL,  HI,,  GC,  FC  be 
jn'oed ;  RJiice  the  whole  angle  BAI,  is  cquiil  to  the  whole  F.DC, 
and  tlie  parts  of  tbem  BAK,  EDO  are,  by  tbe  construction, 
equal,  therefore  the  remaining  angle  KAL  is  equal  to  the  rif- 
tnaining  angle  ODC  ;  and  because  KA,  AL  are  equal  to  GD, 
DC,  eoch  to  each,  and  contain  equal  angles,  the  base  KL  is 
eqnal  •  to  the  base  GC  ;  and  KH  is  equal  to  OF ;  so  that  I-K, 
KH  are  equal  to  CG,  OF,  each  to  i>ach;  and  they  contain  right  t 
angles;  therefore  the  base  HL  is  eqiml  t  to  the  base  FC:  again, 
because  UA,  AL  are  equal  to  FD,  DC,  each  to  each,  and  the 
b<u«  HL  to  ihc  base  FC,  the  angle  HAL  is  equal  •  lo  the  an- 
gle FDC.  Therefore,  because  the  three  plane  angles  BAL, 
BAH,  HAL,  which  contain  the  solid  angle  at  A,  are  equal  to 
Uk  three  plane  angles  &DC,  EDF,  FDC,  which  contain  the  solid 
angle  ot  D,  each  to  each,  and  are  situated  in  the  same  order, 
the  solid  angle  at  A  is  equal  '  to  tlic  solid  angle  at  D.  There- 
fore, at  a  given  point  in  a  given  straight  line,  a  sulid  angle 
haa  been  made  equal  to  a  givun  solid  angle  coiilained  by  three 
plaae  aof^les.     Which  was  to  be  done. 


solid  S«^fl^ 


PROPOSITION  XXVII. 

Thbok. — To  describe,  from  a  given  utrmght  litte, 
paralMa^peil  *imilur  and  timilarly  siliraled  In  one  give 


Lot  AB  be  the  given  straight  line,  and  CD  the  given  solid 
pnralleluptped ;  it  is  required  from  AB,  to  describe  a  solid 
paralJclopiped  similar  and  similarly  situated  to  CD. 

At  the  point  A  of  the  given  straight  lino  AB,  make*  a  ' 
solid  angle  equal  to  the  solid  angle 
at  C,  and  let  BAK,  KAH,  KAB  be 
tbe  three  phine  angles  which  con- 
tain it,  BO  that  BAK  be  equal  to  the 
angle  ECO,  and  KAH  toOCF,  and 
HAB  to  FCE :  and  as  EC  to  CO,  so  ^ 

male  *  BA  to  AE  i  and  as  OC  to  CF,  sn  make  *  KA  to  AH  j 
wherefcTc,  ex  tequali  *,  ai  £C  to  CF,  bo  ii  RA  to  AH :  com- 


tSDrf.II. 
t*.l. 


I 
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piece  the  psraUelognaii  BH,  and  the  aolid  AL:  AL  Aidl  be 
•imilar  and  similarly  sitoated  to  CD. 

Because,  as  EC  to  GC,  so  BA  to  AK,  the  sides  about  the 
equal  angles  ECG,  BAK,  are  propartiooals ;  therefore  the 
1 1  DcC  6.  parallelogram  BK  is  similar  t  to  EG :  for  the  same  reaaoo,  the 
parallelogram  KH  is  similar  to  GF^  and  HB  to  FE ;  wherefere 
three  parallelograms  of  the  solid  AL  are  similar  to  thti^  of 
the  solid  CD :  and  the  three  opposite  ones  in  each  solid  are 

*  84. 1 1.       equal  *  and  similar  to  these,  each  to  each.   Also,  because  the 

plane  angles  which  contain  the  solid  angles  of  the  figOMS-are 
equal,  each  to  each,  and  situated  in  the  same  order,  the  aalid 

*  B.  1  ].        angles  are  equal  *,  each  to  each :  therefore  the  solid  AIa  is 

*  llDeCIl.  similar  *  to  the  solid  CD.    Wherefore,  from  a  given  stnosl^ 

line  AB,  a  solid  parallelopiped  AL  has  been  described  similar 
and  similarly  situated  to  the  given  one  CD.  Whidi  waato 
be  done. 

PROPOSITION  XXVIII. 

Se«  N.         Thbor. — If  a  solid  parallelopiped  he  cut  by  a  pUtne'pdmii^ 
through  the  diagonals  of  two  of  the  opposite  platted,  k  wktM 
.  he  cut  into  two  equal  parts. 

Let  AB  be  a  solid  parallelopiped,  and  D£,  CF,  the  diagonals 

of  the  opposite  parallelograms  AH,  GB,  vix.  those  which  are 

drawn  betwixt  the  equal  angles  in  each  :  and  because  CD,  ffi 

are  each  of  them  parallel  to  GA,  and  not  in  the  same  pboe 

«  9. 11.         with  it,  CD,  FE  are  *  parallel ;  wherefore  the 

diagonals  CF,  DE  are  in  the  plane  in  which  the  q       '  p 

*  16. 11.       parallels  are,  and  are  themselves  *  parallels:     q^^^^Z, 

and  the  plane  CDEF  shall  cut  the  solid  AB     ^  ^ 

into  two  equal  parts. 
*Si.l.  Because  the  triangle  CGF  is  equal  *  to  the 

triangle  CBF,  and  the  triangle  DAE  to  DHE ; 
^Si.  11.       and  that  the  parallelogram  CA  is  equal  *  and  similar  to  the 

opposite  one  BE,  and  the  parallelogram  GE  to  CH ;  thercfiie 

the  prism  contained  by  the  two  triangles  CGF,  DAJB,  and  Ike 

*  0. 1 L        three  parallelograms  CA,  GE,  EC>  is  equal  *  to  the  priam  ooa- 

tained  by  the  two  triangles  CBF,  DHE,  and  the  three  paral- 
lelograms BE,  CH,  EC,  because  they  are  contained  by  the 
same  number  of  equal  and  similar  planes,  alike  situated,  and 
none  of  their  solid  angles  are  contained  by  mcNne  than  three 


2 


^ 


to 
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|)lane  angles.     Therefore,  the  sulid  AD  is  cut  into  two  eqaa] 
jante  by  the  plane  CUUF.     «.  e.  d. 

^.1'    ■     '  PROPOSITION  XXIXJ. 

TasOB. — Soiid  parallelopipeih  ?//»»  the  same  base,  and  of  S 
.     ihe  same  allUudt,  the  iniiiiirig  straight  lines  o/'  which  are 
,    ttm'uiuUd  in  Ihe  same  straight  linn  in  the  piaue  oppusilc 

Jajjie  base,  are  cqtialto  vxe  another. 

Let  llie  solid  parailclopipcds  AM,  AKbe  npon  the  some 
tisse  AB,  oad  of  the  same  ullitude,  and  let  their  inBiKting 
straight  lines  AF,  AG,  LM,  LN  I>e  terminated  in  tht!  same 
Arnight  line  FN,  and  CD,  CE,  BH,  BK  be  tcrniinnted  in  the 
■ame  straight  line  DK :  the  solid  All  shall  he  equal  to  the 
aulid  AE. 

First,  let  the  parallelograms  DO,  UN,  which  are  opposite  to 
the  base  AB,  haw  a  common  sidi;  HG.     Then  because  the 
solid  AD  iit  cut  by  the  plane  AOHC  passing 
through   the  diagonals  Ad,  CH  of  the  op-       n        It         k- 
jnaite  planes  A  LGF,  CBUD,  AH  is  cut  into       KESLlT^^ju 
\two  equal  pnrta'  by  the  plane  AGIIC;     f-W\,fvf  .--^       ' 
therefore  the  solid  AH  is  double  of  the  ^^"^      f' 

|tri«n  which  is  contoincU  betwixt  tlie  tri- 
KDglH  ALO,  CDH  :  for  the  same  reason,  because  the  solid  AK 
ia  cut  by  the  plane  LQIIlt,  through  the  diagonals  LO,  BU  of 
the  appoMte  planes  ALNn,  CBKH,  the  solid  AK  is  double  of 
tbesame  prism  which  is  contained  'betwixt  the  triangles  ALO, 
CBIl :  tlicreforetbesolid  AH  isequalt  to  the  solid  AK,  ^ 

Next,  let  the  parallelograms  DM,  EN,  opposite  to  the  haw. 


4 


Then,  becausu  CH,  CK  are  paraUolu- 


Imve  no  common 

grams,   CB   is   eqnal* 

to  each  of  the  oppo- 
site   Kides    DH,    EK  ; 

Tvherefbre  DH  is  equal 

to   EK:  fldd,  or  take 

BWaythe  common  part 
MIE;  then  DE  is  equal  +  to  HK:  wherefore  also  the  triangle  ■ 
-CDffMe^ail'  to  the  trianglcBHK,  and  the  parallelogram  DO    ' 

•'■'  't  •lIl.B.'Tb*  fdiisling  itrnlghl  linei  of  a  prallulojiiped,  mcnlioned  in  Ihij 
[■f«Dd<«iMiBiUloitfag  [inipiHitlDiiK^  >rc  the  bhIsi  cf  Ihe  ptnitlelogtiimE  bc- 
,,^|1ntt,()labI•«.■Bl<  llie«F|ioiilcfiliii]epi[alLul  loiu' 


IS  equnl  *  to  the  parol lelt^mm  UN :  for  the  game  reu 
triangle  AFG  is  equal  to  the  triaugle  LMN :  and  the 
lelograni  CF  is  equal '  to  the  parallelt^p^m  BM,  and  CG 
BN ;  for  they  are  opposite.  Therefore  the  prism  which 
contained  hy  the  two  triangles  AF«,  tDB,  and  the  thi 
parallelugranis  AD,  DO,  GC,  is  equal*  to  the  prism  tx 
tained  hy  the  two  triangles  LMN,  BHE,  and  the  thi 
parallelograms  BM,  MK,  KL.  If,  therefore,  the  prism  LMi 
BUK  he  talccu  from  the  solid  of  which  the  base  is  the  pan 
lelogrfloi  AB,  and  in  which  KDKN  is  the  one  opposite  to  i 
and  if  from  this  same  solid  there  be  taken  the  prism  Al 
CDE  :  the  remaining  solid,  viz.  the  parallclopiped  AH 
eqiialt  to  the  remaining  ])arallelopiped  AK.  Therefore,  sol 
jiarallelopipeds,  &c.     Q.  e.  d, 

PROPOSITION   XXX. 

Tmror. — Solid  jiaraCUlopipeds  upon  the  tame  bate,  and 
Ike  same  allUude,  lie  insisling  xlraighl  linet  of  which  < 
MOf  terminated  in  the  same  straight  lines  in  Ike  plane  ofj; 

"    iite  to  the  base,  are  equal  to  one  another. 

Let  the  parallelopipeds  CM,  CN  be  upon  the  same  boK  A 
and  of  the  same  altitude,  but  their  insisting  straight  lines  AjiJ 
AO,  LM,  LN,  CD,  CE,  BU,  BK  not  terminated  in  the  a 
Btraight  lines:    the  solids  CM,  CN   shall  be  equal  to 
another. 

Produce  FD,  MH,  and  NO,  KB,  and  let  them  meet 
another  In  the  points  O,  P,  Q,  R ;  and  join  AO,  LP,  BQ, 
And  because  the  plene  LBH.M  is 
parallel  to  the  opposite  plane  ACDF, 
and  that  the  plane  LBHM  is  that  in 
which  are  the  parallels  LB,  MHPQ, 
in  which  also  is  the  figure  BLPQ  ; 
and  the  plane  ACDF  is  that  iu  which 
are  the  parallels  AC,  FDOR,  in  which 
also  is  the  figure  CAOR  ;  therefore 
the  figures  BLPQ,  CAOB  are  in  pa- 

rallel  planes ;  in  like  manner,  because  the  piano  ALNO 
parallel  to  the  opposite  plane  CBKE,  and  that  iheplitneAIiN 
is  that  in  which  are  the  paniUcIs  AL,  OPON,  in  u-hich  alsa 
the  figure  ALPO;  and  the  plane  CBKE  is  that  in  which  i 
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•tbe  {Mnllela  CB,  RQEK,  in  which  also  is  the  figure  CBQR ; 
therefore  the  figures  ALPO,  CBQR  are  in  parallel  planes:  and 
the  planes  ACBL,  ORPQ  are  +  parallel ;  therefore  the  solid  CP    t  Hyp- 
is  a  parallelopiped :  but  the  solid  CM  is  equal"  to  tbe  solid   '  *!>■  H- 
CP,  because  they  are  upon  the  same  base  ACBL,  and  their 
imistiiig  straight   lines  AF,  AO,  CD,  CR;  LM,  LP,  BII,  BQ 
■mn  in  the  same  straight  lines  FR,  MQ :   and  the  solid  CP  is 
cqaal'  to  tbe  solid  CN,  for  tlicy  are  upon  the  same  base  ACBl.,   •  83.  1 1, 
and  tbcir  insisting  straight  lines  AO,  AO,  LP,  LN ;  CK,  CE, 
BQ,  BK  are  in  the  same  straight  lines  ON,  RK  ;  therefore  the 
jolid  CM  is  equal  to  the  solid  CN.     Wherefore,  solid  paral- 
klopipeds,  &c.     Q.  a.  d. 


PROPOSITION  XXXL 


Tbeoh. — Solid  para/lclopipeds,  which 
and  of  the  tame  allitude. 


Let  the  solid  parallelepipeds  AE,  CF  be  upon  equal  bases 
AB,  CD,  and  be  of  the  same  altitude :  the  solid  AE  shall 
be  equal  to  the  solid  CF. 

First,  let  the  insisting  straight  lines  be  nl  right  angles  to 
the  bases  AB,  GD,  and  let  the  bases  be  pbced  in  the  soma 
plaue,  and  so  that  the  sides  CL,  LB 
Buy  be  in  a  straight  line;  therefore 
the   straight   line   LSI,   which  is  at 
right  angles  to  the  plane  in  which 
the  bases  arc,  in  the  point  L,  is  com- 
mon *  to  the  two  solids  AG,  CF :  let 
the  other  insisting  lines  of  the  solids  be  AO,  HK,  BE;  DF, 
OP,  CN :  and  first,  let  the  angle  AI-B  be  equal  to  the  angle 
CLD:  then  A  L,  LD  are  in  a  straight  line".     Produce  OD,    ■ 
H B,  and  let  them  meet  in  Q,  and  complete  the  solid  paralleliy-  ' 
piped  LR,  the  base  of  which  is  the  parallelogram  LQ,  and  of 
which  LM  is  one  of  its  insisting  straight  lines.     Therefore. 
because  the  parallelogram  AB  is  equal  to  CD,  as  the  base  AB 
is  to  the  base  LQ,  so  is  *  the  base  CD  to  the  base  LQ.     And  ' 
kecanae  the  solid   porallelojiiped  AR  is   cut   by   the   plane 
LUEB,  which  is  parallel  to  the  opposite  planes  AK,  DR ;  as 
the  base  AB  Is  to  the  base  LQ,  f,iy  is  *  the  solid  AE  to  the  ■ 
«olid  LR :  for  the  same  reason,  because  the  solid  parallelopiped 
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CB  is  c«t  by  the  plane  LMFD,  which  is  pflrnllel  to 

site  planes  CP,  BR  ;  as  the  base  CD  to  the  base  LQ. 

solid  CF  tu  the  solid  l.R  :  but  as  the  base  AB  to  tbe  base  Lff, 

so  the  base  CD  to  the  bnscLQ,  ax  before  was  proved  :  tlterefw^ 

as  the  solid  AE  to  tlie  solid  LR  t,  so  is  the  solid  CF  to  the  aolU 

LR :  aud  therefore  the  solid  AB  is  equal  *  to  the  solid  CF. 

But  let   the  solid   paiallelopipcdH   S£,  CF  be  upon 
tioses  Sll,  CD,  and  be  of  the  same  altitude,  and  let  their  W 
sisting    straight    lines    be   at    right 
aiiglce  to  the  bases ;  and  place  the     p 
bases  SB,  CD  in  the  same  plane,  ao      f^  C 


t  CIi,  LB  may  I 


line;  and  let  the  angles  SLD,  CLD  "\ 
be  unequal:  the  solid  HE  shall  be 
equal  to  the  solid  CF.  Produce  DL, 
TS  until  they  meet  in  A ;  and  from  B,  draw  BH  parallel  to 
DA  ;  and  let  UB,  OD  produced  meet  in  Q,  and  complete  tlw 
solids  AE,  LR  :  therefore  the  solid  AE  is  equal  *  to  the 
SE,  because  they  ure  upon  the  same  base  LE,  and  of  the 
altitude,  and  their  insisting  straight  lines,  viz.  LA,  LB,  Bri, 
BT ;  BIG,  MV,  BK,  EX,  are  ID  the  same  straight  lines  AT, 
GX  :  and  because  the  parallelogram  AB  is  equal  *  to  SB,  for 
they  are  upon  the  same  base  LB,  and  between  the  sani«  pa> 
rallels  LB,  AT:  and  that  tbe  base  SB  ia  oqual  to  tite 
CD  ;  tberefore  the  base  AB  is  equal  to  the  base  CD  ;  am 
angle  ALB  is  equal  to  the  angle  CLD  ;  therefore  by  the 
case,  the  solid  AE  is  equal  to  the  solid  CF:  but  the  solid  AE 
is  equal  to  the  solid  SE,  as  was  demonstrated  ;  therefore  tls 
solid  SE  is  equal  to  the  solid  CF. 

But  if  the  insisting  straight  lines  AO,  HK,  BE,  I>M  ; 
RS,  DF,  OP  be  not  at  right  angles  to  the  bases  AB,  CD 
this  case  likewise, 
tbe  solid  AE  shall  be 
equal  to  the  solid  CF. 
From  the  points  t>, 
K,  E,  M  ;  N,  8,  F,  P, 
draw  the  straight 
lines  OB,  KT,  EV,  MX  ; 
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;  NY,  SZ,  FI,  PU,  perpendicular 
the  planes  in  which  are  the  bases  AB,  CD ;  and  let  (hem  i 
thcui  in  the  points  U.  T,  V,  X ;  Y,  Z,  I,  U ;  and  join  Ql^ 
TV,  VX,  XQ  ;  YZ,  ZI,  lU,  VV.  Then,  because  OQ,  KT  M 
at  right  angles  to  the  same  plane,  they  are  parallel  *  I 


and  MO,  EK  an?  parallels;  tberefore  the  plsScB 
MQ.  £T,  (of  wliicb  i)iil>  pusses  through  MO,  GQ,  and  the 
other  tbrougii  EK,  KT,  which  arc  parallel  to  MO,  OQ,  and 
not  in  the  same  plane  with  them,)  are  parallel  *  to  one  an- 
other :  for  the  some  reason,  the  planes  MV,  QT  are  parallel 
to  one  uiotiicr  :  therefore  the  solid  QE  is  a  parallelopiped. 
In  like  manner  it  may  be  proved,  that  the  solid  VF  is  a  pa- 
rallelopiped. But,  from  what  has  been  demonstrated,  the 
solid  EQ  is  e<]uid  to  the  solid  FY,  because  they  arc  upon  equal 
bases  MK,  PS,  and  of  the  same  altitude,  and  have  their  insigting 
ttmight  lint's  at  right  angles  to  the  bases :  and  the  solid  EQ 
is  equal  *  to  the  solid  A¥,,  and  the  solid  FV  to  the  solid  CP, 
because  they  are  upon  the  same  bases  and  of  the  aamc  alci- 
tuda ;  therefore  the  solid  AE  is  equut  to  the  solid  CF.  Where- 
fore, solid  parollclopipcds,  &c.     9.  B.  d. 


PROPOSITION  xxxrr. 


Ta  KOH .—So/iJ  parallelojiipetU  which  have  llie  t 
are  loone  another  as  their  bases. 


e  allihuU;    See  N, 


Let  AB,  CD  be  solid  parallelopiped s  of  the  same  altitude : 
they  shall  be  to  one  another  as  their  liases ;  that  is,  as  the 
Lose  AE  to  the  base  CF,  so  shall  the  solid  AB  be  to  the  solid 
CD. 

To  the  straight  line  FO,  apply  the  paralletogram  FU  equal  '    ' 
to  AE,  so  that  the  angle  FGH  may  be  equal  to  the  angle  LCG; 
and  upon  the  base  FH,   complete 
the  solid  parallelopiped  OK,  one  of 
nhoae  insisting  lines  is  FD,  where- 
hy  the  solids  CD,  OK  must  be  of 
the  same  altitude :    therefore  the 
Mdid  AB  is  equal  *  to  the  solid  OK, 
beeanse  they  are  upon  equal  bases  AE,  FH,  and  are  of  the  same 
altitude:  and  liecause  the  solid  parallelopiped  CK  is  cut  by 
the  plane  DO,  which  is  parallel  to  its  opposite  planes,  the  base 
-HP  is  •  to  the  hose  FC,  as  the  si.lid   HD  to  the  solid  DC  :   but    ■ 
the  base  ilF  is  equal  to  the  base  AE,  and  the  solid  OK  to  the 
sidid  AB ;  therefore  as  the  base  AE  to  the  base  CF,  so  is  the 
solid  AB  to  the  «olid  CD,    Whcrefiare,  solid  parallulopipeds, 
&o.     9.  B,  D. 


4 

i9.  ot  SO. 

1 
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•88.  11. 


Cor.  From  this  it  is  manifest,  that  prisms  upon  triangular 
bases,  of  the  same  altitude,  are  to  one  another  as  their  bases. 

Let  the  prisms,  the  bases  of  which  are  the  triangles  AEM, 
CFO,  and  NBO,  PDQ  the  triangles  opposite  to  them,  have  the 
same  altitude :  they  shall  be  to  one  another  as  their  faaaei. 
Ck>mplete  the  parallelograms  AE,  CF,  and  the  solid  paralleb* 
pipeds  AB,  CD,  in  the  first  of  which  let  MO,  and  in  the  other 
let  GQ  be  one  of  the  insisting  lines.  And  because  the  solid 
parallelopipeds  AB,  CD  have  the  same  altitude,  they  are  to 
one  another  as  the  base  AE  is  to  the  base  CF :  wheiefbre  the 
prisms,  which  are  their  *  halves,  are  to  one  another,  as  the 
base  AE  to  the  base  CF ;  that  is,  as  the  triangle  AEM  to  the 
triangle  CFO. 


PROPOSITION  XXXIIL 


•24.  11. 
•  C.  n. 


fik 


Theor.— iVtfitt/ar  s(^id  parallelopipeds  are  one  to  another  im 
the  triplicate  ratio  of  their  homologous  sides. 


Let  AB,  CD  be  similar  solid  parallelopipeds,  and  the  side 
AE  homologous  to  the  side  CF :  the  solid  AB  shall  have  to  the 
solid  CD,  the  triplicate  ratio  of  that  which  AE  has  to  OF. 

Produce  AE,  0£,  HE;   and  in  these  produced,  take  EK 
equal  to  CF,  EL  equal  to  FN,  and  EM  equal  to  FR  ;  and  com- 
plete the  parallelogram  KL,  and  the 
solid  KO.     Because  KE,  EL  are  equal  ^ 

to  CF,  FN,  each  to  each,  and  the  angle  RZSij^ 
KEL  equal  to  the  angle  CFN,  because  .  Jj\ 
it  is  equal  to  the  angle  AEG,  which  q — ^ 
is  cqusJ  to  CFN,  by  reason  that  the 
solids  AB,  CD  are  similar ;  therefore 
the  parallelogram  KL  is  similar  and 
equal  to  the  parallelogram  CN :  for  the  same  reason  the  pa- 
rallelogram MK  is  similar  and  equal  to  CR,  and  also  OE  to  FD. 
Therefore  three  parallelograms  of  the  solid  KO  are  equal  and 
similar  to  three  parallelograms  of  the  solid  CD  :  and  the  three 
opposite  ones  in  each  solid  are  equal  *  and  similar  to  these : 
therefore  the  solid  KO  is  equal  *  and  similar  to  the  solid  CD. 
Complete  the  parallelogram  GK ;  and  upon  the  bases  GK,  KL, 
complete  the  solids  EX,  LP,  so  that  EH  be  an  insisting  straight 
line  in  each  of  them,  whereby  they  must  be  of  the  same  alti- 
tude with  the  solid  AB.     And  because  the  solids  AB,  CD, 
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•re  Bimilar,  auil  hy  permutation,  aa  AE  ia  to  CF,  bo  \a  Ed  to 
rs,  and  BO  ia  KM  to  FR  ;  tiut  FC  is  equal  tu  EK,  aiitl  FN  to 
EL.,  and  FR  to  EM  ;  thererure,  na  AE  to  EK,  «o  is  Ed  to  EL, 

HE  to  EM  ;  but  UH  AE  to  EK,  «o  •  is  the  juralltlo-    •  i.  0. 
gnuD  AO  to  the  parallelngram  UK;  anil  as  (IE  to  EL,  w>  Is  *    *  1.0. 
OK  to  KL ;  .tnd  as  HE  to  EM,  so  *  is  PE  to  KM  :  therefore    *  ■■  6. 
the  parallelogram  AH  to  the  parHlMogram  GK,  so  is  OK  to 
h.  and  PE  tDK.M:  but  as  AO  to  GK,  so  is*  the  Milid  AB    •».  II. 
the  solid  EX  ;  and  as  GK  to  KL,  eo  *  is  the  solid  EX  to  ■  M.  I  ■■ 
tthetolid  PL;  and  as  PE  to  KM,  so*  is  the  luilid  PL  to  tb«    'sbAl. 
iK^id  KO :  and  therefore  as  the  solid  AB  to  the  solid  EX,  so 
Js  EX  to  PL,  and  PL  tn  KO :  but  if  four  magnitudes  bo  con- 
tinual jiroportioiiaU,  the  first  is  said  to  have  to  the  fourth,  tbe 
triplicate f  ratio  of  thut  which  it  haa  to  the  second;  that-   t  II  Vti.Ii. 
(ore  tbe  solid  A B  has  to  the  solid  KO,  the  triplicate  ratio  uf 
which  AB  has  to  EX  :  but  as  AB  is  to  EX,  so  is  the  po^ 
rallclogrxm  AO  to  the  parulleli^mm  GK,  and  tbe  straight  line 
AE   to   the   straight  line   EK;   wherefore  the  solid  AU  hiu  to 
the  solid  KO,  the  triplicate  ratio  of   that   which   AE  has   to 
EK :  but  the  solid  KO  is  equal  to  the  solid  CD,  and  the 
■tniight  line  EK  ia  equal  to  the  struight  line  CF ;  tberefiire 
the  solid  AB  bss  to  the  solid  CD,  the  triplicate  ratio  of  that 
which  the  side  AE  has  to  tbe  homologous  side  CF.     There- 
re,  similar  solid  parallelopipeds,  &c.     q.  e.  d. 
Cob.     From  this  it  is  manifest,  thut,  if  four  Btmijjht  lines 
be  cuotiiiual  proportionals,  as  the  first  is  tu  the  fourth,  »n  is 
ibe  Bidid  parallelopiped  described  from  tbe  first  to  the  similar 
solid  similarly  described  from  the  second ;  because  the  first 
«traigbt  line  has  to  the  fuurth,  the  tr)pIicat«rutiovf  that  wblcU 
it  has  to  tbe  second. 

PROPOSITION  D. 

-Thkob. — .S</iid  parotUlopiprdt  lehxck  are  contained  by  fmraU  8*c  N. 
itiogravis  eqaiangaiar  to  one  another,  each  la  each,  thai  it, 
of  which  the  tvlid  angle*  arc  equal,   each  to  each,   have  to 
ewe  another  Ike  ratio  which  it  the  ttnnc  tvilh  the  ratio  rum- 
pvMiulet/  of  Ihe  ration  o/"  their  tide*. 

L«t  AB,  CD  be  solid  parHllulopi|)cds,  of  which  AB  is  oon- 
taincd  by  the  fiuruilulognuns  AE,  AF,  Au,  which  are  c^uiim- 
i^pliar,  och  to  each,  to  tiw  parallelograms  CU,  CK,  CL,  wLiub 
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•31.11. 


•  A.  6. 


•88.11. 


t  1.6. 
•85.  11. 


t  9.5. 
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A     E        C  V 


acJid  paralldopipeds  apon  equal  baaea,  and  .of  the 
iiltitude^  are  equal  *  to  one  another ;  therefore  the  aolid-^A 
is  equal  to  the  solid  CD. 

Eut  let  the  Uasct  EH,  NP  be  unequal,  and  let  SH  b»  thl^ 
greater  of  the  two :  therefore,  since,  as  the  base  £H  te  dpA 
base  NP,  so  is  CM  the  altitude  of  the  solid  CD  to  AO  theidlk 
tude  of  AB,  CM  is  greater  *  than  AG.  Therefore,  a«  bcfimi; 
take  CT  equal  to  AO,  and  complete  the  solid  CV.  And  hNr 
cause  the  base  £H  is  to  the  base  NP,  « 

ns  CM  to  AO,  and  that  AG  is  equal  to 
CT,  therefore  the  base  £H  is  to  the  base 
NP,  us  MC  to  CT.  But  as  the  base  £11 
is  to  NP,  so  *  is  the  solid  AB  to  the 
solid  CV ;  for  the  solids  AB,  CV  are  of 
the  same  altitude :  and  as  MC  to  CT, 

so  f  is  the  base  MP  to  the  base  PT,  and  the  solid  CD  to  thf 
solid  *  CV  :  therefore  as  the  solid  AB  to  the  solid  CV,  ae.ii 
the  solid  CD  to  the  solid  CV ,-  that  is,  each  of  the  solids  MM^ 
CD  has  the  same  ratio  to  the  solid  CV ;  and  therefore  thtunMi 
AB  is  equal  t  to  the  solid  CD.  ..       •  m 

Second  general  case.  Let  the  insisting  straight  lines  99^ 
BL,  OA,  KII ;  XN,  DO,  MC,  RP  not  be  at  right  angle$.  to  tlM 
bases  of  the  solids.  ■    ^  ■  .i  ,^i 

In  this  case,  likewise,  if  the  solids  AB,  CD  be  equal,  -iheie 
bases  shall  be  reciprocally  proportional  to  their  altitude^  jtmil 
the  base  £H  shall  be  to  the  base  NP,  as  the  altitade  of  the 
solid  CD  to  the  altitude  of  the  solid  AB.  •  f 

From  the  points  F,  B,  K,  G;  X,  D,  R,  M,  draw  perpendioM 
lars  to  the  planes  in  which  are  the  bases  £U,  NP,  meetinf 
those  planes  in  the  points  S,  Y,  V,  T  ;  Q,  I,  U,  Z  ;  and  Goai« 
plete  the  solids  FV,  XU,  which  are  parallelepipeds, 
proved  in  the  last  part  of  Prop. 
31,  of  this  Book. 

Because  the  solid  AB  is  equal 
to  tlie  solid  CD,  and  that  the 

•  89.  or  SO.    solid  AB  is  equal  *  to  the  solid 
''•  BT,  for  they  arc  upon  the  same 

base  FK,  and  of  the  same  alti- 
tude ;  and  that  the  solid  CD  is 

•  29.  or  SO.   equal  *  to  the  solid  DZ,  being  upon  the  same  base  XRj  an^of 

the  same  altitude ;  therefore  the  solid  BT  is  equal  to  .the 
solid  DZ :  but  the  bases  are  reciprocally  proportional  to  the 


■  of  rqnal  •olid  paraltdapipedB  af  which  the  iiuiating 
I  BK  Bt  right  Dnglm  to  their  hasm,  aa  before  vas 
;  thn^fore  aa  the  base  FK  t'l  the  base  XR.  ao  ii  the 
altitude  of  th«  suliii  DZ  tu  the  itltitudc  of  tlie  noM  BT  :  and 
the  bsac  FK  in  cqiuJ  to  the  bnw  EH,  and  the  baiM  XR  to  the 
haae  NP  ;  whcr<:-fure,  as  the  base  EH  to  the  baic  NP.  so  i%  the 
oltitnde  uf  the  aulid  I>Z  to  the  altitude  of  the  solid  HT :  bat 
the  attitudes  of  the  aullds  DZ,  DC,  u  alao  uf  the  nolids  DT, 
BA,  are  the  aanie ;  therefore  as  the  bsJie  E  il  to  the  ba»c  N  P, 
ao  i»  the  altitude  of  the  solid  CD  to  the  altitude  uf  the  w>lid 
AB  ;  that  in,  the  basen  of  the  iraiid  pBnillelo|)ipeds  AD,  CD  an 
rcdprocalt}'  projiortionul  to  their  aititudcH. 

Neat,  let  the  bases  of  the  wilids  A  B,  CD  be  reciprocally 
^anportional  to  their  altitudes,  vix.  thv  banc  EH  to  the  ba«« 
HBrV,  M  the  altitude  of  the  solid  CD  to  the  altitude  of  the  solid 
^^IB  :  the  aulld  AB  shall  be  njuul  to  the  Kolid  CD.  The  same 
donatructiun  being  made  :  be- 
cause, a»  the  busc  EH  to  the 
faaae  NP,  so  ia  the  altitude  of 
tite  aiAid  CD  to  the  altitude 
of  the  solid  AB  ;  nnd  that  the 
iMHe  Ell  is  equal  to  the  base 
PK,  and  NP  to  XR  ;  therefore 
tfaa  b«M  PK  is  tu  the  baae  XR,  as  the  altitude  of  the  solid  CD 
M  1&«  altitude  of  AB:  but  the  altitudes  of  the  solids  AB,  BT 
an  tba  same,  aa  also  of  CD  and  DZ ;  therefore  bb  the  baae 
ra  to  tha  base  XR,  so  is  the  altitude  of  the  solid  DZ  to  the 
altitude  of  the  solid  BT :  wherefore  the  bases  of  the  solids 
VTi  OZ,  are  reciprocally  proportional  to  their  altitudes:  and 
dwir  inaiatiag  straight  lines  are  at  right  angles  to  the  banes  ; 
whenkn,  as  was  before  proved,  the  solid  BT  is  equal  to  t)ie 
aJU  DZ  :  but  BT  i^  equal  *  tu  the  solid  BA,  and  DZ  to  the  ' 
BoUd  OC,  because  they  are  upon  the  aame  bases,  and  of  the 
■sue  altitude;  therefore  the  solid  AB  is  equal  to  the  solid 
CO.     Theroforc,  the  bases,  &c.     (/.  e.  d. 


PROPOSITION  XXXV. 

tmVion.— If,  from  Ihe  perttcet  <^{ma  tqnal  plane  angler,  there    S«  N. 
be  dratfn   Ima  straight  Una  elevated  above  the  planet  in 
H-Aif  A  tke  anglet  are,  anil  containing  equal  angtei  nnik  Ihe 
nJe*  aflhote  anglet,  rnrh  to  each  ;  and  if  in  thr  linrt  ahmv 
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the  pianes  there  be  taken  anif  points,  and  from  them  perpen- 
diculars he  drawn  to  the  plane*  in  which  ihtJlrMt  mamed 
angles  are ;  and  from  the  points  in  which  they  meet  the 
planes,  straight  lines  he  drawn  to  the  vertices  <(f  the  amgkt 
Jirst  named;  these  straight  lines  shall  contain  eqmal  amgfu 
with  the  straight  lines  which  are  above  the  pUuui  ef  ike 
angles. 

Let  BAG,  EDF  be  two  equal  plane  angles :  and  from  till 
points  A,  D,  let  tlie  straight  lines  AG,  DM  be  elerated  aboit 
the  planes  of  the  angles,  making  equal  angles  with  their  iidt% 
each  to  each,  viz.  the  angle  GAB  equal  to  the  angle  1ID£;  aid 
GAC  to  MDF;  and  in  AG,  DM, 
let  any  points  G,  M  be  taken,  and 
from  them,  let  perpendiculars  GL, 
t  1).  I T.  MN  be  drawn  t  to  the  planes  BAG, 
EDF,  meeting  these  planes  in  the 
points  L,  N ;  and  join  LA,  ND :  G' 
the  angle  GAL  shall  be  equal  to  the  angle  MDN. 

Make  AH  equal  to  DM,  and  through  H,  draw  HK  paralM 
to  GL :  but  GL  is  perpendicular  to  the  plane  BAG ;  wher«fon 

*  8.  11.        HK  is  perpendicular  *  to  the  same  plane.     From  the  poiati 

K,  N,  to  the  straight  lines  AB,  AG,  DE,  DF,  draw  perptiH 
diculars  KB,  KG,  NE,  NF :  and  join  HB,  BG,  ME,  £F.  Be- 
cause  HK  is  perpendicular  to  the  plane  BAG,  the  plane  HBK 

*  18.  11.       which  passes  through  HK,  is  at  right  angles  *  to  the  plaae 

BAG ;  and  AB  is  drawn  in  the  plane  BAG  at  right  angles  to 

the  common  section  BK  of  the  two  planes ;  therefore  AB  it 

*4  Def.  11.  perpendicular  *  to  the  plane  HBK,  and  makes  right  angles  * 

*SDef.  11.  ^ith  every  straight  line  meeting  it  in  that  plane:  but  BH 

meets  it  in  that  plane ;  therefore  ABH  is  a  right  angle :  fiv 

the  same  reason,  DEM  is  a  right  angle,  and  is  therefore  equl 

f  Hyp.  to  the  angle  ABH :  and  the  angle  HAB  is  equal  \  to  the  angle 

MDE ;  therefore  in  the  two  triangles  HAB,  31 DE,  there  are 

two  angles  in  one,  equal  to  two  angles  in  the  other,  each  to 

each,  and  one  side  equal  to  one  side,  opposite  to  one  of  the 

equal  angles  in  each,  viz.  HA  equal  to  DM  ;  therefore  the  re- 

*  S6.  ].  ^      maining  sides  are  equal  *,  each  to  each ;  wherefore  AB  is  equal 

to  D£.     In  the  same  manner,  if  HG  and  MF  be  joined,  it  may 

be  demonstrated,  that  AG  is  equal  to  DF :  therefore,  since  AB 

is  equal  to  D£,  BA  and  AG  are  equal  to  ED  and  DF,  each  to 

t  Hyp.         each ;  and  the  angle  BAG  is  equal  t  to  the  angle  EDF  ;  nrhere- 
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fore  the  base  BC  is  equal  *  to  the  base  £F,  and  the  remaining  *  4.  i. 

angles  to  the  remaining  angles ;  therefore  the  angle  ABC  is 

eqaal  to  the  angle  DEF :  and  the  right  angle  ABK  is  equal  to 

the  right  angle  DEN ;  whence  the  remaining  angle  CBK  is 

equal  to  the  remaining  angle  FEN : 

fbir  the  same  reason,  the  angle  BCK 

is  equal  to  the^  angle  EFN ;  therefore 

in  the  two  triangles  BCK,  EFN,  there 

an  two  angles  in  one,  equal  to  two 

angles  in  the  other,  each  to  each, 

and  one  side  equal  to  one  side  adjacent  to  the  equal  angles  in 

each,  Tis.  BC  equal  to  EF ;  therefore  the  other  sides  are  equal 

to  the  other  sides ;  BK  then  is  equal  to  EN :  and  AB  is  equal 

to  DE  ;  wherefore  AB,  BK  are  equal  to  DE,  EN,  each  to  each ; 

and  they  contain  right  angles ;  wherefore  the  base  AK  is  equal 

to  the  base  DN.     And  since  AH  is  equal  to  DM,  the  square 

of  AH  is  equal  to  the  square  of  DM  :  but  the  squares  of  AK, 

KH  are  equal  to  the  square  *  of  AH,  because  AKH  is  a  right   *  47.  l. 

angle ;  and  the  squares  of  DN,  NM  are  equal  to  the  square  of 

DM,  for  DNM  is  a  right  angle ;  wherefore  the  squares  of  AK, 

KH  are  equal  to  the  squares  of  DN,  NM :  and  of  these  the 

sfoare  of  AK  is  equal  to  the  square  of  DN ;  therefore  the  re- 

mtdmng  square  of  KH  is  equal  to  the  remaining  square  of  NM ; 

and  the  straight  line  KH  to  the  straight  line  NM ;  and  because 

HAi  AK  are  equal  to  MD,  DN,  each  to  each,  and  the  base  HK 

tothe  base  MN,  as  has  been  proved,  therefore  the  angle  HAK 

is  «qiifti  *  to  the  plane  MDN.    Therefore,  if  from  the  vertices,   *  8. 1. 

&e.    0*  ^-  D. 

CoR«  From  this  it  is  manifest,  that  if  from  the  vertices  of 
two  equal  plane  angles,  there  be  elevated  two  equal  straight 
liaee  containing  equal  angles  with  the  sides  of  the  angles, 
eneli  to  each  ;  the  perpendiculars  drawn  from  the  extremities 
of  itte  equal  straight  lines  to  the  planes  of  the  first  angles,  are 
eqnal  to  one  another. 

Another  Demonstration  of  the  Corollary, 

Let  the  plane  angles  BAC,  EDF  be  equal  to  one  another, 
and  let  AH,  DM  be  two  equal  straight  lines  above  the  planes 
of  the  angles,  containing  equal  angles  with  BA,  AC,  ED,  DF, 
eac3i  to  each,  viz.  the  angle  HAB  equal  to  MDE,  and  HAC 
eqiial  to  the  angle  MDF ;  and  from  H,  M,  let  HK,  MN  be 

p  2 
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perpendiculirs  to  the  pUnet  BAG,  EDF:  BK  ihall  be  eqpf 
to  MN. 

Because  tlie  aolid  angle  at  A.  ia  contained  bj  tlie  tliree  pun 
aoglea  BAC,  BAH,  UAC,  which  anij  each  to  ead>,  eqii^l  to^e 
three  plane  angina  £DF,  BDM,  ilDT,  contaiuing  the  sofidaiu% 
at  D;  the  loliil  anglei  at  A  and  D  are  equal,  and  tbereloK 
cuindde  with  one  another ;  to  wit,  if  the  plane  angle  bac'm 
applied  til  the  plane  angle  EDf,  the  straight  liu  All  coinaJei 
uitb  D3I,  fit  was  shewn  in  Pn^.  B.  of  this  book  ;  and  becaiia 
AH  ia  equal  to  DM,  the  point  H  coincides  with  the  point  M: 
iriwrcfbre  HK,  which  is  perpendicular  to  the  plane  RAC, 
coincides  with  MN  *  which  is  perpendicular  to  the  plane  EDF, 
because  these  planes  ctuncide  with  one  anothtr.  Ther«Fi)re 
HK  ia  equal  to  SIN.     9.  K.  D. 


PROPOSITION  XXXVI. 

ThkoR. — If  Ihrte  ilraighl  Una  be  pntporlionaU,  ike  t 
paraiielofiiptd  detcribed/roiB  all  three,  at  ite  tidet,  itt^ 
to  the  equilaleral  jtaralUlopiped  described  Jrom  the  ■ 
proporiional,  one  of  the  mlid  angkt  of  which  u  oamta 
by  three  plane  angles  equal,  each  to  each,  to  the  three  f^m 
angteM  coiitainiHg  one  <^  the  lolid  anglei  ^  the  alher^^tre. 

Let  A,  B,  C  be  three  pn^vortionals,  via.  A  to  B,  oa  B  td'Si 
the  solid  described  from  A,  B,  C  shall  be  equal  to  the  tipai- 
t«ral  solid  described  from  B,  equiangular  to  the  other. 

Take  a  solid  angle  D  contained  by  three  plane  anglea'BJbi, 
PDO,  GDE ;  and  moke  each  of  the  straight  lioes  ED,  D^,'1!b 
equal  to  B,  and  cooiplctc  the  solid  parallelepiped  DH:  tsdle 
LK  equal  to  A,  and  at  the  point  E,  in  the  straight  line  la, 
make  "  a  solid  angle  contained  by  '■' 

the  three  plane  ongles  LKM,  MKN, 
NKL,  equal  to  the  angles  EDF. 
FDO,  ODE,  each  tu  each ;  and  make 
KN  equal  to  B,  and  KM  equal  to 

C ;  and  complete  the  solid  psral-        j —        n-   r^^ 

lelopiped  KO.     And  because,   as 

A  ig  to  B,  BO  is  B  to  Cj  and  that  A  is  equal  to  LK,  aD^'Bis 
equal  to  each  of  the  vtraight  lines  D£,  DF,  aud  C  equal  to  KH  ; 
therc&re  IjX  i*  to  ED  as  DF  to  KU ;  that  ifi,  the.pideij  fAmt 
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<ffl«'eqiiBl  nngles  are  itciproeoUy  proportional;  t}i«reforathe 
naralleli^nim  LM  is  e(]ual  "  to  EF :  and  because  EDF,  LKM 
UK  tvio  equal  plane  Hnglex,  and  the  two  equal  straight  lines 
I,  KN  ftrc  drawn  from  their  vertices  above  their  planes,  and 
I  equal  angles  ivith  their  sides ;  therefore  the  perpen- 
uJiirs  from  the  points  0,  N,  to  the  planes  EDF,  LKM  are 
— eqpiil  to  "  one  another ;  therefore  the  solids  KO,  DM  are  of 
Uie  same  attitude;  and  ihe^  are  upon  equal  bases  LM,  EF ; 
ariil  therefore  they  ore  equal  •  to  one  another  ;  but  the  solid 
^J03  Is  described  from  the  three  straight  lines  A,  B,  C,  and  the 
^H|h  DSt  firom  the  straight  line  B.    Therefore,  if  three  stiHiglit 


■Cor.SS. 

II. 

•31,  il. 


PROPOSITION  XXXVIl 


"heor. — If  Jour  slraighl  lines  be  proportionals,   the  similar   I 
tolitl   jiaralMapipeds  similarly   ikscribed  from   Ihein   shall 
aJuo  be  proporlionah :    and  if  Ihe  sitnilar  paroUeLtpipedi 
Mtnilnrly  described  from  four  streiighl  lines  be  proporlionah, 
'\e  slraighl  liiiei  shall  be  proporl'umah. 


□il  because 

to  0,  as  GH  to 

( Q  to  It ;  thc-re- 


the  four  straight  lines  AB,  CD,  EP,  GD  be  propor- 
tionals, viz.  as  AB  to  CD,  SO  EF  to  OH  ;  and  let  the  similar 
Mrallelopipeds  AK,  CL,  EM,  ON  he  similarly  described  from 
Ufceni,  AK  shall  be  to  CL,  as  EM  to  ON. 

Make*  AB,  CD,   O,   P  continual  proportionals,   as  also  • 

^d  that  CD  is* 
^,  and  O  to  P,  a 
Edkv^''  ffquali* 
^  EF  to  R :  but  a 
^  tlie  solid  AS, 
s  EF  to  R, 


i  AB  to  P,   50  • 
to  the  solid  CL; 
10  *  is  the  solid 
Kit*  the  solid  ON;  therefore* 
"  ^  (olid  AK  to  the  solid  CL, 
la  Ae  Holid  £M  to  the  solid  GN. 
BXlHet  the  solid  AK  be  to  the 
Ft^e  solid  ON  :  the  straight  line  AB  shall  be  t 

Tnltc  as  AB  to  CD,  BO  irr  to  ST,  and  from  ST  describe  "  a   ' 
'wiia  pa'iallelopiped  SV  sfinilar  and  siinilnriy  situated  t»  either 


solid  CL, 
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of  the  solids  EM,  ON.  And  because  AB  is  to  CD,  as  £F  to 
8T,  and  that  from  AB,  CD,  the  solid  parallelopipeds  AK,  CL 
are  similarly  described ;  and  in  like  manner  the  aolida  £X, 
SV,  ^m  the  straight  lines  EF,  ST ;  therefore  AK  is  to  CL, 
as  EM  to  8V ;  but,  by  the  hypothesis,  AK  is  to  CL,  as  £M 

•  0.  5.  to  ON ;  therefore  ON  is  equal  *  to  8V:  but  it  is  likewise  si- 

milar and  similarly  situated  to  8V;  therefore  the  pkines  whidi 
contain  the  solids  ON,  8V  are  similar  and  equal,  and  their 
homologous  sides  OH,  8T  equal  to  one  another :  and  beenise 
as  AB  to  CD,  so  EF  to  8T,  and  that  ST  is  equal  to  OHj  tkas- 
fbre  AB  is  to  CD,  as  EF  to  OH.  Therefore,  if  four  atni^ 
lines,  &c.     q.  b,  d. 

PROPOSITION   XXXVUI, 

See  N.  Theor. — **  If  a  plane  be  perpendicular  to  another  plane,  mtd 

**  a  straight  line  be  drawn  from  a  point  in  oneofthepkmf 
*'  perpendicular  to  the  other  plane,  this  straight  Hne  «Asff 
"fall  on  the  common  section  of  the  planes." 

"  Let  the  plane  CD  be  perpendicular  to  the  plane  AB,  and 
"  let  AD  be  the  common  section  :  if  any  point  £  be  takea  ia 
"  the  plane  CD,  the  perpendicular  drawn  from  £  to  the  plane 
"  AB,  shall  fall  on  AD. 

"  For  if  it  does  not,  let  it,  if  possible,  fall  elsewhere,  as 
''  EF;  and  let  it  meet  the  plane  AB  in  the  point  F;  asd 

•  1«.  1.         "  from  F,  draw  •,  in  the  plane  AB,  a  per- 

"  pendicular  FO  to  DA,  which  is  also  per- 
*4Def.  U.  ''pendicular*  to  the  plane  CD;  and  join 
"  EO.  Then,  because  FO  is  perpendicular 
''  to  the  plane  CD,  and  the  straight  line 
"  EO   which   is  in  that  plane,  meets  it, 

•  3  Def.  1 1.  "  therefore  FOE  is  a  right  angle  *  :  but  EF  is  also  at  ri^t 

"  angles  to  the  plane  AB,  and  therefore  EFO  is  a  right 
"  angle :  wherefore  two  of  the  angles  of  the  triangle  EFO 
t  17.  1.  €t  Qfg  equal  together  to  two  right  angles ;  which  is -f*  absurd; 
"  therefore  the  perpendicular  from  the  point  E  to  the  plane 
"  AB,  does  not  £etll  elsewhere  than  upon  the  straight  line  AD; 
"  it  therefore  falls  upon  it.    If,  therefore,  a  plane,  &c.  q.  s,  d" 
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PROPOSITION  XXXIX. 

Thbob.— 7m  a  toHd  paralklopiped,  if  the  ndet  of  two  of  ike  8 
oppotUepiatKi  be  divided,  each  into  tmo  equal  parlt,  the 
ammoH  reetion  »f  the  ptanet  passing  through  (he  point*  of 
dimnim,  and  the  dimneler  of  the  totid  paralMopiped,  cut 
OTcA  other  info  tmo  equal  parlx. 

Let  the  udes  of  the  oppoeite  planes  CF,  AH  of  the  loljd 
pwallalqMped  AS,  be  divided  each  into  two  equal  parts  in 
4*  painU  K,  L,  H,  N  ;  X,  O,  P,  R  ;  and  join  KL,  MN,  XO, 
PB:  and  becanae  DK,  CL  are  equal  and  parallel,  KL  ia  pa- 
rallel *  to  DC :  for  the  same  reason,  MN  is  parallel  to  BA :  * 
and  BA  is  parallel  to  DC;  therefore, 
becuue  KL,  BA  are  each  of  them 
puaJlel  to  DC.  and  not  in  the  same 
pluw  with  it,  KL  is  parallel  *  to  BA : 
and  because  KL,  HN  are  each  of 
them  parallel  to  BA,  and  not  in  the 
some  plane  with  it,  KL  is  parallel  * 
to  UN:  wherefore  KL,  MN  are  in 
one  plane.  In  like  manner  it  may 
be  prared,  that  XO,  PR  are  in  one 

plane.  Let  VS  be  the  common  section  of  the  plane*  KN, 
XR ;  and  DQ  the  diameter  of  the  solid  parallelopiped  AF : 
Y8  and  DO  shall  meet,  and  cut  one  another  into  two  equal  porta. 

Jmn  DV,  VE,  B8,  SO.     Because  DX  is  parallel  to  OB,  tlie 
alternate  angles  DXY,  YOE  are  equal  *  to  one  another :  and   • 
hecaoae  DX  is  equal  to  OB,  and  XY  to  YO,  and  that  thejr 
contain  equal  angles,  the  bate  DY  n  equal  *  to  the  base  YE,   * 
and  tiie  ether  angles  are  equal ;  therefore  the  angle  XYD  is 
«qnal  te  the  angle  OYB,  and  DVB  is  a  straight  *  line :  for  the   ■ 
•Bme  reaaon,  BSO  ia  a  straight  line,  and  BS  equal  to  SO. 
And  because  CA  is  equal  and  parallel  to  DB,  and  also  eqnal 
and  parallel  to  EO,  therefbie  DB  is  equal  and  parallel  *  to  ■ 
BO:  and  DB,  BO  join  their  extremities;   therefore  DE  is 
equal  and  parallel*  to  BO:    and  DG,  YS  are  drawn  from  * 
points  in  the  one,  to  points  in  the  other,  and  are  therefore 
in  one  plane :  whence  it  is  manifest,  that  DO,  Y3  must  meet 
one  another  :  let  them  meet  in  T.     And  because  DE  is  paral- 
lel to  BO,  the  alternate  angles  EDT,  BOT  are"  equal:  and  " 
the  angle  DTV  is  equal  *  to  the  angle  GTS :  therefore  in  the  ' 
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triangles  DT\%  OTS^  there  are  two  angles  in  tbe  one>  equal  to 
two  angles  in  the  other,  and  one  side  equal  to  one  side^  op- 
posite to  two  of  the  equal  angles,  viz.  DY  to  OS,  for  they  are 
the  halves  of  DE,  BO;  therefore  the  remaining  aides  are 

•  te.  1.         equal  ^,  each  to  each :  wherefore  DT  is  equal  to  TO^  and  YT 

equal  to  TS.     Wherefore,  in  a  solid,  &c.     «.  M.  d. 

PROPOSITION  XL. 

Theob. — If  there  be  two  iriangvlar  prUm^i^4ktk  amm  old' 
iude,  the  base  of  one  of  which  is  a  paraUeTcgraWi,  mtd  ike 
base  of  the  other  a  triangle;  if  the  paraUelogram  he  ekmbU 
of  the  triangle,  the  prisms  shall  be  eqnal  to  one  another. 

Let  the  prisms  ABCDEF,  OHKLMN  be  of  the  same  alti- 
tude, the  first  whereof  is  contained  by  the  two  triangles  ABE, 
CDF,  and  the  three  parallelograms  AD,  DE,  EC  ;  and  the 
other  by  the  two  triangles  OHK,  LMN,  and  the  three  paral- 
lelograms LH,  HN,  NO ;  and  let  one  of  them  have  a  paral- 
lelogram AF,  and  the  other  a  triangle  OHK,  for  its  base :  if 
the  parallelogram  AF  be  double  of  the  triangle  OHK,  the 
prism  ABCDEF  shall  be  equal  to  the  prism  OHKLMN.  ^  *  '!i 
Complete  the  solids  AX>  OO :  and  because  the  ]panlUo- 
gram  AF  is  double  of  the  triangle  OHK,  and  lhe»pBiidkfe- 
•8i.  1.  gram  HK  double ^  of  the  same  tri- 
angle, therefore  the  parallelogram 
AF  is  equal  to  HK :  but  solid  pe- 
ndlelopipeds  upon  equal  bases,  and 

*  81. 1 1.      of  the  same  altitude,  are  equal  *  to 

one  another;  therefore  the  solid 

*  S8.  U.      AX  is  equal  to  the  solid  OO :  and  the  prism  ABCDIST  is  Ulf  * 

•  18.  IL       of  the  solid  AX ;  and  the  prism  OHKLMN  half  ^  of  tlm  HSlSi 

OO :  therefore  the  prism  ABCDEF  is  equal  to  die  pttiil 
OHKLMN.     Wherefore,  if  there  be  two,  &c.     q.  «.  d.        *' 
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yfiOBiiht  gTMttri^  two  itneqitat  magnilvdft,  there  be  laltn  SccM. 
■■Wtrv  Mom  i(*  Ao//",  imd  from  ihe  remainder  more  than  iti 
-•.Attj^  Wtd  to  tm  ;  ihrre  thall  at  length  remain  a  magnitude         ^^ 
its*  than  the  teasl  of  the  propoted  magniiuden.  ^| 

^  ILet  JiB  and  C  be  tivu  unrqnd  in«g;nituJeB,  of  irhidi  All  fs  ' 

th«   greater :  if  fruni  AD  there  be   Cukvn  more  than  its  hnlf, 
uid  from  the  retnaindtr  more  than  its  half,  and  so 
shall  at  length  remain  a  magnitude  lew  than  C. 

for  C  may  be  multiplied  so  aa  at  length  to  1*- 
^amt  greittcr  than  AB-  Let  it  be  m  midtijdied, 
Itnd  let  DE  its  mtihiplt!  be  greater  tlian  AB.  and  let 

DB  be  divided  into  DF,   Fti,  OE,  each  «quat   to  C. 

From  AB.  take   BH  greater  than    its    half;    and 

ftom  the  remainder  AH,  take  HK  greuter  than  its 

lutlfi  snd  so  on,  until  there  be  as  many  divisions 

in  AB  OB  there  are  in  DE  :  and  let  the  divisions  in 

AS  be  AK,  KH,  HB  ;  and  the  divisions  in  DE  be  DF,  FQ,  OG. 

And  because  DE  is  greater  than  AB,  and  that  EO  taken  from 

t  ThiiillhclirtlpTopoiiti 
Ibcpntpontiou 


n  of  llic  (eiilh  bftiAt,  iiid  ii 


I 
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DE  18  not  greater  than  its  half,  bat  BH  taken  firom  AB  is 
greater  than  its  half^  therefore  the  remainder  OD  is  greater 
than  the  remainder  HA.  Again>  because  OD  is  greater  than 
HA,  and  that  GF  is  not  greater  than  the  half  of  GD,  but  HK 
is  greater  than  the  half  of  HA,  therefore  the  remainder  FD 
is  greater  than  the  remainder  AK.  And  FD  is  equal  to  C, 
therefore  C  is  greater  than  AK  |  that  is,  AK  is  less  than  C. 

Q,  E.  D. 

And  if  only  the  halves  be  taken  away,  the  same  thing  may, 
in  the  same  way,  be  demonstrated. 

PROPOSITION  I. 

Theorem. — Similar  polygons  inscribed  in  circles,  arc  lo  one 
another  as  the  squares  of  their  diameters. 

Let  ABCDE,  FOHKL  be  two  circles,  and  in  them  the  simi- 
lar polygons  ABCDE,  FOHKL :  and  let  BM,  ON  be  the  dia- 
meters of  the  circles :  as  the  square  of  BM  is  to  the  square 
of  ON,  so  shall  the  polygon  ABCDE  be  to  the  polygoa 
FOHKL. 

Join  BE,  AM,  OL,  FN :  and  because  the  polygoa  ABCDK 
is  similar  to  the  polygon  FOHKL,  the  angle  BAE  is  equal  to 
the  angle  OFL,  and  as  BA  to  AE«  so  is  OF  to  FL :  theieiiiKre 
the  two   triangles    BAE,    OFL, 
liaving  one  angle  in  one,  equal 
to  one  angle  in  the  other,  and  the 
sides  about  the  equal  angles  pro- 
portionab,  are  equiangular ;  and 
therefore  the  angle  AEB  is  equal 
to  the  angle  FLO :  but  AEB  is 

*  21. 3.        equal  *  to  AMB,  because  they  stand  upon  the  same  circum- 

ference :  and  the  angle  FLO  is,  for  the  same  reason,  equal  to 
the  angle  FNO;  therefore  also  the  angle  AMB  is  equal  to 
*dl.S.  FNO:  and  the  right  angle  BAM  is  equal  to  the  right ^  angle 

OFN ;  wherefore  the  remaining  angles  in  the  triangles  ABM, 
FON  are  equal,  and  they  are  equiangular   to  one  another: 

*  4. 0.  therefore  as  BM  to  ON,  so  *  is  BA  to  OF ;  and  therefore  the 

*  10  Dei:  6.  duplicate  ratio  of  BM  to  ON,  is  the  same  *  with  the  dupUcate 
^  ^^'  ^'  ratio  of  BA  to  OF :  but  the  ratio  of  the  square  of  BM  to  the 
^  20. 6.         square  of  ON,  is  the  duplicate  *  ratio  of  that  which  BM  has 

lo  ON ;  and  the  ratio  of  the  polygon  ABCDE  to  the  polygon 
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FQUKL  J8  the  daplicate ^  of  that   which    BA  has  to  OF :    •to. 6. 
thereffnre  aa  the  square  of  BM  to  the  square  of  GN,  so  is  the 
polygon  ABCDE  to  the  polygon  FGHKL.     Wherefore,  similar 
polygons,  &c.     Q.  £•  d. 

PROPOSITION  II. 

Theor. — Circles  are  to  one  another  as  (he  squares  of  thdr  S«eN. 

diameters. 

Let  ABCD,  EFOH  be  two  circles,  and  BD,  FH  their  dia- 
meters :  as  the  square  of  BD  to  the  square  of  FH,  so  shall 
the  circle  ABCD  be  to  the  circle  EFOH. 

For  if  it  be  not  so,  the  square  of  BD  iLUst  be  to  the  square 
of  FH,  as  the  circle  ABCD  is  to  some  space  either  less  than 
the  circle  EFOH,  or  greater  than  it  %.     First  let  it  be  to  a 
space  S  less  than  the  circle  EFOH  ;  and  in  the  circle  EFOH  t  f  6.  4. 
describe  the  square  EFOH.     This  square  is  greater  than  half 
of  the  circle  EFOH ;  because,  if,  through  the  points  E,  F,  O, 
H,  there  be  drawn  tangents  to  the  circle,  the  square  EFOH  is 
half  ^  of  the  square  described  about  the  circle :  and  the  circle   *  41.  l. 
is  less  than  the   square   described  about   it     therefore  the 
square  EFOH  is  greater  than  half  of  the  circle      Divide  the 
drcnmferences   EF,  FO, 
OH,  HE,  each  into  two       v  ..st^ 
equal  parts  in  the  points 
K,  L,  M,  N,  and  join  EK, 
KF,  FL,  LO,  OM,  MH, 
HN,  NE :  therefore  each 
of  the    triangles    EKF, 

FLO,  OMH,  HNE,  is  greater  than  half  of  the  segment  of  the 
circle  in  which  it  stands ;  because,  if  straight  lines  touching 
the  circle  be  drawn  through  the  points  K,  L^  M,  N,  and  the 
parallelograms  upon  the  straight  lines  EF,  FO,  OH^  HE  be 
completed,  each  of  the  triangles  EKF,  FLO,  OMH«  HNE,  is 
the  half*  of  the  parallelogram  in  which  it  is:  but  every  seg«  *4].  i. 
ment  is  less  than  the  parallelogram  in  which  it  is :  wherefSrae 

\  For  there  is  some  square  equal  to  the  circle  ABCD  ;  let  P  be  the  side  of 
i^  and  to  three  straight  lines,  BD,  FH,  and  P,  there  can  be  a  fourth  propor^ 
tional;  let  this  be  Q:  therefore  f  the  squares  of  these  four  straight  lines  are  \  22.  6. 
proportionals ;  that  is,  lo  the  squares  of  BD,  FH,  and  the  circle  ABCD,  it  b 
pMsible  there  may  be  a  fourth  proportional.  Let  this  be  S.  And  in  like 
maoBer  are  to  be  understood  some  things  in  some  of  the  following  propositions* 
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eMh  of  the  triiRigles  EKF,  FLO,  OMH,  HN^  k  gretfUi^ 
half  the  segment  of  the  circle  wliicli  contains  It,  Ag)un,'if 
the  remainini;;  circumferenceB  be  divided  each  into  two  tqnH 
ports,  and  their  estremities  be  joined  by  straight  lines,  by 
continuing  to  do  this,  there  will  at  length  remain  tuegmmn 
of  the  circle,  which  together  are  less  than  the  csmm  of  ifiil. 
drde  EFOH  a\mve  the  space  e  ;  because,  by  the  prccmli'ii^ 
Lemmfl,  if  from  the  greater  of  two  unequal  magnittid^ 
there  be  taken  more  than  its  half,  and  from  the  remainder 
more  than  itt  half,  and  so  on,  there  shall  at  length  remain  U 
magnitude  less  than  the  least  of  the  proposed  magDitiMloi: 
Let  then  the  segmcntB  EK,  KF,  FL,  LG,  OM,  MH,  UN;  KB 
be  those  that  remain,  and  are  together  less  than  the  excen  of 
the  circle  EFOH  above  S :  therefore  the  rest  of  the  circle, 
the  polygon  EKFLOMHN  is  greater  than  the  space  S.  De- 
scribe likewise  in  the  circle  ABCD  the  polvgon  AXBQCVm 
similar  to  the  polygon  EKFLGJIHN ;  as  therefore  the  square 

•  J.ie.  of  BD  is  to  the  square  of  FU  *,  so  is  the  polygon  AXBOCPDR  to 

the  polygon  EKl'LOMHN:  but  the  squure  of  BD  U  also  to 

f  Hyp.  the  square  of  FH  t,  as  the  circle  ABCD  is  to  the  spH»'8; 

■  1 1.  a.        therefore  as  the  circle  ABCD  is  to  the  space  S,  bo  is  *  the  pnlf' 

gon  AXBOCPDR  to  the  polygon  EKFLOMHN:  butUie^r- 

de  ABCD  is  greater  than  the  polygon  contained  in  it ;  iviiilM' 

•  14.  B,         fore  the  space  S  is  greater  •  than  the  polygon  EEPlxJMHH^ 

but  it  is  likewise  less,  as  has  been  demonstrated  ;  whi'd  {( 

impossible  :  therefore  the  square  of  BD  is  not  to  the  square  rf 

FH,  as  the  circle  ADCD  is  to  any  space  less  than  the  cheh 

EPGU.     In  the  same  manner  it  may  be  demoDtttrratei),  itist 

neither  is  the  square  of  FH  to  the  square  of  BD,  as  the  eiMe 

EFOH  is  to  any 

space  less   than 

the  circle  ABCD. 

Xoristhesqunre 

of    BD     to    the 

square  of  FU,  as 

the  circle  ABCD 

is  to  any  space  greater  thi 

bio,  let  it  be  80  to  T, 

therefore  inversely, 


1 


circle  EFOH.     For  if  f 

greater  than  the  circle  EPOKt 

the  square  of  FH  to  the  square  <iF  BD,  w 

is  the  space  T  to  the  circle  ABCD:  but  as  the  space  J  T  j*  _ 


ml  explainvd  hew  it  Mu  yuliUi 
L  «i]i»i<n  c1  BD|  PII,  iBA     ~ 


iiH^^I 
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r  to:  the  circle  ABCD,  w>  is  tho  circle  EFdU  to  some  space,  whidi 

KUst  be  loss  *  than  the  circle  ABCD,  because  the  space  T  is  'it.  i. 

grent«t,  by  bypotbesia,  thui  the  circle  £FOH :  therefore  as 

;^  square  nt  TU  is  to  the  square  of  BD,  so  is  the  circl« 

EfUH  to  n  space  lest  th»n  tho  circle  ABCD,  which  has  been 

jpnodstrated  U>  be  impossible ;  therefore  the  square  of  BD  in 

oot  to  the  square  uf  FH,  us  the  cirde  ABCU  is  to  any  space 

.  gjt^Mter  thiw  the  circle  EFGH  :  and  it  hu  been  dciDonstrated 

L^l^t.  neitbei  is  the  square  of  BD  to  the  square  of  FH,  as  the 

~rcl«  Ji.BCD  loDuy  apucc  less  than  the  circle  EFtiH  :  where- 

i  a>  tiic  square  of  BD  to  the  square  uf  Fll,  so  is  the  cir- 

^AJKHPttfethftcircIeGfOU^     CircJes,  therefore,  are,  &c. 

^flBA»\.l}  

PROPOSITION  in. 

ttsOtt.-l— jBi'CTy  pyramid  having  a  triangular  hate,  may  be  Sci  N. 
ft^diBiderl  iitfo  tn-o  equal  and  similar  pyramid*  having  Irian- 
m9i '^tifAr'hrtxei,  and  rvhich  are  iimtlar  to  the  whole  pyramid i  ' 

"  and  irtfo  frpo  equal  prisms  tekich  together  are  greater  Ihan 
^■hmlfiof  ihc  whole  pyramid. 

|^;I«t  there  be  a  pyramid,  of  which  the  base  ia  the  triangle 
|i^C>  and  its  vertex  the  point  D  :  the  pyramid  ABCD  may  be 

jiprjded  into   tivo   equal   and   similar    pyramids  , 

baving  triangular  baaes,  and  similar  to  the  whole; 

Ipd-iuLo  two  equal  prisms  which  together  shall 

be.peatBT  than  faalf  of  the  whole  pyramid. 

,,  .piv^«  AD,  fiC,  CA,  AD,  DB,  DC,  each  intii 

tW.9.«qUBl  parta  in  the  points  E,  F,  O,  H,  K,  L, 

and  join  EU,  EO,  (ill,  UK,  KL,  LH,  EE,  KF,  FO. 

Because  AE  is  equal  to  Ell,  and  AH  to  HD,  HE  is 

parallel*  to  DF;-for  the  same  reason,  UK  is  pa- 
rallel to  AB;  therefore  HEBE   ia  a  parallelogra 

equal  *  to  EU :   but  EB  is  equal  to  AE  ;   therefore 

equal  to  UK :  and  AH  is  equal  to  HD  ;  wherefore  EA,  AU  are 

equal  to  KU,  UD,  each  to  each  ;  and  the  angle  EAU  is  equal  *   ■ 

ABOD,  kbicb  wu  nimed  S ;  u,  in  like 
tisnalM  (hu  oUiei  ipice,  nooinlT,  sod  i 
Ekeiilabe  uudenlood  in  (omeoflhe  fo 
\  Brautc,  u  1  fourth  proportional  t 
•nde  A8CP,  u  pcstiblr,  Bod  ihu  >l  ca 
*(Klc  EFQH,  i|  muit  be  eq<>al  la  iu 
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to  the  angle  KHD ;  therefore  the  base  EH  is  equal  to  the  base 

*  4*  ]•  KD,  and  the  triangle  AEH  equal  *  and  similar  to  the  triangle 

HKD :  for  the  same  reason^  the  triangle  AOH  is  equal  and 
similar  to  the  triangle  HLD.  Again,  because  the  two  straight 
lines  £H«  HO,  which  meet  one  another,  are  parallel  to  KD,  DL, 
that  meet  one  another,  and  are  not  in  the  same  plane  with 

*  10. 11.       them,  they  contain  equal*  angles ;  therefore  the  angle  EHO 

is  equal  to  the  angle  KDL :  and  because  EH, 
HO  are  equal  to  KD,  DL,  each  to  each,  and  the 
angle  EHO  equal  to  the  angle  KDL ;  therefore 
the  base  EO  is  equal  to  the  base  KL,  and  the 

*  ^  I-  triangle  EHO  equal*  and  similar  to  the  trian- 

gle KDL :  for  the  same  reason,  the  triangle  AEO 
is  also  equal  and  similar  to  the  triangle  HKL : 
therefore  the  pyramid,  of  which  the  base  is  the 
triangle  AEO,  and  of  which  the  vertex  is  the 

*  C.  11.        point  H,  is  equal  *  and  similar  to  the  pyramid,  the  base  of 

which  is  the  triangle  KHL,  and  vertex  the  point  D.  And 
because  HK  is  parallel  to  AB,  a  side  of  the  triangle  ADB,  the 
triangle  ADB  is  equiangular  to  the  triangle  HDK,  and  thdr 

*  4. 6.  sides  are  *  proportionals;  therefore  the  triangle  ADB  is  similar 

to  the  triangle  HDK :  and  for  the  same  reason,  the  triangle 
DBC  is  similar  to  the  triangle  DKL ;  and  the  triangle  ADC  to 
the  triangle  HDL ;  and  also  the  triangle  ABC  to  the  trian^ 
AEO :  but  the  triangle  AEO  is  similar  to  the  triangle  HKL, 
<*  81.  6.  as  before  was  proved  ;  therefore  the  triangle  ABC  is  similar  * 
to  the  triangle  HKL :  and  therefore  the  pyramid  of  which  the 

*  B.  1 1.  &     base  is  the  triangle  ABC,  and  vertex  the  point  D,  is  similar  * 
11  Def.  II.    ^Q  ^iiQ  pyi>amid  of  which  the  base  is  the  triangle  HKL,  and 

vertex  the  same  point  D :  bnt  the  pyramid  of  which  the  base 
is  the  triangle  HKL,  and  vertex  the  point  D,  is  similar,  as 
has  been  proved,  to  the  pyramid  the  base  of  which  is  the 
triangle  AEO,  and  vertex  the  point  H  ;  wherefore  the  pyra- 
mid, the  base  of  which  is  the  triangle  ABC,  and  vertex  the 
point  D,  is  similar  to  the  pyramid  of  which  the  base  is  the 
triangle  AEO,  and  vertex  H  :  therefore  each  of  the  pyramids 
AEOH,  HKLD  is  similar  to  the  whole  pyramid  ABCD.     And 

*  41. 1.         because  BF  is  equal  to  FC,  the  parallelogram  EBFO  is  double* 

of  the  triangle  OFC :  but  when  there  are  two  prisms  of  the 
same  altitude,  of  which  one  has  a  parallelogram  for  its  base, 
and  the  other  a  triangle  that  is  half  of  the  parallelogram,  these 

*  40. 11.       prisms  are  equal  *  to  one  another;  therefra^  the  prism  having 


llw  puWlelogram  EBFO  for  its  baaf,  and  tlie  Btn%ln  line  Ktl 
oppoMte  t«  it,  is  equal  to  the  prinn  ItanofC  tlie  triangle  OFC 
for  its  busv,  uid  the  tri»nf;le  UKI>  appotite  to  it  ;  for  tber 
ore  of  the  •amo  altitude,  beeatue  they  are  between  the  p«i- 
ralM  *  plaoes  ABC,  HKL:  aiiil  it  is  Diauifest  that  each  of  ■ 
these  pruinis  i*  ^Tester  than  cither  of  the  pyramids  of  which 
th«  triangles  AEO,  MKL  nre  the  bases,  tind  the  rertiws 
tke  points,  H,  D  ;  because,  if  GF  bo  joined,  tlie  prism  having 
the  parallelogram  EBFO  for  its  \tatc,  and  Kll  the  strnt^ht 
line  opposite  to  it,  is  grenter  than  the  pyramid  of  whicfi  the 
b«ee  is  the  triangle  EOF,  and  vertex  the  puiut  K:  but  this 
pyramid  is  equal  *  to  the  pyramid,  the  base  of  which  is  the  ' 
triangle  AGO,  and  vertex  the  point  It ;  because  they  ore  con- 
tained by  equal  and  similar  planes :  wherefore  the  prism 
having  the  purnllelngram  EBFO  for  its  baae,  and  uppoaite  side 
KR,  is  greater  than  the  pyramid  of  which  the  base  is  the  tri- 
angle AEO,  and  vertex  the  point  II :  and  the  prism  of  which 
the  base  is  the  parolletugram  EBFO,  and  opposite  aide  KII.  i* 
equal  to  the  prism  having  the  triangle  OFC  for  its  base,  aiid 
HKL  the  triangle  opposite  to  it ;  and  the  pyramid  of  which 
the  bttue  is  the  triangle  AEO,  and  rerten  II,  is  equal  to  the 
pyramid  of  which  the  base  is  the  triangle  HKL,  and  the  ver- 
tex D :  therefore  the  two  priuns  before  mentioned  are  grenter 
than  the  two  pyramids  of  which  the  bases  are  the  trianglca 
AEO,  ItKL,  and  vertices  the  points  H,  D.  Therefore,  the 
whtjc  pyramid  of  which  the  base  is  the  triangle  ABC,  and 
vertex  the  point  D,  is  divided  into  two  equal  pyramids  similar 
to  one  another,  and  lo  the  whole  pyramid ;  and  into  two  equal 
priams ;  and  the  two  prisma  are  together  greater  than  half  of 
s  whole  pyramid.     <i-  k.  d. 


PROPOSITION  IV. 


lOR. — J(f  ihere  be  two  pyramid*  of  the  tame  allilude  upon  I 
iangular  baie-t,  and  enckttffhtm  he  divided  inlotno  equal 
igramidi  tiuijlar  la  the  mhoU  pi/ramid,  and  alto  into  tnra 
I  prirnu  ;  and  \f  each  of  llute  pyranidt  be  divided  in 
tame  taauner  at  the  JirtI  Imo,  aud  to  on;  dm  the  han 
f  one  of  the  Jint  two  pt/ramtd*  it  lo  the  batr  ijf  the  other, 
0  ihaU  uU  Ike  pruma  in  one  of  them  le  to  alt  the  pritmt  in 
'e  olier,  that  arc  produced  by  the  lanie  number  t^f  divisiout. 
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Let  there  be  two  pyramids  of  the  same  altitude  opon  tht 
triangular  bases  ABC,  DEF,  and  having  their  Tertioet  in  ths 
points  O,  H  ;  and  let  each  of  them  be  divided  into  two  equal 
pyramids  similar  to  the  whole,  and  into  two  equal  prians; 
and  let  each  of  the  pyramids  thus  made,  be  conceived  to  be 
divided  in  the  like  manner,  and  so  on :  as  the  base  ABC  ia  to 
the  base  DEF,  so  shall  all  the  prisms  in  the  pyramid  ABCObe 
to  all  the  prisms  in  the  p3rramid  DEFH  made  by  the  aaiM 
number  of  divisions. 

Make  the  same  construction  as  in  the  foregoing  propoaitioa: 
and  because  BX  is  equal  to  XC,  and  AL  to  LC,  therefore  XL 

*  S*  6.  is  parallel  *  to  AB,  and  the  triangle  ABC  similar  to  the  tri- 

angle LXC :  for  the  same  reason,  the  triangle  DEF  is  simibr 
to  RVF.    And  because  BC  is  double  of  CX,  and  £F  donUe  of 
t  C6.  FV,  therefore  t  BC  is  to  CX,  as  £F  to  FV:  and  upon  BC,  CZ, 

are  described  the  similar  and  similarly  situated  rectiliiMBl 
figures  ABC,  LXC :  and  upon  EF,  FV, 
in  like  manner  are  described  the  simi- 
lar figures  DEF,  RVF :  therefore,  as  the 
triangle  ABC  is  to  the  triangle  LXC, 

*  S8. 6.         so*  is  the  triangle  DEF  to  the  triangle 

RVF,  and,  by  permutation,  as  the  tri- 
angle ABC  to  the  triangle  DEF,  so  is 
the  triangle  LXC  to  the  triangle  RVF. 
And  because  X  the  planes  ABC,  OMN, 

*  15. 11.       as  also  the  planes  DEF,  STY,  are  parallel  *,  the  perpendicnlui 

drawn  from  the  points  O,  H,  to  the  bases  ABC,  DEF,  whidi, 
by  the  hypothesis,  are  equal  to  one  another,  shall  be  cut  each 

*  17. 11.       into  two  equal  *  parts  by  the  planes  OMN,  STY,  because  the 

straight  lines  OC,  HF  are  cut  into  two  equal  parts  in  the  pointi 
N,  Y,  by  the  same  planes :  therefore  the  prisms  LXCOMN, 
RVFSTY  are  of  the  same  altitude ;  and  therefore,  as  the  base 
LXC  to  the  base  RVF,  that  is,  as  the  triangle  ABC  to  the  tri- 

*  Cor.  82.      angle  DEF,  so  *  is  the  prism  having  the  triangle  LXC  for  iti 
'^'  base,  and  OMN  the  triangle  opposite  to  it,  to  the  prism  of 

which  the  base  is  the  triangle  RVF,  and  the  opposite  triangk 
STY :  and  because  the  two  prisms  in  the  pyramid  ABCO  are 
equal  to  one  another,  and  also  the  two  prisms  in  the  pyimmid 
DEFH  equal  to  one  another ;  as  the  prism  of  which  the  base 

t  8. 6.  I  Because  GO  ii  equal  to  OA,  and  GM  to  MB,  therdbre  f  OM  ia  psnU 

1 15. 1 1 .         to  AB ;  in  like  manner  ON  it  parallel  to  AC ;  therefore  f  the  plan*  MON  b 
parallel  to  the  plane  BAG. 
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the  parallekgraui  KBXL  and  opposite  side  MO,  to  the  prism 
vring  the  triangle  LXC  for  its  base>  and  OMN  the  triangle 
^osite  to  it ;  so  is  the  prism  of  which  the  base  *  is  the  *  7.  5. 
irallelogram  PEVR,  and  opposito  side  TS,  to  the  prism  of 
hieh  the  base  is  the  triangle  RVF,  and  opposite  triangle  STY : 
terefeare,  oomponendo^  as  the  prisms  KBXLMO^  LXCOMN 
gether,  are  to  the  prism  LXCOMN^  so  are  the  prisms 
BVRT8,  BVF8TY  to  the  prism  RVFSTY  ;  and,  permutando, 
the  prisms  KBXLMO,  LXCOMN  are  to  the  prisms  P£VRTS> 
irFSTV,  so  is  the  prism  LXCOMN  to  the  prism  RVFSTY : 
It  ae  the  prism  LXCOMN  to  the  prism  RVFSTY,  so  is,  as  has 
wn  proved,  the  base  ABC  to  the  base  DEF ;  therefore,  as 
m  base  ABC  to  the  base  DEF,  so  are  the  two  prisms  in  the 
nramid  ABCG  to  the  two  prisms  in  the  pyramid  DEFH :  and 
iKwiae  if  the  pyramids  now  made,  for  example,  the  two 
MNO,  8TYH,  be  divided  in  the  same  manner ;  as  the  base 
MN  is  to  the  base  STY,  so  are  the  two  prisms  in  the  pyramid 
MXO  to  the  two  prisms  in  the  pyramid  STYH :  but  the  base 
MN  is  to  the  base  STY,  as  the  base  ABC  to  the  base  DEF; 
terefijTe,  as  the  base  ABC  to  the  base  DEF,  so  are  the  two 
itan  in  the  pyramid  ABCG  to  the  two  prisms  in  the  pyi^mid 
EFQ ;  and  so  are  the  two  prisms  in  the  pyramid  OMNO  to 
J[)>two' prisms  in  the  pyramid  STYH ;  and  so  are  all  four  to 
I'ibfttr:  and  the  same  thing  may  be  shewn  of  the  prisms 
ade  by  dividing  the  pyramids  AKLO  and  DPR8,  and  of  all 
Hde  hf  the  same  number  of  divisions,     q.  b,  d. 

I  ■   ■    ■ 

PROPOSITION  V. 

BXOR. — Pyramids  of  the  same  altitude  which  liave  triangu-   See  N. 
lar  bases,  are  to  one  another  as  their  bases. 

Let  the  pyramids  of  which  the  triangles  ABC,  DEF  are  the 
ises,  and  of  which  the  vertices  are  the  points  G,  H,  be  of  the 
me  altitude :  as  the  base  ABC  to  the  base  DEF,  so  shall  the 
Minid  ABCG  be  to  the  pyramid  DEFH. 
Por  if  it  be  not  so,  the  base  ABC  must  be  to  the  base  DEF, 
Ae  pyramid  ABCG  to  a  solid  either  less  than  the  pyramid 
tfiti,  or  greater  than  it  J!.  First,  let  it  be  to  a  solid  less 
im  it,  vis.  to  the  solid  Q ;  and  divide  the  pyramid  DEFH 

■ 

I  Sec  note  at  foot  of  page  880. 


ZL.U  s  sn 


It  "zm  ^niius.  saa  into  tvo 


mxmzKT  cnapif.  sad  lo  ont 
T'T^r:-  I'm  ^--rr^  "nr  iulii  ;.    jic  ziisx,  he  exispk,  be 


• 


XT'.  Zlii  jr-aiCi   ^  ilif  77^1.- 

:i:xt  ^2*."'=-  1j  i:»*  Tir>a:s  zz.  zid  *  ■  ■>-;■■.*  DEFH :  bot  as  At 

"'M'<^  ^Zij  Ti  :^ti  ru&rf  I  IT   «.  17  'ijr*xz*RS^  is  the  piiuiM 

^2.:  >  -;  :j.i  jL^ii  ^     i:ii£  'Jitin5.n.  Li  Urf  rxrosad  ABCO  to 

11'*  s  i_i£   <i    s:  iTi  iit*  TTLics  '-1.  ^-f  tTTntid  ABCG-lonie 

-r--«z:..-*  ^  iirf  r-Ti:=-«i  I  ZJH .    :«;:  li*  prnaxid  ABCO  ii 

•  -  *•  i-         £T":a.*  tT  • " » *  t^tf  T  T-sZTi  jictiiz^c  iz  h  I  vliAefbre  *  ibo  the 

K^  £  O  !•  rr*a=±r  'ji.lz  tl*  rcac*  fr  :1*  rTTunid  DE7H :  but 

h  ::i  l1-:  le-.f-  vi-.~:  i?  -.irTt.iss'":!^  :  il-irifore  the  btse  ABC  fa 

Z..K  V.  iiT  '^L^  I'ZJ   Ls  :i-e  TTnz::;  ABCGtoanr  wKd  vrlaA 

:%  l-jts  iliz.  u.*  TTTTtX-.i  I'EFH.     Iz  ztt  same  manner  it  may 

l«  it=.':-*trL:-5C.  ;'-it  tie  las*  DEF  is  sot  to  the  base  ABC» 

i«  tic  T-ri=-:£  PEFH  :o  inj  »!id  which  is  less  than  the 

pjrainii  AECO.    N:r  cas  tie  E;*5e  ABC  be  to  the  base  DB?, 

&A  the  pjrasiid  ABCG  toacr  wild  which  is  greater  than  the 

P7r&xr.id  DEFII.    For  if  ft  be  possible,  let  it  be  so  to  a  greater, 

viz.  tiie  Milid  Z.     And  becaiue  the  base  ABC  is  to  the  base 

I}E¥,  a*i  the  pyramid  ABCG  to  the  solid  Z ;  by  inversion,  ts 

the  La.se  DEF  to  the  base  ABC^  so  is  the  solid  Z  to  the  pyramid 

ABCG  :  but  as  the  solid  Z  is  to  the  pyramid  ABCO,  so  ^  is 

Ji.6.  the  pyramid  DEFU  to  some  solid,  which  must  be  less*  than 

the  pyramid  ABCG,  because  the  solid  Z  is  greater  than  the 

pyramid  DEFU ;  and  therefore,  as  the  base  DEF  to  the  base 

ABC,  BO  is  the  pyramid  DEFH  to  a  sob'd  less  than  the  pyramid 


•K 


I  Sec  n-ilo  at  fi  ut  of  page  320. 


tBixtK  xir.  raop 
[1 ;  tlie  contrary  lo  whicb  lias  liecn  jirovcd:  tTtcrrDare  tin! 
ABC  is  oot  to  the  base  DEV,  a»  the  pyramid  ABCO  toany 
which  is  greater  than  thu  iiyrnniid  DEFH.  And  it  hu 
been  provirdi  that  neither  is  the  Itase  ABC  t»  the  base  DEF.as 
t))c  |(yrainid  ABCO  to  any  solid  nhich  is  less  than  the  pyramid 
Dl^FU  ;  therefore,  as  the  base  ABC  is  to  the  buse  DEF,  so  ia 
nid  ABCO  to  tlie  pyramid  DEFH.    ^Vherl■^o^^  pjra- 


PROPOSITION  VI. 


Wn. — Pyramid*  of  I  lie  ti 
Jor  lAeir  bates,  ore  lo 


le  allUinle  mhieh  hnve  putggon*  S«  N. 
e  anulher  at  their  hasfi. 


thepynunids  whicb  have  the  pulygona  ABODE,  FOIIKI. 
'their  bajcs,  atid  their  vprtices  in  the  |Hiiiit«  M,  N,  be  of  the 
altitude:  lu  tlic  bane  ADl'DE  to  the  base  FOIIKL,  so 
tjie  pyramid  ABCDEM  b«  to  the  pyramid  FOIIKLN. 
iyide  the  base  ABCDE  into  the  triuaglcs  ABC,  ACD,  ADE; 
Wd  the  base  FGHKL  into  the  triaiiglesFOlI.  FIIK,  FKL:  lUid 
upon  the  bnscs  ABC,  ACD,  ADE,  let  there  be  as  many  pjni- 
niiiii  of  which  the  conimon  vertex  is  the  point  M,  and  up<in 
tbsrcniaiiiiiigbaacsasmany  pyramids  hat'ing  their  common  Ver* 
trx  in  (he  point  N.  Therefore,  since 
the  triangle  ADC  is  to  the  triiuijjlc 
f  ajl,  Hs  ■  the  pyramid  ABCM  to  the 
Pyramid  FGHX;  and  the  triangle 
ACD  tu  the  triangle  F«H,  as  the  py- 
nuuidACDMtotbcpyramid  FlillN ; 
and  abo  Uie  triangle  ADE  to  the  triangle  Fun.aslhc  pymmid 
AbEAl  to  the  pyramid  FOllN  ;  as  all  the  first  antecedents  to 
tjidr  cummoii  consequent,  m  •  are  all  the  other  antecedents  to  •  «  Cot. « 
their  common  consequent ;  that  is,  as  the  base  ABCDE  lo  the  "• 
ba&el'GIJ,  &o  is  the  pyramid  ABCDEM  to  the  pyTaniidTrillX.- 
snd  fcir  the  uime  reiison,  as  the  IwscFOIIKI.  ti>  the  base  FGII. 
an  is  the  pymniid  FfillKLN  to  the  pyrajtiid  KUIIN ;  and,  by 
inversion,  as  thu  Use  FOB  to  tlie  liaae  FC.DKL,  m  »  the  " 

pymniid  FGQN  to  the  pyramid  FOIIELN:  then,  becntise,  Oa 
the  base  ABCDE  to  the  base  FUU,  *»  is  the  pyramid  ABCDERI 
to  the  pyramid  FG  U  N  i  and  us  the  base  FC.  U  to  the  base  Fa  II KL, 
W  i»  the  pyramid  FOHN  lo  the  pyramid  F(i!lKL.V  ;  therefore. 
<X  Kqudt  *,  Bft  the  hue  ABCDE  to  the  Uue  FGHKL.  so  the  *  t«.  b. 
92 
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pyramid  ABCDEM  to  the  pyramid  FOHKLN.  Therefore, 
pyramids^  &c.     q,  e,  d. 

PROPOSITION   VII. 

Theor. — Every  prum  having  a  triangular  base,  may  he  ii^ 
vided  into  three  pyramids  that  have  triangular  bases,  and 
are  equal  to  one  another. 

Let  there  be  a  prism  of  which  the  base  is  the  triangle  ABC, 
and  DBF  the  triangle  opposite  to  it:  the  prism  ABCDEF 
may  be  divided  into  three  equal  pyramids  having  triangnkr 
bases. 

Join  BD,  EC,  CD :  and  because  ABED  is  a  parallelc^ram  of 

*  Si.  ].         which  BD  is  the  diameter,  the  triangle  ABD  is  equal  *  to  the 
triangle  EBD ;  therefore  the  pyramid  of  which  the  base  is  the 

•6.  l«.  triangle  ABD,  and  vertex  the  point  C,  is  equal*  to  the  pyra- 

mid of  which  the  base  is  the  triangle  EBD,  and  vertex  the 
point  C :  but  this  pyramid  is  the  same  with  the  pyramid  the 
base  of  which  is  the  triangle  EBC,  and  vertex  the  point  D; 
for  they  are  contained  by  the  same  planes :  therefore  the  pyn^ 
mid  of  which  the  base  is  the  triangle  ABD,  and  vertex  the 
point  C,  is  equal  to  the  pyramid,  the  base  of  which  is  the 
triangle  EBC,  and  vertex  the  point  D.  Again,  because  FCBE 
is  a  parallelogram  of  which  the  diameter  is  C£,  the  txiangle 

•3+.  I.  ECF  is  equal*  to  the  triangle  ECB;  therefore 
the  pyramid  of  which  the  base  is  the  triangle 
ECB,  and  vertex  the  point  D,  is  equal  to  the 
pyramid  the  base  of  which  is  the  triangle  ECF, 
and  vertex  the  point  D :  but  the  pyramid  of 
which  the  base  is  the  triangle  ECB,  and  vertex 
the  point  D,  has  been  proved  equal  to  the  pyra- 
mid of  which  the  base  is  the  triangle  ABD,  and  vertex  the 
point  C :  therefore  the  prism  ABCDEF  is  divided  into  three 
equal  pyramids  having  triangular  bases,  viz.  into  the  pyramids 
ABDC,  EBDC,  ECFD.  And  because  the  pyramid  of  whidi 
the  base  is  the  triangle  ABD,  and  vertex  the  point  C,  is  the 
same  with  the  pyramid  of  which  the  base  is  the  triangle  ABC, 
and  vertex  the  point  D,  for  they  are  contained  by  the  same 
planes ;  and  that  the  p3rramid  of  which  the  base  is  the  tri- 
angle ABD  and  vertex  the  point  C,  has  been  demonstrated  to 
be  a  third  part  of  the  prism,  the  base  of  which  is  the  triangle 


ABr,  nnil  DEF  llic  npjioeite  tmrigk* ;  thuKfurc,  the  {lyratniil 
r  wliicli  Out  hme  is  the  triangle  AKC,  and  vertex  the  [Mint 
>,  is  the  third  [mtl  of  the  jiriHm  which  hnx  the  Ktunc  hi»e, 
tx.  the  trian);lc  ABC,  and  DEF  it«  apposite  triangle.    9.  k.  o. 

CuH.  I.  Frum  this  It  i«  ntnnifeel,  that  every  pynuniil  i« 
le  third  part  of  a  pri»m  which  htu  the  tamo  Inue,  am]  it  nf 
■  rquni  altitude  ivith  it :  for  tf  the  Ihuc  of  ihc  priHtn  he  any 
thrr  figure  thnn  a  triangle,  it  may  Iw  divided  intii  priimH 
iving  triargular  buses. 

Cor.  9.  I'risuis  of  i^iial  ultitudea  arc  to  uiie  another  as 
Ktr  ba»rs  ;  hecauw  the  [ivruniida  upon  the  same  biuM»,  aud 
Fthe  >atii«  Hltitude,  aru*  to  one  another  a»  their  haaw. 

PROPOSITION  vni. 


liltir  pyramid*  having  triangular  hatri, 
1  the  iriplicale  ratio  of  that  of  their 


to  another 
tides. 

Let  the  pynmidii  having  the  triangles  ABC,  DE>'  for  their 
Mex,  and  the  fwintH  G,  H  for  their  rertioes,  be  similar  and 
Imilarly  situated  :  the  jiyramid  ABCO  shall  have  to  the  pyro- 
mid  DEFH,  the  triplicate  nitio  of  that  which  the  Hide  BC  haii 
to  the  homologuuH  side  EF. 

Complete  the  purallelngrams  ABCM,  OBCN,  ABDK,  and  ttic 
•olid  parallel  op  iped   BOIL,  contained  hy  thcMr  planes  and 
those  opposite  to  them:  and,  in  like  manner,  complete  the 
solid  parftllelopipcd  EHPO  contained  by  the  three  parallclo- 
grama  DEFP,   HEFR,  DEHX,  and  those  oppaaih<  to  them. 
<\nd  because  the  pyramid  ABCO  is  similur  tu  the  pyramid 
DEFH,  the  angle  ABC  is  wiunl  •  to  the  angle  DEF,  and  the    ' 
angle  OBC  to  the  angle  II EF,  and  ABO  to  DEI!:  and  AB  in*    < 
to  DC,  m  DE  to   EF ;   that  is,  the 
Hides  about  the  equal  angles  ore 
proportionals :  wherefore  the  pa- 
rallelogram BH  is  similar  to  EP  : 
fur  the  Hime  reason,   the  paml- 
IcJngram  BN  is  similar  to  ER,  and 
BK  to  EX :    therefore  the  three 
paralleliigntm>c   BM,    BN,   BK   are 

similar  to  the  three  EP.  EH.  E.\:  but  the  three  BM,  BN,  BK 
are  equal  and  similar  *  tu  the  three  which  are  opposite  to 
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tlicxn^  and  tbe  three  £P,  ER,  £X^  equal  and  nmilar  to  tbe 
three  opposite  to  them :  wherefore  the  solids  BOML^  EHPO 
arc  contained  by  the  same  number  of  similar  planes:  anil 

*  B.  11.       their  solid  angles  are  *  equal ;  and  therefore  the  solid  BOMl 
<*l]Der.ll.  is  similar*  to  the  solid  EIIPO:  but  similar  solid  ptnllelo- 
*S3. 11.       pipeds  have  the  triplicate  *  ratio  of  that  which  their  homo- 
logous sides  have :  therefore  the  solid  BOML  has  to  the  solll 
£HPO>  the  triplicate  ratio  of  that  which  the  nde  BC  has  ts 
the  homologous  side  £F :  but  as  the  solid  BOML  is  to  tk 

*  15. 6.        solid  £HPO^  so  is  *  the  pyramid  ABCO  to  thepyramid  DEFH  ; 

because  the  pyramids  are  the  sixth  part  of  the  solids,  since  t&c 

*  28. 1 U       prism,  which  is  the  half  *  of  the  solid  parallelopiped,  is  triple* 
''•  '*•        of  the  pyramid:  wherefore,  like^viso,  the  pyramid  ABCO  has 

to  the  pyramid  DEFH,  the  triplicate  ratio  of  that  which  BC 
has  to  the  homologous  side  EF.     q.  e,  d. 

Cor.  From  this  it  is  evident,  that  similar  pyramids  whidi 
have  multangular  bases,  are  likewise  to  one  another  in  the 
triplicate  ratio  of  their  homologous  sides :  for  they  may  lie 
divided  into  similar  pyramids  having  triangular  bases,  beosine 
the  similar  polygons  which  are  their  bases,  may  be  dmded 
into  the  same  number  of  similar  triangles  homologoiu  to  ilic 
whole  polygons :  therefore  as  one  of  the  triangular  pynmidt 
in  the  first  multangular  pyramid  is  to  one  of  the  triangohr 
f  1&5.  pyramids  in  the  other  t,  so  are  all  the  triangular  pyramids  in 
the  Arst  to  all  the  triangular  pyramids  in  the  other ;  that  is, 
so  is  the  first  multangular  pyramid  to  the  other :  but  <me  tri- 
angular pyramid  is  to  its  similar  triangular  pyramid  in  tke 
triplicate  ratio  of  their  homologous  sides ;  and  therefore  the 
first  multangular  pyramid  has  to  the  other,  the  triplicate  ratio 
of  that  which  one  of  the  sides  of  the  first  has  to  the  hom»* 
logous  side  of  the  other. 


PROPOSITION  IX. 

TuEOR. — The  bases  and  altitudes  of  equal  pyratrnds  kawMg 
triangular  bases  are  reciprocally  proportionai ;  and  trtmH" 
gular  pyramids,  of  which  the  bases  and  aliiiudes  are  rtei^ 
procaUy  proportional,  are  equal  to  one  another. 

Let  the  pyramids  of  which  the  triangles  ABC,  DEP  are  the 
bases,  and  which  have  their  vertices  in  the  points  O,  H>'  be 


equal  to  one  another :  the  bases  and  ultitudc«  of  the  pyramids 
ABCO,  DEFn,  shall  be  reciprocally  proportional,  viz.  the  base 
ABC  sliull  be  to  the  base  DEF,  as  the  sltitude  of  the  pyramid 
Jf£FH  to  the  altitude  of  the  pyramid  ABCO. 

,  Complete  the  paralldograms  AC,  AG,  GC,  DF,  DH,  HF ; 
and  the  solid  parallelupipeda  BG9IL,  EIIPO,  contained  by 
these  plaaes  and  those  which  are  opi>o&ite  to  them.     And  b^ 
cniiae  the  pyramid  ABCO  U  equal  to  the  pyramid  DEFH,  and 
that  the  solid  SGML  is  sextuple  f  of  the  pyramid  ABCO,  and   i 
the  solid  EKPO  aestuple  of  the  pyramid  DEFH;  therefore  * 
the  solid  BGML  is  equal  •  to  the  solid  EIIPO  :  but  the  bases    • 
and    altitudes    of    eqmil    solid   parallel opipeds   are    recipro- 
cally proportional  * ;  therefore  as  the  base  B>t  to  the  base  EP,    * 
to  is  the  altitude  of  the  solid  EIIPO  to  the  altitude  of  the 
solid  SGML  :  but  as  the  base  BM  to  the  base  £P,  so  is  *  the   • 
triangle  ABC  to  the  triangle  DEF; 
therefore  as  the  triangle  ABC  to 
the  triangle  UEF,   r^o  is  the  alti- 
tude of  the  solid  EHPO  to  the  al- 
titude of  the  solid  BUML :   but 
the  altitude  of  the  solid  EHPO  is 
the  same  witli  the  altitude  of  the 
pyramid  DEFU ;  and  the  altitude  "     ^ 

of  the  BoUd  BOML  is  the  same  with  the  altitude  of  the  pyra- 
mid ABCG  ;  therefore,  as  the  base  ABC  to  the  base  DEF,  so 
ix  the  altitude  of  the  pyramid  DEFH  to  the  altitude  of  the 
pyramid  ADCG:  wherefore,  the  bases  and  altitudes  of  the 
pyramids  ABCO,  DEFH,  arc  reciprocally  proportionah 

Again,  let  the  bases  and  altitudes  of  the  jiyramids  ABCO, 

-  DEFH,  be  reciprocally  proportional,  viz.  the  base  ABC  to  the 
lose  DEF,  as  the  altitude  uf  the  pyramid  DEFH  to  the  alti- 
tude of  the  pyramid  ABCU :  the  pyramid  ABCU  shall  be  equal 
to  the  pyramid  DEFH. 

The  same  construction  being  made  ;  because  as  the  base 
ABC  to  the  base  DEF,  so  is  the  altitude  of  the  pyramid  DEFH 
to  the  attitude  of  the  pyramid  ABCO  ;  and  as  the  base  ABC 
to  the  base  I>EF,  so  is  the  parallelogram  BUI  to  the  parallelo- 
gram EP :  therefore  the  parallelogram  BAI  is  to  £P,  as  the  at- 
titude of  the  pyramid  DEFH  to  tlie  altitude  of  the  pyramid 
ABCG  :  but  the  altitude  of  the  pyramid  DEFH  is  the  same 
with  the  altitude  of  the  solid  paratldopipcd  EHPO  ;  and  the 

..pltitude  of  tlie  pyramid  ABCG  is  the  same  n'ith  the  altitude 
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of  the  tolid  pvaDdopxped  BGML:  therelbre  as  tlw  hise  BM 
to  tiie  b«ie  £P,  to  is  the  altitude  of  the  aolid  panllelopiped 
EHPO  to  the  kltitnde  of  the  solid  parallflopipcd  B6ML :  but 
solid  parallel<n>iped$  Lariog  their  hues  and  altitudes  recipfo- 

•  S«.  1 1.  caUy  proportional,  are  eqoal  *  to  ooe  another ;  therefore  the 
solid  paiallelopiped  BGMD  is  eqnal  to  the  aolid  paiallelepiped 
EHPO :  and  the  prramid  ABCO  is  the  sixth  part  of  the 
SGML,  and  the  pyiamid  DEFH  is  the  sixth  part  of  the 

1 1  Ax.  &     EHPO ;  therefore  the  prnunid  ABCG  is  eqnal  t  to  the 
mid  DEFH.     Therefore,  the  bases,  &c    «.  e.  o. 


PROPOSITION  X. 

Theor. — Everif  cone  it  the  third  part  of  a  cylinder  wkkk 
has  the  same  base  and  is  of  an  equal  aHiiude  with  U. 

Let  a  cone  have  the  same  base  with  a  cylinder,  ris.  the 
circle  ABCD,  and  the  same  altitude :  the  cone  shall  be  the 
third  part  of  the  cylinder ;  that  is,  the  cylinder  shall  be 
triple  of  the  cone. 

If  the  cylinder  be  not  triple  of  the  cone,  it  must  either  be 
greater  than  the  triple,  or  less  than  it.  First,  let  it  be  greater 
than  the  triple;   and  inscribe  the  square 

1 8. 12.  ABCD  in  the  circle :  this  square  is  greater  f 
than  the  half  of  the  circle  ABCD.  Upon 
the  square  ABCD,  erect  a  prism  of  the  same 
altitude  with  the  cylinder;  this  prism 
shall  be  greater  than  half  of  the  cylinder : 
for  let  a  square  be  described  about  the 
circle,  and  let  a  prism  be  erected  upon  the  square,  of  the  same 
altitude  with  the  cylinder :  then  the  inscribed  square  is  half 
of  that  circumscribed ;  and  upon  these  square  bases  are  erected 
solid  parallelopipeds,  viz.  the  prisms  of  the  same  altitude ; 
therefore  the  prism  upon  the  square  ABCD  is  the  half  of  the 
prism  upon  the  square  described  about  the  circle ;  because 

*  Si.  11.  they  are  to  one  another  *  as  their  bases :  and  the  cylinder  is 
less  than  the  prism  upon  the  square  described  about  the  circle 
ABCD,  therefore  the  prism  upon  the  square  ABCD  of  the 
same  altitude  with  the  cylinder,  is  greater  than  half  of  the 
cylinder.  Bisect  the  circumferences  AB,  BC,  CD,  DA,  in  the 
points  E,  F,  O,  H ;  and  join  AE,  EB,  BF,  FC,  CO,  OD,  DH,  HA: 


then.  »ch  of  the  tri*ngles  AEB,  BFC,  (-(JD,  DHA  h  gmMr 
than  ihv  half  of  the  KgmeDt  uf  the  drcle  in  which  il  iitsnda, 
iM  was  Hht^wn  in  Prop.  2,  uf  thiis  Itouk.  Erect  prisina  nixm 
each  nf  these  triangles,  of  thr  Mine  nltitudv  with  the  cyUntler ; 
each  of  lliese  prisms  shall  \iv  greater  than  half  of  the  §cgmcnt 
of  the  crlinder  in  which  it  is  ;  hcmuav,  if  through  the  poinU 
E,  F,  O,  H,  parallels  !>«  drawn  to  AB,  DC,  CD,  DA,  anil  piw 
rallelagmms  be  completed  upon  the  Mine  AB,  DC,  CD,  DA, 
and  Holiil  panilltlopipedB  l>e  «rccted  upon  the  parallelogmmB ; 
the  prisms  upon  the  triangles  AEB,  BFC,  CGD,  UHA,  are  th« 
halrcs  of  the  solid  parallel  op  ipcds  * ;  and 
the  Moments  of  the  ejljnder  which  are  npon 
the  M^menU  of  the  circle  cut  off  hj  AB,  BC, 
CD,  DA,  are  less  than  the  tolid  p*ira.ll«Inpi- 
peds  which  contain  them';  therefore  the 
prianu  upon  the  trianglen  AEB,  BFC,  COD, 
I  DHA,  are  greater  than  half  of  the  fH-^ments 
kf  the  cylinder  in  tvhich  they  are :  therefore, 
nf  each  of  the  circumferences  be  divided  into  two  equal  parts, 
and  nraight  lines  lie  drawn  Iroui  the  |>oints  of  division  to  the 
exircmiticB  of  the  circumferences,  und  upon  the  triangles  thuH 
nude,  prisms  be  erected  of  the  same  altitude  with  the  cvlin- 
I  dcv,  and  so  on,  there  most  at  length  remain  some  segmeiitu 

F  the  cylinder  vi'hich  together  are  leaa  *  than  the  excess   ■ 

■«f  the  cylinder  above  the  triple  of  the  crnic :  let  them  l>e 

■jtlraw  upon  the  segments  of  the  circle,  AE,  El),  BF,  FC,  CO, 

fiD,  DH.  IIA ;  therefore  the  rest  of  the  cylinder,  that  is.  the 

l.prism  of  which  the  base  is  the  polygun  AEBFCUUH,  and  of 

I'irhich  the  altitude  is  the  same  with  that  of  the  cylinder,  is 

MteT  than  the  triple  of  the  cone:  but  this  prism  is  triple* 

mttt  the  pyramid  upon  the  same  hose,  of  which  the  vertex  is 

•  with  the  vertex  of  the  couc  ;  therefore  the  pyramid 

n  the  base  ACDFCUDII,  having  the  same  vertex  tvith  the 

we,  ia  greater  than  the  cone  of  which  the  base  is  the  circle 

lUCD;  but  it  is  also  less,  for  the  pyramid  is  contained  within 

no  I  which  is  impossible  ;  therefore  the  cylinder  is  not 

r  than  the  triple  of  the  cone. 

Nor  can  the  cylinder  be  less  than  the  triple  of  the  cone, 

t  it  be  less,  if  possible ;  therefore,  invencly,  the  cone  ia 

eater  than  the  third  part  of  the  cylinder.     In  the  cirdu 

ABCD,  inscritra  a  squitru :  this  square  is  greater  than  the  half 

F  the  circle:  and  upon  the  square  ABCD  erect  a  pyrunid. 
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having  the  same  vertex  with  the  eone;  this  pyramid  li 
greater  than  the  half  of  the  cone ;  becaase^  as  was  before  da- 
monstrated,  if  a  square  be  described  about  the  cirdey  tibe 
aqaare  A  BCD  is  the  half  of  it :  and  if  upon  these  sqoarei 
there  be  erected  solid  parallelopipeds  of  the  same  altitude 
with  the  cone,  which  are  also  prisms,  the  prism  upon  the 
square  ABCD  is  the  half  of  that  which  is  upon  the  square  de- 
scribed about  the  circle ;  for  they  are  to  one  another  as  their 

*  88. 11.  bases  * ;  as  are  also  the  third  parts  of  them  :  therefore  th« 
pyramid,  the  base  of  which  is  the  square  ABCD,  is  half  of  the 
pyramid  upon  the  square  described  about  the  circle :  but  this 
last  pyramid  is  greater  than  ^e  cone  which  it  contains; 
therefore  the  pyramid  upon  the  square  ABCD,  having  the 
same  vertex  with  the  cone,  is  greater  than  the  half  of  the 
cone.  Bisect  the  circumferences  AB,  BC,  CD,  DA,  in  the 
points  £,  F,  G,  H,  and  join  AE,  EB,  BF,  FC,  CO,  OD,  DH,  HA : 
therefore  each  of  the  triangles  AEB,  BFC,^OD,  DHA,  ii 
greater  than  half  of  the  segment  of  the  circle  in  wUdi  it  is: 
upon  each  of  these  triangles  erect  pyramids  having  the  same 
vertex  with  the  cone :  therefore  each  of  those  pyramids  ii 
greater  than  the  half  of  the  segment  of  the 
cone  in  which  it  is,  as  was  before  demon- 
strated of  the  prisms  and  segments  of  the 
cylinder:  and  thus  dividing  each  of  the 
circumferences  into  two  equal  parts,  and 
joining  the  points  of  division  and  their  ex- 
tremities by  straight  lines,  and  upon  the  triangles  erecting 
pyramids  having  their  vertices  the  same  with  that  of  the  cone, 
and  so  on,  there  must  at  length  remain  some  s^ments  of  the 

t  Lemma  cone,  which  together  are  less  t  than  the  excess  of  the  cone 
above  the  third  part  of  the  cylinder :  let  these  be  the  seg- 
ments upon  AE,  £B,  BF,  FC,  CO,  QD,  DH,  HA  :  therefore  the 
rest  of  the  cone,  that  is,  the  pyramid  of  which  the  base  is  the 
polygon  AEBFCODH,  and  of  which  the  vertex  is  the  same 
with  that  of  the  cone,  is  greater  than  the  third  part  of  the 
cylinder:  but  this  pyramid  is  the  third  part  of  the  prism 
upon  the  same  base  AEBFCODH,  and  of  the  same  altitude 
with  the  cylinder ;  therefore  this  prism  is  greater  than  the 
cylinder  of  which  the  base  is  the  circle  ABCD  :  but  it  is  also 
less,  for  it  is  contained  within  the  cylinder ;  which  is  impos- 
sible :  therefore  the  cylinder  is  not  less  than  the  triple  of  the 
cone.    And  it  has  been  demonstrated,  that  neither  is  it  greater 
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Aam  the  triple;  therefore  the  cylinder  is  triple  of  the  oooe, 
n^  theooneis  the  third  part  of  the  cylinder.  Wherefore, 
Bforj  ^cmse^  Sto*    q«  m,  p* 


,*.- . 
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PROPOSITION  XI. 

■  -■  ■  ■ 

]!j^oil — Cones  and  cylinders  of  the  same  altitude,  are  to  one  See  N. 

.^     .  another  as  their  bases. 


JLet  the  cones  and  cylinders,  of  which  the  bases  are  the 
ijrcles  ABCD,  EFOH,  and  ^e  axes  KL,  MN^  and  AC,  £0 
Lhe  diameters  of  their  bases,  be  of  the  same  altitude :  as 
Lbe  circle  ABCD  to  the  circle  EFOH,  so  shall  the  cone  AL  be 
to  the  come  £N. 

.  If  it  be  not  so,  the  circle  ABCD  must  be  to  the  circle 
EFGU.  as  the  cone  AL  to  some  solid  either  less  than  the  cone 
EN,,  or  greater  than  it.  First,  let  it  be  to  a  soL'd  less  than 
1^,  Yiz.  to  the  solid  X ;  and  let  Z  be  the  solid  which  is  equal 
to  the  excess  of  the  cone  EN  above  the  solid  X ;  therefore  the 
cone  EN  is  equal  to  the  solids  X,  Z  together.  In  the  circle 
EFOH,  inscribe  the  square  EFOH ;  therefore  this  square  is 
greater  than  the  half  of  the  circle  :  upon  the  square  EFGH, 
flTBCt  a  pyramid  of  the  same  al- 
titude with  the  cone ;  this  py- 
ramid shall  be  greater  than  half 
of  the  cone  :  for,  if  a  square  be 
described  about  the  circle,  and 
a  pyramid  be  erected  upon  it, 
having  the  same  vertex  with  the 
oone:(,  the  pyramid  inscribed 
tn  the  cone  is  half  of  the  py- 
ramid circumscribed  about  it, 
because  they  are  to  one  another 
as  their  bases  * :  but  the  cone 
b  less  than  the  circumscribed  pyramid  ;  tlbercfore  the  pyra- 
mid of  which  the  base  is  the  square  EF6H,  and  its  vertex  the 
same  with  that  of  the  cone,  is  greater  than  half  of  the  cone. 

}  Vertex  is  put  in  plajce  of  altitude,  which  is  in  the  Greek,  because  the  py- 
T^ciid,  in  wliat  foHows,  is  supposed  (o  be  circumscribed  about  tlie  cone,  and  so 
Bitist  hare  the  siroe  vertex.     And  the  same  change  is  made  In  some  placet 


1 


•  6.  18. 
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Divide  the  circumferences  £F^  FG,  GH^  H£,  each  into  two  equal 
parts  in  the  i)ointe  O,  P,  R,  S,  and  join  £0,  OF,  FP,  PG,  GR,  RH, 
HS,  S£ :  therefore  each  of  the  triangles  £OF,  FPG,  GRU,  ESS, 
is  greater  than  half  of  the  s^mcnt  of  the  circle  in  which  it 
is :  upon  each  of  these  triangles^  erect  a  pyramid  having  the 
same  vertex  with  the  cone ;  each  of  these  pyramids  is  greater 
than  the  half  of  the  segment  of  the  ocme  in  which  it  is :  and 
thus  dividing  each  of  these  circumferences  into  two  equal 
parts^  and,  from  the  jpoints  of  division,  drawing  straight  lines 
to  the  extremities  of  the  circumferences,  and  upon  each  of  the 
triangles,  thus  mado^  erecting  pyramids  having  the  same 
vertex  with  the  cone,  and  so  on,  there  must  at  length  remain 

*  Lcniuia.      some  segments  of  the  cone  which  are  together  less  *  than  the 

solid  Z ;  let  these  be  the  segments  upon  £0,  OF,  FP,  PG,  OR, 
RH,  HS,  S£ :  therefore  the  remainder  of  the  cone,  vis.  the 
pyramid  of  which  the  base  is  the  polygon  £OFPGRHS,  and 
its  vertex  the  same  with  that  of  the  cone,  is  greater  than  the 
solid  X.  In  the  circle  ABCD,  inscribe  the  polygon  ATBYCVDQ 
similar  to  the  polygon  £OFPGRHS,  and  upon  it  erect  a  pyra- 
mid having  the  same  vertex  with  the  cone  AL :  and  because 

*  1. 12.        as  the  square  of  AC  is  to  the  square  of  £G,  so*  is  the  po- 

lygon ATBYCVDQ  to  the  polygon  ROFPGRHS ;  and  as  the 

*  2. 12.         square  of  AC  to  the  square  of  £G,  so  is  *  the  circle  ABCD  to 

•  il.5.         the  circle  £FGH  ;   therefore   the  circle  ABCD  is*   to  the 

circle   £FGH,  as  the  polygon  ATBYCVDQ  to  the  polygon 

BOFPGRHS :   but  as  the  circle 

ABCD  to  the  circle  £FGH,  so  is 

the  cone  AL  to  the  solid  X ;  and 

as  the  polygon  ATBYCVDQ  to 

the    polygon     BOFPGRHS,     so 

•  G  12.         is  •  the  pyramid  of  which  the 

base  is  the  first  of  these  poly- 
gons, and  vertex  h,  to  the  py- 
ramid of  which  the  base  is  the 
other  polygon,  and  its  vertex 
N:  therefore,  as  the  cone  AL 
to  the  solid  X,  so  is  the  pyra- 
mid of  which  the  base  is  the  polygon  ATBYCVDQ,  and  vertex 
L,  to  the  pyramid  the  base  of  which  is  the  polygon  £OFPGRUS, 
and  vertex  N:  but  the  cone  AL  is  greater  than  the  pyramid 

•  li.6.         contained  in  it;  therefore  the  solid  X  is  greater*  than  the 

pyramid  in  the  cone  £N :  but  it  is  less,  as  was  shewn  ;  which 
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18  absurd:  therefore  the  circle  ABCD  is  not  to  the  circle 
EFGHj  as  the  cone  AL  to  any  solid  which  is  less  than  the  cone 
EN.  In  the  same  manner  it  may  be  demonstrated,  that  the 
circle  EFOH  is  not  to  the  circle  ABCD,  as  the  cone  EN  to  any 
solid  less  than  the  cone  AL.  Nor  can  the  circle  ABCD  be  to 
the  circle  EFOH,  as  the  cone  AL,  to  any  solid  greater  than 
the  cone  EN.  For  if  it  be  possible,  let  it  be  so  to  the  solid  I, 
which  is  greater  than  the  cone  EN :  therefore,  by  inversion,  as 
the  circle  EFOH  to  the  circle  ABCD,  so  is  the  solid  I  to  the 
cone  AL :  but  as  the  solid  I  to  the  cone  AL,  so  is  the  cone 
EN  to  some  solid,  which  must  be  less*  than  the  cone  AL,  *  H-5. 
because  the  solid  I  is  greater  than  the  cone  EN;  therefore,  as 
the  circle  EFOH  is  to  the  circle  ABCD,  so  is  the  cone  EN  to  a 
solid  less  than  the  cone  AL,  which  was  shewn  to  be  impos- 
sible ;  therefore  the  circle  ABCD  is  not  to  the  circle  EFGH, 
as  the  cone  AL  is  to  any  solid  greater  than  the  cone  EN.  And 
it  has  been  demonstrated,  that  neither  is  the  circle  ABCD  to 
the  circle  EFOH,  as  the  cone  AL  to  any  solid  less  than  the 
cone  EN ;  therefore  the  circle  ABCD  is  to  the  circle  EFGH, 
as  the  cone  AL  to  the  cone  EN :  but  as  the  cone  is  to  the 
cone,  so*  is  the  cylinder  to  the  cylinder,  because  the  cylin-  •16.*. 
ders  are  triple*  of  the  cones,  each  of  each :  therefore  as  the  *  l^*  !*• 
circle  ABCD  to  the  circle  EFGH,  so  are  the  cylinders  upon 
them  of  the  same  altitude.     Wherefore  cones  and  cylinders, 

&e.      Q.  E.  D. 

PROPOSITION  XIL 

Theor. — Similar  cones  and  cylinders  have  to  one  another,  the  See  N. 
triplicate  ratio  of  that  which  the  diameters  of  their  bases 
have. 

Let  the  cones  and  cylinders  of  which  the  bases  are  the 
drcles  ABCD,  EFGH,  and  the  diameters  of  the  bases  AC,  EG, 
and  KL,  MN  the  axes  of  the  cones  or  cylinders,  be  similar: 
the  cone  of  which  the  base  is  the  circle  ABCD  and  vertex  the 
point  L,  shall  have  to  the  cone  of  which  the  base  is  the  circle 
EFGH  and  vertex  N,  the  triplicate  ratio  of  that  which  AC 
has  to  EG. 

For  if  the  cone  ABCDL  has  not  to  the  cone  EFGHN,  the 
triplicate  ratio  of  that  which  AC  has  to  EG,  the  cone  ABCDL 
must  have  the  triplicate  of  that  ratio  to  some  solid  which  is 
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less  or  greater  than  the  cone  EFOHN.  First,  let  it  bave  k  t*' 
a  less,  viz,  to  the  solid  X.  Make  the  same  oointnicti<m  hniir 
the  preceding  proposition,  and  it  may  be  deuiooatratiea  ih^ 
very  same  Tvay  as  in  that  proposition,  that  tbe  pyrtoiid  if 
which  the  base  is  the  polygon  EOFPORH8,  and  vertWc'-W,  W 
greater  than  the  solid  X.  Inscribe  also  in  the  circle  ABGD^ 
the  polygon  ATBYCVDQ  similar  to  the  polygon  BOFPORHB; 
upon  which,  erect  a  pyramid  having  the  same  vertex  with'tft^ 
cone :  and  let  LAQ  be  one  of  the  triangles  eontaining  the  jiy- 
ramid  upon  the  polygon  ATBYCVDQ,  the  vertex  of  trhich  b 
L ;  and  let  NES  be  one  of  the  triangles  containing  the  pyim- 
mid  upon  the  polygon  EOFPGRH8  of  whicb  tbe  vertex  h  Nf 


•6.6. 


and  join  KQ,  MS.     Then,  because  the  cone  ABCDL  Is  aimiltf 
*84Def.11.  to  the  cone  EFOHN,  AC  is  *  to  EO  as  the  axis  KL  to  the  W9 

*  15. 5.        MN ;  and  as  AC  to  EO,  so  *  is  AK  to  EM ;  therefore  as  kt 

to  EM,  so  is  KL  to  MN ;  and  alternately,  AK  to  KL,  as  E^ 
to  MN :  and  the  right  angles  AKL,  EMN  are  eqnal :  tbeiv- 
fore,  the  sides  about  these  equal  angles  being  proportionaJit, 
the  triangle  AKL  is  similar  *  to  the  triangle  EMN.  AgjB&A, 
because  AK  is  to  KQ,  as  EM  to  MS,  and  that  these  ^des  aiie 
about  equal  angles  AKQ,  EMS,  because  these  angles  are,  each 
of  them,  the  same  part  of  four  right  angles  at  the  <5entre8  K, 
M,  therefore  the  triangle  AKQ  is  similar*  to  the  triangle 
EMS.  And  because  it  has  been  shewn,  that  as  AK  to  KL,  so 
is  EM  to  MN,  and  that  AK  is  equal  to  KQ,  and  EM  to  MS, 
therefore  as  QK  to  KL,  so  is  SM  to  MN;  and  therefore,  the 
sides  about  the  right  angles  QKL,  SMN,  being  proportionals, 
the  triangle  LKQ  is  similar  to  the  triangle  NMS.  And  be- 
cause of  the  similarity  of  the  triangles  AKL,  EMN,  as  LA  is  to 
AK,  so  is  N£  to  EM  ;  and  by  the  similarity  of  the  triangles 

•  22, 5.         AKQ,  EMS,  as  KA  to  AQ,  so  ME  to  ES:  therefore,  ex  lequali*, 

LA  is  to  AQ,  as  NE  to  E8.    Again,  because  of  the  aimilairity 
of  the  triangles  LQK,  NSBf ,  as  LQ  to  QK,  so  N8  to  8M  ;  and 
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glQiilariljr  of  the  triangles  KAQ,  MEi,  as  EQ  to  QA, 
toMSUiSE:  tberefore,  exwquali*,  Ujis  toQA.UE  NS  toSE:  • 
and  it  was  proved,  that  QA  is  to  AL,  aa  SE  to  EN :  therefore, 
again,  ex  a-quali,  as  QL  to  LA,  so  is  SN  to  NE :  wherefore  the 
trioDgles  I'QA,  USE,  having  the  sides  about  all  their  angles 
proportioDals,  are  equiangular  *  and  aimilar  to  one  another:  * 
and  tiit;refore  the  pp^unid  of  which  the  base  is  the  triangle 
ACQ,  and  vertex  L,  is  similar  to  the  pyramid  the  base  of 
which  ie  the  triangle  EMS,  and  vertex  N,  because  their  solid 
angles  are  equal  *  to  one  another,  and  they  are  contained  by  • 
the  same  number  of  similar  planes :  but  atniilar  pyramids 
which  have  triangular  bases,  have  to  one  another  the  tripli- 
cate *  ratio  of  that  which  their  homologous  sides  have  ;  there-  ■ 
fore  the  pyramid  AKQL  has  to  the  pyramid  EMSN,  the  tripli- 
cate ratio  of  that  which  AS  has  to  EM.  In  the  same  manner, 
if  straight  lines  be  dratm  from  the  points  D,  V,  C,  Y,  B,  T, 
to  K,  and  from  the  points  H,  R,  O,  P,  F,  O,  to  M,  and  pyra- 
mids be  erected  upon  the  triangles,  having  the  same  vertices 
with  the  cones,  it  may  be  demonstrated,  that  each  pyramid 
in  the  lirst  cone  has  to  each  in  the  other,  taking  them  in  the 
MOie  order,  the  triplicate  ratio  of  that  which  the  side  AK  bos 
to  the  side  EN ;  tliat  is,  which  AC  has  to  £0 :  but  as  one 
antecedent  to  its  consequent,  so  arc  all  the  antecedents  to  all 
tlie  consequents*  ;  therefore  as  the  pyramid  AKQL  to  the  py-  ' 
TaniidEMSN,BO  islhe  whole  pyramid  the  base  of  which  is  the 
polygon  DQATBVCV,  and  vertex  L,  to  the  whole  pyramid  of 
which  the  base  is  the  polygon  IISEOFPGR,  and  vertex  N ; 
wherdore  also  the  first  of  these  two  last-named  pyramids  has 
to  the  other,  the  triplicate  ratio  of  that  which  AC  has  to  EG  ; 
Init,  by  the  hypothesis,  the  cone  of  which  the  base  is  the 
circle  ABCD,  and  vertex  L,  has  to  the  solid  X,  the  triplicate 


iHtia  of  that  which  AC  has  to  EG ;  th«ref(ire,  as  the  coDe  of 
vhich  the  base  is  the  circle  ABCD,  and  vertex  L,  is  to  the 
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solid  X^  SO  18  the  pyramid  the  base  of  which  is  the  polygon 
DQATBYCV^  and  vertex  h,  to  the  pyramid  the  base  of  which 
is  the  polygon  HSEOFPGR^  and  vertex  N  :  but  the  said  cone 
is  greater  than  the  pyramid  contained  in  it :  therefore  the 
^  U.  A.         solid  X  is  greater*  than  the  pyramid,  the  base  of  whidi  is  Ihe 
polygon  IISEOFPGR,  and  vertex  N :  but  it  is  also  less;  which 
is  impossible :  therefore  the  cone,  of  which  the  base  is  the  ck* 
de  ABCD  and  vertex  L,  has  not  to  any  solid  which  is  Um 
than  the  cone  of  which  the  base  is  the  circle  EFGH  and  vetta. 
N,  the  triplicate  ratio  of  that  which  AC  has  to  EO.     In  tbe 
same  manner  it  may  be  demonstrated,  that  neither  has  the 
cone  EFOHN  to  any  solid  which  is  less  than  the  coofrABCDIi, 
the  triplicate  ratio  of  that  which  EG  has  to  AC.     Nor  can  the 
cone  AUCDL  have  to  any  solid  which  is  greater  than  the  cone 
EFGHN,  the  triplicate  ratio  of  that  which  AC  has  to  SA 
For  if  it  be  possible,  let  it  have  it  to  a  greater,  viz.  to  the 
solid  Z :    therefore,   inversely>  the  solid  Z  has  to  the  cone 
AfiCDL,  the  triplicate  ratio  of  that  which  EG  has  to  AC :  but 
as  the  solid  Z  is  to  the  cone  ABCDL,  so  is  the  cone  EFGHN 

*  1 4.  6.        to  some  solid,  which  must  be  less  *  than  the  cone  ABCDL,  be- 

cause the  solid  Z  is  greater  than  the  cone  EFGHN ;  therefbie 
the  cone  EFGHN  has  to  a  solid  which  is  less  than  the  oone 
ABCDL,  the  triplicate  ratio  of  that  which  EO  has  to  AC, 
which  was  demonstrated  to  be  impossible :  therefore  the  cone 
ABCDL  has  not  to  any  solid  greater  than  the  cone  EFGHN,  ' 
the  triplicate  ratio  of  that  which  AC  has  to  EG:  and  it  was 
demonstrated,  that  it  could  not  have  that  ratio  to  any  solid 
less  than  the  cone  EFGHN  :  therefore  the  cone  ABCDL  has  to 
the  cone  EFGHN,  the  triplicate  ratio  of  that  which  AC  has  to 

•  1  ft.  5.         EG,  but  as  the  cone  is  to  the  cone,  so  *  the  cylinder  to  the 
t  10.  12.       cylinder;  for  every  cone  is  the  third  t  part  of  the  cylinder 

upon  the  same  base,  and  of  the  same  altitude:  therefore 
also  the  cylinder  has  to  the  cylinder,  the  triplicate  ratio  of 
that  which  AC  has  to  EG.  Wherefore,  similar  cones,  &c. 
g.  E,  1). 

PROPOSITION  XIIL 

Sm»  N.  Theor. — If  a  cylinder  be  cut  by  a  plane  parallel  to  its  opjxh 

site  planes  or  bases,  it  divides  the  cylinder  info  two  cylin- 
ders,  one  of  which  is  to  the  other,  as  the  axis  of  the  [first 
to  the  axis  of  the  other. 


Let  the  cylinder  AD  be  cut  by  the  plane  OH  parallel  to  the 
opposite  planes  AB,  CD,  meeting  the  axis  EF  in  the  poijit  K; 
and  let  the  line  OH  be  the  common  section  of 
the  plane  GH,  and  the  Buriace  of  the  cylin- 
der AD,  Let  AEFC  be  the  paralldtgram  in 
any  position  of  it,  by  the  revolution  of  which 
mbout  the  straight  line  EF,  the  cylinder  AD 
is  described ;  and  let  GK  be  the  common  sec- 
tion of  the  plane  GH,  and  the  plane  AEFC. 
And  becnuse  the  parallel  planes  AB,  GH  are 
cut  by  the  pliuie  AEKG,  AE,  KG,  their  com- 
mon  sections  with  it,  are  parallel  • :  where-  v'^^C^O 
fore  AK  is  a  parallelogram,  and  GK  equal  to 
EA,  the  straight  line  from  the  centre  of  the  circle  AB  :  for  the 
s&me  reason,  each  of  the  straight  lines  drawn  from  thu  point 
K  to  the  line  GH,  may  be  proved  to  be  equal  to  those  which 
are  drawn  from  the  centre  of  the  circle  AB  to  its  circumfer- 
ence, and  are  therefore  all  equal  to  one  another ;  therefore  the 
line  GH  is  the  circumference  of  a  circle  •  of  which  the  centre  ' 
is  the  point  K  :  therefore  the  plane  GH  divides  the  cylinder 
AD  into  the  cylinders  AH,  GD;  for  they  are  the  same  which 
would  be  described  by  the  revolution  of  the  parallelograms 
AK,  GF,  about  the  straight  lines  EK,  KP :  and  it  is  to  be 
shewn,  that  the  cylinder  AH  is  to  the  cylinder  HC,  as  the  axis 
•  EK  to  the  axis  KF. 

Produce  the  axis  EF  both  ways  :  and  take  any  number  of 
straight  lines  EN,  NL,  each  equal  to  EK  ;  and  any  number  FX, 
XM,  each  equal  to  FK  ;  and  let  planes  parallel  to  AB,  CD, 
pass  through  the  points  L,  N,  X,  M  :  therefore  the  common 
sections  of  these  planes  with  the  cylinder  produced,  are  circles, 
the  centres  of  which  are  the  points  L,  N,  X,  Uy  as  was  proved 
of  the  pbne  GH  :  and  these  planes  cut  off  the  cylinders  PR, 
RB,  DT,  TQ.  And  because  the  axes  LN,  NE,  EK  are  all 
equal,  therefore  the  cylinders  PR,  RB,  BO  are  •  to  one  another  • 
as  their  buses :  but  their  bases  are  equal,  and  therefore  the 
cylinders  PR,  RB,  BG  are  equal :  and  because  the  axes  LN, 
NE,  EK  are  equal  to  one  another,  as  also  the  cylinders  PR, 
BB,  BO,  and  that  there  are  as  many  axes  as  cylinders  ;  there- 
fore whatever  multiple  the  axis  KL  is  of  the  axis  KE,  the  same 
multiple  is  the  cylinder  PG  of  the  cylinder  OB  :  for  the  same 
r^Mui,  whatever  multiple  the  axis  MK  is  of  the  axis  KF,  the 
same  multiple  is  the  cylinder  QO  of  the  cylinder  OD :  and  if 


S49 


EUCLID  S  BLBMBNTt. 


the  uia  KL  be  equal  to  the  axis  EM,  the  ojliader  FG  ia  «giul:j 
to  the  cylinder  QQ;  and  if  the  avs  KJU  be  graler  than  tita, 
asi>  KM,  the  cylinder  PO  is  greater  than  the 
cylinder  OQ;  and  if  less,  lesi:  therefore, 
aince  there  are  four  tnagnitudea,  via.  the  azea 
EK,  KF,  and  the  cylinders  BO,  OD;  and 
that  of  the  axis  EK  and  cylinder  BQ  there 
have  been  taken  any  equimultiplea  whatever, 
til.  the  axis  KL  and  cylinder  PO,  and  of  the 
axis  KF  and  cylinder  QO,  any  equimultiplea 
whaterer,  via.  the  axis'  KM  and  cylinder  OQ; 
and  aince  it  has  been  demonstrated,  that  if  the 
axis  KL  be  greater  than  the  axis  KM,  the 
cylinder  PQ  is  greater  than  the  cylinder  OQ;  ,  .< 

*  >  Drf.  5.  and  if  equal,  equal ;  and  if  less,  lest ;  therefore  *  U  tlw  VOK^ 
EK  ia  to  the  axis  KF,  ao  is  the  cylinder  BO  to  the  cylinder  QIL^, 
Wherefore,  if  a  cylinder,  &c     q.  x.  n,  ^,- 
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PROPOSITION  XIV.  -  ''  -"'1^ 

Thiob.— Concf  and  eglindert  upon  equal  hata,  an4»itiifi 

aaolher  a*  tMeir  aUiludtt.  vi-iviii 

-:. .'    .;I:  « 

Let  the  cylinders  EB,  FD  be  upon  the  equal  faoHs  ABj  ODfK 
as  the  cylinder  EB  to  the  cylinder  FD,  so  shall  the  iiai  Oilic 
be  to  the  axis  EL.  .  ''I' 

Produce  the  axis  KL  to  the  point  N,  end  make  LN  aqnal  W- 
the  axis  OH  ;  and  let  CM  be  a  cylinder  of  which  the  botik^' 
CD,  and  axis  LN.  Then,  because  the  cylinders  £^  OM  hnkJ 
the  same  altitude,  they  are  to  one  another  as  their  baatB*fl" 
but  their  bases  are  equal,  therefore  also  the  cylinder*  BB,'  CK^ 
are  equal :  and  because  the  cyh'nder  FM  is  cut  by  the  plHA"' 
CD  parallel  to  its  opposite  planes,  as  the 
cylinder  CM  to  the  cylinder  FD,  so  is  • 
the  axis  LN  to  the  axis  KL:  but  the 
cylinder  CM  is  equal  to  the  cylinder  EB,  n 
and  the  axis  LN  to  the  axis  OH ;  there-  | 
fore  as  the  cylinder  KB  to  the  cylinder  a. 
FD,  so  is  the  axis  OH  to  the  axis 
KL:  and  as  the  cylinder  EB  to  the  cylinder  FD,  m  »M 
the  cone  ABO  to  the  cone  CDK,  because  the  cylindeni^nii 
tri^  *  of  the  cone* :  therefore  also  theaxt»OBtsrtO'Cho«dRi* 
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Kfe&;M  Ad  ^ne  ABO  to  the  cone  CDK,  and  as  tIie1c^Ji/fe 
to  lite  cylinder  FD.     Wherefore,  coiiea,  &c.     q.  e. 


■'  PROPOSITION  XV. 

<;■  V. 

Tk^OK.— The  bases  and  allilvdes  of  eqnal  conct  and  cylinden  See  N. 
UlT  reciprocally  proporllonal ;  and  if  the  bases  and  altiludei  , 
6e  reciprocal/^  proportional,  Ike  cones  and  cylinders  ar^.  ' 
equal  to  one  another. 

Let  the  circles  ABCD,  EFOH,  the  diameters  of  which  are 
AC,  £0,  be  the  bases,  and  KL,  MN,  the  axes,  as  also  the  alti- 
tudes, of  equal  cones  and  cylinders;  and  let  ALC,  ENO  be 
the  cones,  and  AX,  EG,  the  cylinders ;  the  bases  and  altitudes 

of  the  cylinders  AX,  ED,  shall  be  reciprocally  proportional; 

that  is,  as  the  base  ABCD  to  the  base  EFGH,  so  shall  the  altfT'  ^ 
tude  MX  be  to  the  altitude  KL,. 

Either  the  altitude  MN  is  equal  to  the  altitude  KL,  or  these 
sitiliules  are  not  equal.  First  let  them  be  equal ;  and  the 
cylinders  AX,  EO  being  also  equal,  and  cones  and  cylinders 
of  the  sane  altitude  being  to  one  another  as  their  bases'*,  '*  Il>  1| 
therefore  the  base  ABCD  is  equal  *  to  the  base  EFGH  ;  and  •  a.  b. 
as  tbe  base  ABCD  is  to  the  base  EFGH,  so  is  the  altitude 
HNto  the  altitude  KL.    But  let  the  _      i 

alliEiides  KL,  MN  be  unequal,  and 
MN  the  greater  of  the  two,  and  from 
Ma,   take    UP    equal    to    KL,   and 
Ihroagh  the  point  P,  cut  the  cylinder 
EU  by  tbe  plane  TYS,  parallel  to  the 
oj^iMite  planes  of  the  circles  EFUH, 
RO:  therefore  the  common  section  of  the  ph 
cyJiofcr  BO  is  8  circle,  and  consequently  ES  is  a  cylinder, 
the  base  of  which  is  the  circle  EFGH,  and  altitude  MP  :  and 
because  the  cylinder  AX  is  equal  to  the  cylinder  EO,  as  AX 
i)  to  the  cybnder  ES,  so  •  is  tiie  cylinder  EG  to  the  same  ES : 
but  u  the  cylinder  AX  to  the  cylinder  ES,  so  *  is  the  base 
ABCD  to  the  base  EFGH  ;  for  the  cylinders  AX,  ES  are  of  the 
HIM  altitude;  and  as  the  cylinder  EO  to  the  cylinder  E8,  so" 
is  the  attitude  MN  to  the  altitude  MP,  because  the  cylinder 

I  10  is  cut  by  the  plane  Tl'S  parallel  to  its  opposite  planes ; 

f  ttncfore  n«  the  base  ABCD  to  the  Imse  EFOR,  so  is  the  alti- 
B  «N  to  the  altitude  MP  :  but  MP  is  equal  to  the  altitude 
a2 
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KL :  wherefore  as  the  base  ABCD  to  the  base  BfOfB,  so  is  the 
altitude  MN  to  the  altitude  KL ;  that  is^  the  bases  and  alti- 
tudes of  the  equal  cylinders  AX,  EO,  are  reciprocallj  propor- 
tional. 

But  let  the  bases  and  altitudes  of  the  cylinders  AX,  EC, 
be  redprocaUy  proportional,  viz.  the  base  ABCD  to  the  base 
EFOH,  as  the  altitude  MN  to  the  altitude  KL:  the  cylinder 
AX  shall  be  equal  to  the  cylinder  £0. 

First,  let  the  base  ABCD  be  equal  to  the  base  EFOH: 

then,  because  as  the  base  ABCD  is  to  the  base  EFGH,  so  ii 

*A.A.  the  altitude    MN   to  the  altitude    KL;    MN   is   equal*  to 

*  11. 18.       KL ;  and  therefore  the  cylinder  AX  is  equal*  to  the  cylinder 

EO. 

But  let  the  bases  ABCD,  EFOH  be  unequal,  and  let  ABCD 
be  the  greater ;  and  because  as  ABCD  is  to  the  base  EFOH, 
so  is  the  altitude  MN  to  the  altitude  KL ;  therefore  MN  is 

*  A.  5.  greater  *  than  KL.     Then,  the  same  construction  being  made 

as  before,  because  as  the  base  ABCD  to  the  base  EFGH,  so  is 
the  altitude  MN  to  the  altitude  KL ;  and  because  the  akitade 
•11.12.  KL  is  equal  to  the  altitude  MP ;  therefore  the  base  ABCD  is* 
to  the  Inse  EFOH,  as  the  cylinder  AX  to  the  cylinder  £S; 
and  as  the  altitude  MN  to  the  altitude  MP  or  KL,  go  is  the 
cylinder  £0  to  the  cylinder  ES :  therefore  the  cylinder  AX  is 
to  the  cylinder  £S,  as  the  cylinder  EO  is  to  the  same  ES : 
whence,  the  cylinder  AX  is  equal  to  the  cylinder  £0 :  and 
the  same  reasoning  holds  in  cones,     q.  e,  d. 


PROPOSITION  XVI. 

Prob. — In  the  greater  of  two  circles  that  have  the  same  centre, 
to  inscribe  a  polygon  of  an  even  number  of  equal  sides,  thai 
shall  not  meet  the  lesser  circle. 

Let  ABCD,  EFGH  be  two  given  circles  having  the  same 
centre  K :  it  is  required  to  inscribe  in  the  greater  circle  ABCDf 
a  polygon  of  an  even  number  of  equal  sides,  that  shall  not 
meet  the  lesser  circle. 

Through  the  centre  K,  draw  the  straight  line  BD,  and  from 

the  point  G,  where  it  meets  the  circumference  of  the  lessor 

circle,  draw  GA  at  right  angles  to  BD;  and  produce  it  to  C ; 

*  Cor.  16.3.  therefore  AC  touches  *  the  circle  EFGH :  then,  if  the  circuv- 
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fercncc  BAD  be  bisected,  and  tbe  half  of  it  be  again  bitiectcd, 
and  so  on,  there  must  at  length  remain  a  circumference  less  * 
than  AD ;  let  this  be  LD  ;  and  fruui  the 
point  L,  (imw  LM  perpendicular  to  BD,  and 
produce  it  to  N  ;  and  join  LD,  DN ;  there- 
fore LD  is  eqnal  to  DN ;  aud  because  LN 
is  paraitc!  to  AC,  and  that  AC  touches  the 
circle  EFGII ;  therefore  LN  does  not  meet 
the  circle  EFGU  ;  and  much  less  shall  the 
straight  lines  LD,  DN  meet  the  circle  EFGH  :  so  that  if 
straight  lines  equal  to  LD,  be  applied  in  the  circle  AQCD 
from  the  point  L  around  to  N,  there  shall  be  inscribed  in  the 
circle  a  polygon  of  an  even  number  of  equal  sides  not  meet- 
the  leaser  circle.     Which  was  to  be  done. 


IJtwa  (rapezium*  ABCD,  EFOH  be  imcribed  in  the  circlet,  lite 
eaitrcs  of  which  are  llie  points  K,  L ;  and  if  the  tides  AB, 
DC  fie  jtarallel,  at  also  EF,  HO  ;  and  the  other  four  side* 
AD,  BC,  EH,  FO  be  all  equal  to  one  another,  but  the  tide 
AB  greater  than  EF,  and  DC  greater  than  HO;  the  ttraighl 
lint  KA,  from  the  centre  of  the  circle  in  which  the  greater 
p  tidet  are,  is  greater  than  the  straight  line  LE,  drawn  from 
}^  tie  centre  to  the  circumference  of  the  other  circle. 


t  greater  than  LE  ;  then  KA 
.s  than  it.  First,  let  KA  be 
a  two  equal  circles,  AD,  BC 
n  the  other,  the  eircumfer- 


W^    If  it  be  possible,  let  KA  be  no 
must  be  either  equal  to  it,  or  h 
equal  to  LE  :  therefore,  because  ii 
in  the  one,  are  c<pial  to  E 
ences     AD,    BC    are 
eijnal*  to  the  circum- 
ferences EH,  FG ;  but 
because  the  straight 
lines    AB,     DC    are 
respectively    greater 
than  EF,  GH,  the  cir- 
cumferences AB,  DC 

are  greater  than  EF,  HG  ;  therefore  the  whole  circumfvrence 
ADCD  is  greater  than  the  whole  EFGH  ;  hut  it  is  also  equal 
to  it,  which  is  impossible ;  therefore  tbe  straight  line  KA  is 
not  equal  to  LE, 
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But  lee  KA  be  less  than  Lfi,  and  nuke  XJC  eqial  to  KA; 
and  frotn  the  centre  L,  and  dktaace  LM^  describe  the  dide 
MNOP,  meeting  the  straight  lines  L£^  LP^  he,  LE,  in  M,  V, 
O,  P;  and  join  MN,  NO,  OP,  PM  wiuch  «c  iiwf  mliiilj 
*S.<^  parallel*  to,  and  less  than,  £F,  FO,  GH,  HE:    then  he- 

cause  £H  is  greater  than  MP,  AD  is  greater  than  MP ;  and 
the  circles  ABCD,  MNOP  are  equal ;  therefore  tha  cireoa- 
ference  AD  is  greater  than  MP :  for  the  same  reasoii»  thesir- 
cumference  BC  is  greater  than  NO  :  and  beeanae  Ae  straq^ 
.  <     Kne  AB  is  greater  than  £F,  which  is  greater  than  MN,  Bttrii 
more  is  AB  greater  than  MN :  therefore  the  cironnfferaaM 
AB  IB  greater  than  MN ;  and  for  the  same  reason,  ths  cir- 
cumference DC  is  greater  than  PO  :  therefore  the  whole  or- 
cumference  ABCD  is  greater  than  the  whole  MNOP :  bsliit 
is  likewise  equal  to  it,  which  is  impossible;  therefaeKAis 
not  less  than  L£ :  nor  is  it  equal  to  it;  thereliMe^  thestnig^t 
line  KA  must  be  greater  than  LE.     q.  s.  n.  -  ■ :  .  '  -c 

CrOB.  And  if  there  be  an  isosceles  trianglfl;^  the  vdetiof 
whidi  are  equal  to  AD,  BC,  but  its  base  less  than  AMAit 
greater  of  the  two  sides  AB,  DC  ;  the  strai^t  HneKAan^, 
in  the  same  manner,  be  demonstrated  to  be  greater  thas^ 
atraight  line  drawn  from  the  centre  to  the  axoomhnmm^ 
the  circk  described  about  the  triangle. 

PROPOSITION  XVII. 

See  N.  Pbob. — In  the  greater  of  two  spheres  which  have  the  mme 
centre,  to  inscribe  a  solid  poli^hedron,  tJie  superficies  of  tMA 
shaU  not  meet  the  lesser  sphere. 

Let  there  be  two  spheres  about  the  same  centre  A  ;  it  isie- 
quired  to  inscribe  in  the  greater,  a  solid  polyhedron,  the  snper- 
iicies  of  which  shall  not  meet  the  lesser  sphere. 

Let  the  spheres  be  cut  by  a  plane  passing  throng^  .the 
centre ;  the  common  sections  of  it  with  the  spheres  shall  be 
circles,  because  the  sphere  is  described  by  the  remlaSiflii  sf  a 
semicircle  about  the  diameter  remaining  uamoveable ;  ss  that 
in  whatever  position  the  semicircle  bo  conceived,  the  cennnoa 
section  of  the  plane  in  which  it  is  with  the  superidas  oC^he 
sphere  is  the  circumference  of  a  ciscle;  and  this  is  ft:gfeat 
circle  of  the  sphere,  because  the  dian^ter  of  the^iopb^re, 
*  16. 9.        which  is  likewise  the  diameter  of  ths  ci|Qcle,;is  8i!S«tsr(F>  Altsn 
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f  ttmight  lino  in  the  circle  or  dphtsre.     lini  then  the  drric 
e  by  ibo  AFction  of  ihe  ^udc  with  th«  groitor  ■[^cro  be 

,   and    witii   the 

sphere  bo  FGU  ; 

draw     the     two 
meters  BD.    CE,   at 

nBCI>E,tbe 
_  r  of  the  two  dr- 
.  ^es,  inicribe  *  a  po'y- 
gun  of  OD  even  tinmber 
of  ctjUiil  udes  Dot  meet- 
ill);  the  lesser  circle 
tXiB  ;  and  let  its  sides, 
in  BE  the  fourth  [lart  i>f 
the  circle,  bcBK,KL.,LM, 

Bl  E  ;  join  KA,  and  produce  it  to  N ;  and  from  A,  drew  t  AX  1 1*.  1 1, 
at  ri^t  angles  to  the  plane  of  tlie  circle  BCDK,  meeting  the 
■Uperficies  of  the  sphere  in  the  ]>oint  X  ;  and  let  plonai  pans 
thrangb  AX,  and  each  of  the  strnight  lines  BD,  KN,  whidi, 
from  what  bus  been  said,  shall  produce  great  circles  on  tlic 
enperficies  of  the  sphere,  and  let  BXD,  KXN  be  the  temi- 
cdrclcH  thus  made  upon  tbc  diameters  BD,  KN  ;  therefore,  be- 
cause XA  is  at  right  angles  to  the  plane  of  the  circle  BCDE, 
every  plane  which  passes  through  XA  is  at  right  *  angles  to  tho  *  >8.  I  !• 
plane  of  the  circle  BCDE;  wherefiire  the  semicircles  UXD,  KXN 
mn  at  right  angles  to  that  plane  :   and  because  the  seniicirdes  '  A 

BED,  BXD,  KXN  upnn  the  eijuul  diameters  BD,  KN,  are  equal 
to  one  another,  their  halves  BE,  BX,  KX  are  equal  to  one  nil- 
othtT ;  therefore  as  many  sides  of  the  polygon  as  are  in  BE, 
8<T  many  are  there  in  BX,  KX,  equal  to  the  sides  BK,  KL, 
IM,  ME  :  let  these  polygons  be  described,  and  their  sides  be 
BO,  OP,  PR,  RX  ;  KS,  ST,  TY,  VX  ;  and  join  OS,  TT,  RY  ; 
and  from  the  points  O,  S,  draw  OV,  SQ  perpendiculars  to  AB, 
AK  :  and  because  the  plane  BOXD  is  at  right  angles  to  the 
plane  BCDE,  and  In  one  of  them  BDXU,  OV  Is  drawn  per- 
parndicular  to  A  B  the  common  section  of  the  pUnes,  therefore 
OV  w  perpendicular  *  to  the  plane  BCDE  :  for  the  aamc  rea-  •  i  Def. 
8oit,  8Q  is  perpendicular  to  the  same  plane,  because  the  plana 
KSX  is  at  right  angles  to  the  plane  BCDK.  Join  VQ :  and 
twcaUKV  in  the  equal  semicircles  BXD,  KXN,  the  ctrcutn- 
fctcntca  BO,  KS  are  equal,  luid  ov,  KQ  are  ixirpi.iMlicuhu'  to 
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*  86. 1.        their  diameters,  thorefbre  *  OV  is  equal  to  SQ,  and  BY  equal 

to  KQ :  but  the  whole  BA  is  equal  to  the  whole  KA«  therdora 
the  remainder  VA  is  equal  to  the  remainder  QA :  therefore 

*  2.6.  as  BY  is  to  VA,  so  is  KQ  to  QA ;  wherefiyre  YQ  is  pazalld^ 

to  BK :  and  because  OV,  SQ  are  each  of  them  at  right  an§^ 

*  6.  n.         to  the  plane  of  the  circle  BCDE,  OV  is  parallel*  to  SQ;  and 

it  has  been  proved,  that  it  is  also  equal  to  it ;  therefore  QY, 

*  83.  1.        SO  are  equal  *  and  parallel :  and  because  QY  is  poralld  to 

*  9. 11.        SO,  and  also  to  KB,  OS  is  parallel*  to  BK;  and  therefive 

BO,  KS,  which  join  them,  are  in  the  same  plane  in  which  these 
parallels  are,  and  the  quadrilateral  figure  KBOS  is  in  one 
plane :  and  if  PB,  TK  be  joined,  and  perpeadicnlars  be  drswi 
from  the  points  P,  T,  to  the  straight  lines  AB,  AK,  it  may  be 
demonstrated,  that  TP  is  parallel  to  KB  in  the  very  same  wij 

*  9.  II.        that  SO  was  shewn  to  be  parallel  to  the  same  KB;  wherefore* 

TP  is  parallel  to  SO,  and  the  quadrilateral  figure  SOFT  is  in 
one  plane :  for  the  same  reason,  the  quadrilateral  TPRY  is  in 

*  8. 11.        one  plane  :  and  the  figure  YRX  *  is  also  in  one  plane:  tiiere* 

fore,  if  from  the  points  O,  S,  P,  T,  R,  Y,  there  be  drawn 
straight  lines  to  the  point  A,  there  will  be  formed  a  solid  poly- 
hedron between  the  circumferences  BX,  KX,  composed  of  py- 
ramids, the  bases  of  which  are  the  quadrilaterals  KBOS,  SOFT, 
TPRY,  and  the  triangle  YRX,  and  of  which  the  common  vex^ 
tex  is  the  point  A  :  and  if  the  same  construction  be  made  upon 
each  of  the  sides  KL,  LM,  ME,  as  has  been  done  upon  BK, 
and  the  like  be  done  also  in  the  other  three  quadrants,  and 
in  the  other  hemisphere,  there  will  be  formed  a  solid  poly« 
hedron  inscribed  in  the  sphere,  composed  of  pyramids,  the 
bases  of  which  are  the  aforesaid  quadrilateral  figures,  and  the 
triangle  YRX,  and  those  formed  in  the  like  manner  in  the 
rest  of  the  sphere,  the  common  vertex  of  them  all  b^ng  the 
point  A. 

Also  the  superficies  of  this  solid  polyhedron,  shall  not 
meet  the  lesser  sphere  in  which  is  the  circle  FOH.     For,  from 

*  11.  11.       the  point  A,  draw  *  AZ  perpendicular  to  the  plane  of  the  qua- 

drilateral KBOS,  meeting  it  in  Z,  and  join  BZ,  ZK:  and  because 
AZ  is  perpendicular  to  the  plane  KBOS,  it  makes  right  angles 
with  every  straight  line  meeting  it  in  that  plane ;  therefore 
AZ  is  perpendicular  to  BZ  and  ZK  :  and  because  AB  is  equal 
to  AK,  and  that  the  squares  of  AZ,  ZB  are  equal  to  the  square 

*  47. 1 .         of  AB,  andffthe  squares  of  AZ,  ZK,  to  the  square  of  AK  * ;  there- 

fore the  squares  of  AZ,  ZB  are  equal  to  the  squares  of  A2> 
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::  talc  from  these  equals  the  square  of  AZ,  and  the  re- 
dning  square  of  DZ  in  equal  to  the  remaining  square  of  ZK  ; 
i  therefore  the  straight  lino  BZ  is  equal  to  ZK  :  in  the  like 
manner  it  tnay  lie  lietnonatnited,  that  the  straight  luiea  drawn 
from  the  point  Z  to  the  pointA  O,  6,  are  equal  to  BZ  or  ZK ; 
Uieicfbre  the  circle  de- 
•cnbed  from  the  centre 
Z, and dirtance  ZB,  will 
pus  through  the  points 
K,  O,  8,  and  KBOS  will 
be  a  quadrilateral  tigure 
in  the  circle :  and  he- 
CMiae  KB  is  greater  than 
QV,  and  QV  equal  to 
BO,  therefore  KB  is 
gnater  than  SO :  but 
KB  IB  equal  to  each  of 
die  straight  lines  BO, 
KS ;  wherefore  each  of 

the  circumferences  cut  off  b^  KB,  BO,  KS,  is  grcatiT  than 
Uut  cut  off  hy  OS  ;  and  thcHe  three  ci  rcnmfi'rcnces.  ti^-ther 
with  n  fourth  equal  to  one  of  them,  are  greater  than  thn 
same  three  together  with  that  cut  off  hy  OS ;  that  is,  than 
the  whole  circumference  of  the  circle ;  therefore  the  circiuf 
ferenoe  lubtended  by  KB  is  greater  than  the  fourth  part  of 
the  whole  circumference  of  the  circle  KB09,  and  conw* 
qoently,  the  angle  BZK  at  the  centre  i»  greater  than  a  right 
angle :  and  because  the  angle  BZK  i»  obtuse,  the  square  of 
BK  is  greater*  than  the  squares  of  BZ,  ZK;  that  is,  grettter  ■ 
thtui  twice  the  square  of  BZ.  Join  KV  :  and  because,  (in  the 
trianglea  KBV,  OBV,)  KB,  BV  are  equal  to  OB,  BV,  and  that 
thev  contain  equal  angles,  the  angle  KVB  is  equal  *  to  the  * 
angle  OVB :  and  OVB  is  a  right  angle  ;  therefore  also  KVB 
is  a  right  angle :  and  because  BD  is  less  than  twice  DV,  the 
rectangle  contaiuL-d  by  BD,  BV,  is  less  than  twice  the  rect- 
angle DVB ;  that  is  ',  the  square  of  KB  is  less  than  twice  the  ' 
■quaFe  of  KV :  but  tlie  square  of  KB  in  greater  than  twice  the 
square  of  DZ  ;  therefore  the  gqusre  of  KV  is  greater  than  the 
•quare  of  BZ  :  and  beeanse  BA  is  cqunl  to  AK,  and  that  the 
aquares  of  BZ,  ZA  arc  equal  together  to  the  square  of  BA,  and 
t]>e  squares  of  KV,  VA  to  the  square  of  AK ;  therefore  the 
•fUaLTes  of  BZ,  ZA  are  equal  to  the  squares  of  KV,  VA  ;  and 
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of  these  the  square  of  Kv  is  grenter  than  the  iquare  of  B2  ; 
tlicrefure  the  tqoare  of  Va  is  )eiu  than  the  «quBre  of  ZA,  nod 
the  straight  line  AZ  greater  tluui  VA :  much  more  then  it 
AZ  greater  than  AO,  bvcaUHc,  in  the  preccitiag  propositiaii 
it  wu  ahewn  th&t  KV  fnilg  without  the  urcle  FOII :  and  AZ 
ia  perpend icuhii  to  the  plane  KB08,  und  is  therefore  tb 
shortest  of  all  the  straight  linea  that  can  he  druwn  from  A, 
the  centre  of  the  sphere,  to  that  plane:  therefore  the  plue 
KliOS  does  not  meet  the  lesser  sphere. 

And  that  tlie  other  planes  between  the  quodmnts  BX,  KX, 
Ml  without  the  lesser  Bphcre,  is  thus  demonstrated.  From 
the  point  A,  driiw  AI  perpendicular  to  the  plane  of  tkt  qi»- 
drilatcra]  SOFT,  and  join  lO ;  and,  as  was  demonstrated  of 
the  plane  KB09  and  the  point  Z,  in  the  same  way  it  maybe 
shewn,  that  the  point  I  is  the  centre  of  a  circle  described 
about  SOPT ;  and  that  OS  is  greater  than  PT ;  and  PT  up* 
slicwn  to  be  parallel  to  OS :  therefore,  becauae  the  two  tn)e- 
ziums  EBOS,  SOPT  iuscribed  in  circles,  hare  their  sides  BK, 
OS  parallel,  a»  also  OS,  PT  ;  and  their  other  sides  BO,  Sfly 
OP,  ST  all  equal  to  one  another,  and  that  BK  is  grcKter  tbsB 
08,  and  OS  greater  than  PT,  therefore  the  straight  line  ZBii 

•  SLem.l!.  greater*  than  lO.     Join  AO  which  will  be  equal  te  AB[  aad 

because  AIO,  AlSlt  arc  right  angles,  the  squares  of  AJ,  lOac 
equal  to  the  square  of  AOorof  AB;  that  ie,  to  the  squares  of 
AZ,  ZB;  and  the  square  of  ZB  is  greater  than  the  sqaareof 
lO,  therefore  the  square  of  AZ  is  less  than  the  square  of  A(; 
and  the  straight  line  AZ  less  than  the  straight  line  AI:  ud 
it  ivBs  proved,  that  AZ  is  greater  than  AQ  ;  mnch  more  tfaen 
is  AI  greater  than  AO  :  therefore  the  plane  SOPT  foils  H-bsUf 
without  the  lesser  sphere.  In  the  same  manner  it  maylw 
demonstrated,  that  the  phuie  TPRY  falls  ivithout  the  swM 

•  Cki.  Lem,   ^hcre  •,  as  also  the  triangle  YHX.      And  after  the  same  wsy 
^   "'  it  may  be  demonstrated,  that  all  the  planes  which  contain  tta 

solid  polyhedron,  &1I  without  the  lesser  sphere.  Tkerefot^ 
in  the  greater  of  two  spheres  which  hare  the  same  centre,  ■ 
solid  polyhedron  is  in.scribud,  the  superficies  of  which  does 
not  meet  the  lesser  sphere.     Which  wos  to  he  done.  ■ 

But  the  straight  line  AZ  may  be  demonslrated  to  be  gnsster^ 
than  AO  otherwise,  and  in  a  shorter  manaer,  withoub  th% 
help  of  Prop.  16,  as  follows.  From  the  point  O,  draw  Qtr 
at  right  angles  to  AO,  and  Join  AU.  If  then  the  cimunfer" 
ence  BK  b«  l»sected,  aad  its  half  again  biiiected,  atniao  mt. 


\ 


theit  will  Bt  lengtb  be  left  *  «imiinrcrcnc«  leu  tliui  the  ^- 
cnoxfertuioe  iriiich  is  subtended  hy  s  Btraight  line  eqnnl  to  QV, 
inscrib«d  i»  the  circle  BCDE  :  let  this  lie  the  circumference 
.  KB ;  therefori!  the  straight  lino  KB  i»  Jeaa  than  QV  :  and  be- 
:^cn(Uc  the  luigle  BZK  is  obtuse,  as  wae  prured  in  the  precc- 
j  ding,  therefuTG  BK  is  greater  than  J)Z  :  but  GV  is  greater  than 
BK  ;  much  more  then  in  OU  greater  than  BZ.and  the  iqnare 
•f  OU  than  the  square  of  BZ:  and  AL'  it  equal  to  AB; 
tbercfoTC  the  square  uf  Atl,  that  is,  the  squares  of  AO,  UU 
ue  etjDal  to  the  square  of  AB,  tbat  is,  to  the  squares  of  AZ, 
ZB;  bat  tbe  square  uf  BZ  is  less  than  the  square  of  OU; 
Amrtltm  the  square  of  AZ  is  greater  than  the  square  of  AO, 
.  and  the  straight  line  AZ  consequently  greater  tbau  the  straight 
'  line  AO. 

CoK.  And  if  in  the  lesser  sphere  there  be  inscnbcd  a  stilid 
ipal5hedian,  by  drawing  struigfat  tint.-s  betwixt  tbe  point*  in 
-wbich  tbe  straight  lines  from  the  centre  of  the  s]ihere,  drawn 
g'Ao  all  ibe  angles  of  the  solid  polyhedron  in  the  greater  sphere, 
.''meet  the  superficies  of  the  lesser ;  ia  the  same  order  iu  which 
ore  joined  the  points  in  which  the  same  lines  from  the  centre 
meet  the  superficies  of  the  greater  sphere;  the  solid  ptily- 
.  hcdroD  in  the  sphere  BCDE  shall  bave  to  this  other  lolid 
'  polyhedron,  the  triplicate  ratio  of  tbat  which  tbe  diameter  of 
'  tbe  apherc  BCDE  has  to  the  diameter  of  tbe  uiber  sphere. 
Far  if  these  two  wlids  be  divided  into  the  ume  number  of 
pyramids,  and  in  the  same  order,  tbe  pyramids  shall  be  nnu- 
lar  to  one  another,  eacli  to  each  :  because  they  have  tbe  solid 
angles  at  tbcir  common  vertex,  the  cuitie  of  tbe  sphere,  the 
■lame  in  each  pyramid,  and  their  other  solid  angles  st  the 
bases,  equal  to  one  another,  each  to  each  *,  because  they  arc  * 
ooatained  by  three  plane  angles,  each  equal  to  each  ;  and  the 
pyramids  arc  contained  by  the  same  number  of  similar  planes ; 
and  are  therefore  similar  *  to  one  aikothcr,  each  to  each  :  but  * 
aiDiilar  pyramids  have  to  one  another,  the  triplicate  *  ratio  of  * 
'  their  homoli^ous  sides :  therefore  the  pyramid  uf  which  the 
base  is  the  quadrilateral  KBOS,  and  Teriex  A,  has  to  the  py- 
ramid in  tbe  other  sphere  of  the  same  order,  the  triplicate 
mio  of  thoir  homologous  sides,  that  is,  of  that  ratio  which 
AB  from  the  centre  of  the  greater  sphere,  has  to  the  straight 
line  from  ihc  same  centre  tii  the  superficies  of  the  leaser 
sphere.  And  in  like  maniicr,  rocli  jiynunid  in  llie  greater 
ajihere  hus  to  c»ch  of  the  same  order  iu  the  lesser,  the  tiipU- 
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oate  ratio  of  that  whidi  AB  lias  to  the  semi-diaiiieter  of  the 
leater  aphere.  And  as  one  antecedent  is  to  its  conseqaenty  so 
are  all  the  antecedents  to  all  the  oonseqoenta.  Wherefore, 
the  whole  solid  polyhedron  in  the  greater  sphere  has  to  the 
whole  solid  polyhedron  in  the  other>  the  triplicate  ratio  of 
that  which  AB  the  semi-diameter  of  the  first  has  to  the  semi- 
diameter  of  the  other ;  that  is^  which  the  diameter  BD  of  the 
greater  has  to  the  diameter  of  the  other  sphere. 

PROPOSITION  XVIII. 

Thbor. — Spheres  have  to  one  another,  the  ttripUcale  ratio  ^ 

that  which  their  diameters  have*  ^ 

\ 

Let  ABC^  DBF  be  two  spheres,  of  which  the  diameters  are 
BC,  £F :  the  sphere  ABC  ^all  have  to  the  sphere  DBF,  the 
triplicate  ratio  of  that  which  BC  has  to  £F. 

For  if  it  has  not,  the  sphere  ABC  must  have  to  a  sphere 
either  less  or  greater  than  DBF,  the  triplicate  ratio  of  that 
which  BC  has  to  £F.  First,  let  it  have  that  ratio  to  a  less,  viz. 
to  the  sphere  OHK ;  and  let  the  sphere  DBF  have  the  same 
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•  17. 12.       centre  with   GHK:  and  in  the  greater  sphere  DBF,  inscribe* 

a  solid  polyhedron,  the  superficies  of  which  does  not  meet  the 
lesser  sphere  OHK;  and  in  the  sphere  ABC,  inscribe  an- 
other similar  to  that  in  the  sphere  DBF :  therefore  the  solid 
polyhedron  in  the  sphere  ABC  has  to  the  solid  polyhedron  in 

•  Cor.  17.  the  sphere  DBF,  the  triplicate  ratio  *  of  that  which  BC  has 
*^*  to  EF.  But  the  sphere  ABC  has  to  the  sphere  OHK,  the  tri- 
plicate ratio  of  that  which  BC  has  to  £F ;  therefore  as  the 
sphere  ABC  to  the  sphere  GHK,  so  is  the  solid  polyhedron  in 
the  sphere  ABC  to  the  solid  polyhedron  in  the  sphere  DBF : 
but  the  sphere  ABC  is  greater  than  the  solid  polyhedron  in  it ; 

•  14. 5.         therefore  *  also  the  sphere  GHK  is  greater  than  the  solid  poly- 

hedron in  the  sphere  DBF :  but  it  is  also  less,  because  it  is 
contained  within  it,  which  is  impossible :  therefore  the  sphere 
ABC  has  not  to  any  sphere  less  than  DBF,  the  triplicate  ratio 
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of  that  wbich  BC  has  to  £F.  In  the  same  maxmar  it  may  be 
demonstrated,  that  the  sphere  DBF  has  not  to  any  sphere  less 
than  ABC>  the  triplicate  ratio  of  that  which  £F  has  to  BC. 
Nor  can  the  sphere  ABC  have  to  any  sphere  greater  than 
DBF,  the  triplicate  ratio  of  that  which  BC  has  to  EF :  for  if 
it  can,  let  it  have  that  ratio  to  a  greater  sphere  LMN :  there* 
fore  by  inversion,  the  sphere  LMN  has  to  the  sphere  ABC,  the 
triplicate  ratio  of  that  which  the  diameter  EF  has  to  the  dia^ 
meter  BC.  But  as  the  sphere  LMN  to  ABC,  so  is  the  sphere 
DBF  to  some  sphere  which  must  be  less^  than  the  sphere  ABC,  *  li.  5. 
because  the  sphere  LMN  is  greater  than  the  sphere  DBF ;  there- 
fore the  sphere  DBF  has  to  a  sphere  less  than  ABC,  the  triplicate 
latio  of  that  which  EF  has  to  BC ;  which  was  shewn  to  be 
impossible :  therefore  the  sphere  ABC  has  not  to  any  sphere 
greater  than  DBF,  the  triplicate  ratio  of  that  which  BC  has  to 
BF :  and  it  was  demonstrated,  that  neither  has  it  that  ratio  to 
any  sphere  less  than  DEF.  Therefore,  the  sphere  ABC  has  to 
the  sphere  DEF,  the  triplicate  ratio  of  that  which  BC  has  to 

£F.      Q.  E,  D. 
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NOTES, 

CRITICAL    AND    GEOMETRICAL. 


TairollowirigNoiia,  by  Di.  Sduoh,  contiin  OtwrntioDi  oB  loavtflk* 
RircgiHiig  Fropontioni,  with  m  Account  at  tlicaa  tiing*  in  .wtitli  -tWt 
EffiboB  of  Ibe  BuuEvn  ii&n  from  tha  Gnck  Tot,  ud  tbenuwrf 
the  gllenlioiu  thtt  htve  been  nude. 


DEFINITIONS. 


I.  to  Vt.  It  ig  necesaary  to  consider  a  solid,  that  J^,  a  magni- 
tude whicli  has  length,  breadth,  and  tbickiKB^  in  mia 
to  undentand  aright  the  definitions  of  a  point,  line,  and 
superficies;  tm  all  these  ariso  from  a  solid,  and  exist  is 
it.  The  boundary,  or  boundaries,  which 
contain  a  solid  are  called  superficies ; 
or  the  boundary  whidi  is  common  to 
two  solids   which    are  contiguous,  or 
which  divides  one  solid  into  two  conti- 
guous parte,    is   called    a  superficies  : 
Thus,  if  BCGF  be  one  of  the  bounda-      ■*       b       k 
Hes  which  contain  the  soltdASCDEFQB, 
or  which  is  the  common  boundary  of  this  solid  and  lb 
solid  BKLCFNHG,  and  is  therefore  in  the  one  as  wcii 
Bs  in  the  other  solid,  it  is  called  a  superficies,  and  has 
no  thickncM ;   for  if  it  bare  spy,   this  thickness  mmt 
dth»  lU  ai.pait  of  the  thickness  of  the  solid  AO,  or  of  tha 
--  -  -wt  gf  the  thickness  of  each  of  them.    It 
^J^IChiqkuesB  of.tba  s«Iid  BU ;  t 


DEFINITION  B. 

'  if  this  ulid  be  removed  from  the  solid  AO,  the  bu- 
perficies  BCQF,  the  boundary  of  the  solid  AO,  remains 
nill  tbe  same  as  it  was.  Nor  can  it  be  a  part  of  the 
tbidcness  of  the  solid  AG;  because  if  this  I>o  removed 
'  from  the  solid  BM,  the  BUpcrfides  BCOF,  the  boundary  of 
th«  solid  Bsr,  docs  nevertheless  remain ;  therefore  the 
superficies  BCGF  has  no  thickness,  but  only  length  und 
breadth. 
Ihe  boundary  of  a  superficies  is  colled  a  line,  or  a  line  is  the 
n  boundary  of  two  superficies  that  are  contiguous, 


contiguous  parts ; 


vA 

rpi 

■^ 

/ 
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or  which  divides  one  superficies  into  two  ■ 
thus,  if  BC  be  one  of  the  boundaries  which 
contain  the  superficies  ABCD,  or  which 
^  the  common  boundary  of  this  super- 
ISeies  and  of  the  superficies  KBCIy, 
which  is  contiguous  to  it,  this  boun- 
dary BC  is  called  a  line,  and  has  no 
breadth :  for  if  it  have  any,  this  must 
be  part  either  of  the  breadth  of  the  su- 
perficies ABCD,  or  of  the  superficies  KbCL,  or  part  of 
ttch  of  them.  It  Is  not  part  of  the  breadth  of  the  su- 
perficies KBCL ;  for,  if  this  superficies  be  removed  from 
the  superficies  ABCD,  the  line  BC,  ivhich  is  the  boundary 
rf  the  superficies  ABCD,  remains  the  same  as  it  was:  nor 
can  the  breadth  that  BC  is  supposed  to  have,  be  a  part  of 
the  breadth  of  the  superficies  ABCD ;  because,  if  this  be  re- 
moved from  the  superficies  KBCL,  the  line  BC,  which  is  the 
bouudary  of  the  superficies  KBCL,  does  nevertheless  remain: 
Aerefore  the  line  BC  has  no  breadth  :  and  because  the  lino 
BC  is  in  a  superficies,  and  that  a  superficies  has  no  thick- 
iiMs,  as  was  shewn,  therefore  a  line  has  neither  breadth  nor 
Uiickness,  but  only  length. 

be  boundary  of  a  line  is  called  a  point,  or  a  point  is  the 
common  boundary  or  extremity  of  two  lines,  that  are  con- 
tiguous; tlius,  if  B  be  the  extremity  of  the  line  AB,  or 
the  common  extremity  of  the  two  lines  AB,  KB,  this  extre- 
toity  is  called  a  point,  and  has  no  length.  For  if  it  have 
my,  this  length  must  either  be  part  of  the  length  of  the 
line  AB.  or  of  the  line  KB.  It  is  not  part  of  the  length  of 
KB  ;  for  if  the  line  KB  be  removed  from  AB,  the  point  B, 
irtiicli  is  the  extremity  of  the  line  AB,  remains  the  same 
IT  is  it  port  of  the  length  of  the  line  AB  ;  for, 
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if  AB  be  removed  from  the  line  KB,  thepoint  B,  wliidi  is 
the  extremity  of  the  line  KB,  does  nercrthelen  remain : 
therefore  the  point  B  has  no  length :  and  becaoae  a  point 
is  in  a  line,  and  a  line  has  neither  breadth  nor  thicknm, 
therefore  a  point  has  no  length,  breadth,  nor  thidmc» 
^*-  And  in  this  manner  the  definitions  of  a  point,  line,  and  su- 
perficies, are  to  be  understood. 

VII.  Instead  of  this  definition  as  it  is  in  the  Greek  coj^es,  a 
more  distinct  one  is  given  from  a  pn^ierty  of  a  plane  super* 
ficies,  which  is  manifestly  supposed  in  the  Elementi,  m 
that  a  straight  line  drawn  from*  any  point  in  a  plane  to  any 
other  in  it,  is  wholly  in  that  plane. 

f 

VIII.  It  seems  that  he  who  made  this  definition  designed  tliat 

it  should  comprehend  not  only  a  plane  d^le  contained  hj 
two  straight  lines,  but  likewise  the  -angli^which  some  con- 
ccive  to  be  made  by  a  straight  line  and  a  cunre,  or  ^  two 
curve  lines  which  meet  one  another  in  a  pine :  but,  ^oo^ 
the  meaning  of  the  words  Iw   n^tiaq,  that  if,  in  a  straight 
line,  or  in  t^e  same  direction,  be  plain,  when  two  strai^t 
lines  are  said  to  be  in  a  straight  line,  it  does  not  appear 
what  ought  to  be  understood  by  thes9<*  words,  when  t 
straight  h'ne  and  a  curve,  or  two  curve  lines,  are  said  to  be 
in  the  same  direction ;  at  least  it  cannot  be  etplained  in 
this  place:  which  makes  it  probable  that  this  definition,  and 
that  of  the  angle  of  a  segment,  and  what  is  said  of  the  an(^ 
of  a  semicircle,  and  the  angles  of  segments,  in  the  1 6th  and 
31st  Propositions  of  Book  III.,  are  the  additions  of  some 
less  skilful  editor :  on  which  account,  especially  sinoe  thej 
are  quite  useless,  these  definitions  are  distinguUied  fiou  the 
rest  by  inverted  double  commas. 

XVII.  The  words  '^  which  also  divides  the  drde  into  two 
equal  parts"  are  added  at  the  end  of  this  definition  in  all 
the  copies,  but  are  now  left  out  as  not  belonging  to  the  de- 
finition, being  only  a  corollary  from  it.  Produs  demon- 
strates it,  by  conceiving  one  of  the  parts  into  which  the 
diameter  divides  the  circle,  to  be  applied  to  the  other ;  £or 
it  is  plain  they  must  coincide,  else  the  straight  lines  firaa 
the  centre  to  the  circumference  would  not  be  at  all  equal : 
~  >  nme  thing  is  easily  deduced  from  the  31  st  Propositioa 
Nk  III.  and  the  24th  of  the  same ;  from  the  first  of 


irhtcfa  it  follows,  that  semicircles  are  similar  s^menti  of  r 
udrcle ;  and  from  tlie  other,  that  the)'  are  equal  to  one  an- 


III.  This  definition  baa  one  condition  more  than  is  ne- 
fitMaxy ;  because  ever^  quadrilateral  figure  which  has  it« 
opposite  sides  equal  to  ifte  another,  lias  likewise  its  oppo- 
jnte  angles  equal ;  and  on  the  contrary. 
Jict  ABCD  be  a  qundrilateral  figure  of  which  the  oitiNjsitc 
^M  AB,  CD  are  equal  to  one  another,  as  also  AD  and  BC; 
jdtn  BD ;  the  two  sides  AD,  OB  are  equ&l  to 
ihetwoCB.BD.  and  the  base  AB  is  equal  to        ^  ^ 

the  base  CD ;  therefore  *  the  angle  ADB  is       / 
equal  to  the  angle  CBD ;  and*  the  angle  BAD      g  t; 

is  equal  tu  the  angle  DCB,  and  ADD  to  BDC  ;  ' 

and  thercfure  also  the  angle  AI>C  is  equal  to  the  angle  ABC. 

And  if  the  angle  BAD  be  equal  to  the  oppa«rte  angle  BCD, 
and  tile  angle  ABC  to  ADC  ;  the  o}ip(>sitc  sides  are  eiiual ; 
becanse  *  the  angles  of  the  quadrilateral  6gure  ABCD  are  ' 
together  eqoal  to  four  right  angles,  and  the  two  angles  BAD, 
ADC  are  together  equal  to  the  two  angles  BCD,  ABC :  wbere- 
fore  BAD,  ADC  are  the  half  of  all  the  four  anghn;  tbat  ii, 
BAD  and  ADC  arc  equal  tu  two  right  angles  ;  and  tberefnre 
AB,  CD'  are  parallels.  In  the  same  manner,  AD,  BC  aro  ' 
pantlleU :  therefore  ABCD  is  a  parallelogram,  and  its  opposite 
udes*  are  eqouJ. 


PROPOSITION   VII. 


^^^ere  are  two  cases  of  this  proposition,  one  of  which  ia  not 
M  the  Greek  text,  but  is  as  necessary  as  the  other;  and  that 
the  case  left  out  has  been  formerly  in  the  text,  appears  plainly 
from  thin,  that  the  second  part  of  Prop.  5.  which  is  necessary 
to  the  demonstration  of  this  case,  can  be  of  no  use  at  all  in 
the  Elements,  or  anv  where  else,  but  in  this  demonstration; 
because  the  second  ]>art  of  Prop.  5.  clearly  follows  from  the 
firM  port,  and  Prop.  IH.  Book  I.  This  part  must  therefore 
have  been  tiddc<I  to  Prop.  5.  on  account  of  some  proposition 
be»H-ist  the  5th  and  13th,  but  none  of  these  stand  in  need  of 
it  except  the  7tb  Prujiusitiuii,  on  account  of  which  it  has  been 
added :  besides,  tlie  trunslatiun  from  the  Arabic  has  this  casQ 
explicitly  demonstrated.  And  Proclus  acknowledges  that  Uie 
aecund  part  of  Prop.  5.  was  added  on  account  of  Prop.  7->  but 


smisoNS  NOTES. 

)>iveK  a  riiliciilotis  reason  tW  iti  "  that  it  might  nITitrd  au 
swpr  t<)  objections  made  agaioRt  the  7th,"  as  if  llii;  case  of  ll(^ 
7th,  which  ia  left  out,  were,  as  he  expressly  makos  it,  au  ob], 
jcction  againat  tlie  proposition  itself.  Whoever  is  cuHm^ 
uiny  read  what  Procliig  snya  of  this  in  bis  commentary  un  iIuh 
£th  and  7th  Projioeitions  ;  for  it  is  not  worth  while  to  rclitL 
his  trifles  at  full  length.  * 

It  was  thonght  proper  to  change  the  enunciation  of  ih/fA. 
7th  Prop,  so  as  to  preserve  the  very  same  meaning  ;  the  litt^ 
mt  trnoslntion  from  the  Greek  hcing  extremely  harsh  uA^ 
d^cujt.to  be  understood  bjr  beginners.  ,, 


w,b . 


PROPOSITION  Xt. 


"A'^nndlBTy  is  added  to  this  proposition,  t 
to  Prop.  1.  B.  11.  and  othcnvise. 

PJIOPOSITIONS  SX.  SXI. 

ProUus,  in  his  commentary,  relates,  that  the  EpictuctuK, 
derided  Prop.  20,  as  being  manifest  even  to  asaes,  and  nccJj- 
ing  no  demonstrution ;  and  his  answer  is.  that  though  the  tniu 
of  it  be  manifest  to  our  senses,  yet  it  is  science  which  ninrt 
give  the  reason  why  two  sides  of  a  triangle  are  greater  t1itt 
the  third  :  but  the  right  answer  to  this  objection  againsfw 
and  the  21st,  and  some  other  plain  propositions,  is,  tliat  W 
number  of  axioms  ought  not  to  be  increased  without  necessitj^ 
as  it  mnst  be  if  these  propositions  be  not  demonstrated.  AIonK 
Clainiult  in  the  Preface  to  his  Elements  of  Geometrr,  piA> 
lished  in  French  at  Paris,  anno  1741,  says  "  That  Euclid  hi 
been  at  the  pains  to  prove,  that  the  two  sides  of  a  triasgll 
which  is  included  within  another,  are  t<^cther  less  tb 
the  two  sides  of  the  triangle  which  includes  it :"  but  he  li 
forgot  to  add  this  condition,  viz,  that  the  triangles  must  1 
upon  the  same  base:  because  unless  this  be  added,  the  m 
of  the  included  triangle  may  be  greater  than  the  aidw  «f  t 
triangle  which  iuclades  it,  in  any  ratio  which  is  less  than  tb^ 
of  two  to  one,  as  Pappus  Alexandrinus  has  demoastisted  i 
Prop,  3.  B-  3.  of  his  MathemBtical  Collections. 

PROPOSITION  SXII. 

Some  authors  blame  Euclid  because  he  does  not  demonstmttl^ 
that  the  two  circles  made  use  of  in  the  construction  of  \V9f 


nooK  I.     rnop.  xxiv. 

nfflR^in  iniist  cut  one  nnother:  buttliisisvci^^alh'from  the 
etennination  he  has  given,  viz.  that 
ny  two  of  the  straight  lines  DF.  FG, 

H,  must  be  greater  than  the  third. 
'ar  who  is  so  dull,  though  only  be- 
mning  to  learn  the  Elements,  as  not 
»  perceive  that  the  eirclc  deaeribed 
»in  the  centre  F,  at  the  distance  FD,  must  meet  FH  betwixt 

and  H,  because  FD  is  less  thnn  FII  ;  and  that  for  the  like 
'ason,  the  circle  described  from  the  centre  0,  at  the  diHtance 
H  or  OM,  must  meet  DO  hetwixt  D  and  O  ;  and  that  these 
rclcs  must  meet  one  another,  because  FD  and  GH  are  together 
reater  than  FG  ?  And  this  determination  is  easier  to  be  un- 
•jTstooil  than  that  which  Rlr.  Thomas  Simpson  derives  £nmi 
,  and  puts  instead  of  Euclid's,  in  the  4Qth  page  of  his  Elc- 
leiits  of  Geometry,  that  he  may  supply  the  omission  he 
lames  Euclid  for,  which  determination  is,  that  any  of  the 
iree  straight  lines  must  be  less  than  the  sum,  but  greater 
Ian  the  difference,  of  the  other  two :  from  this  he  shews,  tliat 
IV  circle.i  must  meet  one  another,  in  one  ease ;  and  says,  that 

may  be  proved  after  the  same  manner  in  any  other  case: 
nt  tlie  straight  line  GM,  which  he  bids  tohe  from  GF,  maybe 
reater  than  it,  as  in  the  figure  here  annexed ;  in  nhich  case  " 
jsJemon  strati  on  must  be  changed  into  another. 


raoFOsiTiON  xrv. 


T»  this  is  added,  "  of  the  two  sides  DE,  I 
>F,let  DK  be  that  which  is  not  greater  than 
he  other,"  that  is,  take  that  side  of  the  two 
*K,  DF,  which  is  not  greater  than  the  other, 
A  order  to  make  with  it  the  angle  EDG  j 
tjiud  to  BAC ;  because  without  this  restric- 
inn  there  might  be  three  different  cases  of 
he  proposition,  as  Cumpanus  and  nthers  nialce. 

Kir-  Thomas  Simpson,  in  p.  2<J3,  of  the  second  edition 
f  hb  BlementG  of  Geometry,  printed  anno  I7^>  observes 
n  his  notes,  that  it  ought  to  have  bei-n  Bhe^vn,  that  the 
wint  F  falls  below  the  line  KG.  This  probably  Euclid  omitted, 
«  it  is  very  easy  to  perceive,  tliat  DG  being  equal  to  DF, 
111?  point  G  ii,  in.  the  circuuifcrcncc  of  a  circle  described 
Vem  the  centie.p  at  the  distance  DF,  aad  must  be 
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part  of  It  which  is  above  the  straight  line  EF^  because  DO  ftlls 
above  DF^  the  angle  £DO  being  greater  than  the  angle  EBF. 

PROPOSITION  XXIX. 

The  proposition  which  is  usually  called  the  5ch  postulate  or 
11th  axiom^  by  some  the  12th^  on  which  this  29th  depends, 
has  given  a  great  deal  to  do^  both  to  ancient  and  modern 
geometers;  it  seems  not  to  be  properly  placed  among  tBe 
axioms^  as  indeed  it  is  not  self-evident ;  but  it  may  be  de- 
monstrated thus  : 

DEFINITIONS.* 

I.  The  distance  of  a  point  from  a  straight  line^  is  the  per- 
pendicular drawn  to  it  from  the  point. 

II.  One  straight  line  is  said  to  go  nearer  to>  or  further  from, 
another  straight  line^  when  the  distances  of  the  pmnts  of  the 
first  from  the  other  straight  line  become  less  or  greater  than 
they  were ;  and  two  straight  lines  are  said  to  keep  the  same 
distance  from  one  another,  when  the  distance  of  the  points  of 
one  of  them  from  the  other  is  always  the  same. 

AXIOM. 

A  straight  line  cannot  first  come  nearer  to  another  stiwht 

line,  and  then  go  further  from  it,  before  it  cuts  it ;  and,  in 

like  manner,  a  straight  line  cannot  go 

further  from  another  straight  line,  and 

then  come  nearer  to  it ;  nor  can  a  straight 

line  keep  the  same  distance  from  another 

straight  line,  and  then  come  nearer  to 

it,  or  go  further  from  it ;  for  a  straight  line  keeps  always  the 

same  direction. 

For  example,  the  straight  line  ABC     /^ B ^ 

S««  the  pre-  cannot  first  come  nearer  to  the  straight     P  E 

l^^  line  DE,  as  from  the  point  A  to  the  point     ^  ^  ^ 

B,  and  then,  from  the  point  B  to  the  point  C,  go  further  from  the 

same  DE :  and,  in  like  manner,  the  straight  line  FGH  cannot  go 

further  from  DE,  as  from  F  to  G,  and  then,  from  O  to  H, 

come  nearer  to  the  same  DE :  and  so  in  the  last  case,  as  in 

fig.  2. 

PROPOSITION    I. 

If  two  equal  straight  lines  AC,  BD  he  each  at  right  angbs^ 
the  same  straight  line  AB ;  if  the  points  C,  D  he  Joined  ly^i 
straight  line  CD,  the  straight  line  EF,  dramn  Jrsm  any 


figure. 


„.  I' 


rBDOK    I.      PRl 
poiM  E  in  AB  lo  CD,  al  right  angkt  to  AB,  Mhall  be  equal  lo 
AC,  or  BD. 
If  EP  be  not  equal  to  AC,  one  of  theni  must  be  greater 
than  the  other;  let  AC  be  the  greater:  then,  because  PE  ia 
less  than  CA,  the  straight  line  CFD  is 
oearcr  to  the  straight  line  AB  at  the  f 

point  F  thaD  Kt  the  point  C,  that  is,  CF 
comes  nearer  to  AB  from  the  point  C  to 
F :  but  because  DB  is  greater  than  FEj 
the  straight  line  CFD  is  furlhtr  from  AB 
at  the  point  D  than  at  F,  that  is,  FD  goes 
further  from  AB  from  P  to  D :  therefore  the  straight  line  CFD 
first  comes  nearer  to  the  straight  line  AB,  and  then  goes 
fiirther  from  it,  before  it  cuts  it,  which  is  impossible :  if  FE 
be  said  to  t>c  greater  than  CA,  or  DB,  the  straight  line  CFD 
first  goes  further  from  the  straight  line  AB,  and  then  comes 
oearer  to  it,  which  ia  also  impossible  :  therefore  FE  is  not  nn- 
equal  to  AC,  that  is,  it  is  equal  to  it. 

FROPOelTION    II. 

If  tiro  equal  ttraigid  lines  AC,  BD  be  each  at  right  angles  lo 
the  tame  straight  line  AB,  the  straight  line  CD  tvhich  joint 
their  extremities,  makes  right  angles  nilh  AC  and  BD. 
Join  AU,  BC ;  and  because,   in  the  triangles  CAB,   DBA, 
the  sides  CA,  AB  arc  equal  to  DB,   BA, 
and  the  angle  CAB  equal  to  the  angle 
■  ABA,  the  base  BC  is  equal  *  to  the  b 
^bu> :  and  in  the  triangles  ACD,    BDC, 
IKfte  udes  AC,  CD  arc  equal  to  BD,  DC, 
itaid  the  base  AD  is  equal  to  the  baseBC; 

therefore  the  angle  ACD  is  equal  •  to  the  angle  BDC:  from  * 
any  point  E  in  AB,  draw  EF  to  CD,  at  right  angles  to  AB; 
therefore,  (by  Prop.  1 .)  EF  is  equal  to  AC,  or  BD  ;  wherefore, 
H  has  been  just  shewn,  the  angle  ACF  is  equal  to  the  angle 
EFC :  in  the  same  manner,  the  angle  BDF  is  equal  to  the  an- 
^  BFD  ;  but  the  angles  ACD,  BDC  are  equal ;  therefore  the 
angles  EFC  and  EFD  are  equal,  and  they  are  right  angles  •  ;  ' 
wherefore,  also  the  angles  ACD,  BDC  are  right  angles. 

Corollary.  Hence,  if  two  straight  lines  AB,  CD  be  at 
right  angles  to  the  same  straight  line  AC,  and  if  betwixt 
them  a  straight  line  BD  be  dru»-n  at  right  angles  to  either 
of  them,  as  tu  AB,  then  BD  is  equal  to  AC,  and  BDC  is  a 
right  angle. 


«fl?* 


If  AC  be  not  equal  t«  BD,  toko  BO  equal  to  A.C.  aai  jwiu 
C6:  thercfure,  by  this  prupadition,  the  angle  ACG  !■  a  right 
anglcj  but  ACD  ik  also  a  right  angle;  wherefore  the  anglci 
ACD,  ACG  are  equal  to  one  another,  which  is  impossible: 
therefore  BD  is  equal  to  AC;  and  by  this  proposition  BDCia 
a  right  angle. 

PBOPOCITION    III. 

If  (mo  straight  linet  which  corilain  oh  angle  be  prodvetd, 

lliere  maj/  be  found  in  either  of  them  a  poiutjrom  whieh  tk 

perpendieuJar  dranm  lo  the  other  shall  be  greater  than  any 

^'ii«i  straight  line.  | ; 

i-      Iiet  AB,  AC  be  two  straight  lines  which  malie  an  a;^ 

ii'ffrtth  one  nnothcr,  and  let  AD  be  the  given  straight  lineal 

^  point  may  be  fouud  either  in  AB  or  AC,  as  in  AC,  fromwh^ 

the  perpendimlar  dmwn  to  the  other  AB,  shall  be  g 

than  AU. 


In  AC  lake 


)oint  E,  and  draw  EF  perpendicular  ti 
cc  Ab  lu  O,  so  that  EG  be  equal  to  AE  ;  and  p  ~ 
H,  and  moke  EH 


duce  FE 

equal  to  FE,ond  join  130.  Be- 
cause, in  the  triangles  AEF, 
OEH,  the  two  sides  AE,  EF  are 
equal  to  the  two  GE,  EH,  each 
to  each,  and  contain  equal' 
angles,  the  angle  QUE  is  thercfure  equal  to  *  the  angle  AflV 
which  is  a  right  angle :  draw  GK  perpendicular  to  AB  ;  autt 
because  the  straight  lines  FK,  HG  arc  at  right  angles  t«  FBj 
and  KO  at  right  angles  tu  FK,  KG  is  equal  to  FB,  (by  Cf& 
Prop.  2.)  that  is,  to  the  double  of  FE. 
if  AG  be  produced  to  L,  so  that  GL  be  equal  to  AO,  and  IJf 
be  drawn  perpendicular  to  AB,  then  LSI  is  double  of  GK,  aai^ 
so  on.  In  AD  take  AN  equal  to  FE,  and  AO  equal  to  Kfl| 
that  is,  to  the  double  uf  FE,  or  AN  ;  also  ttikc  AP  equnj  to 
LM,  that  is,  to  the  double  of  KG,  or  AO ;  and  let  this  be  don* 
till  the  straight  line  taken  be  greater  than  AD :  lei  thit 
straight  line  so  taken  be  AP,  and  because  AP  is  equal  to  L 
therefore  LM  is  greater  than  A  D.     Which  was  to  be  done. 


PROPOSITION    IV. 


^  two  slraighi  lines  AB,  CD  make  equal  aiigies  EAB, 
milh  another  gtraighl  line  EAC  towardt  the  same  pari*  oftti 
AB  and  CD  are  at  right  anglet  to  some  straight  Rne. 
Bisect  AC  in  F,  and  draw  i'fi  perpt:ndicular  to  ABj  talH 
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straight  line  CD  equal  to  AG,  and  on  itie  ccmlriiry 

•'Vde  of  AC  tu  that  on  which  AO  in,  nii<l  Jmii  FlI ;  tbuKfure,  iii 
'tele  triangles  APO,  CFH,  the  sitks  FA,  AO  arc  equal  to  FC, 
'■fcB,  each  to  each,  and  tiie  anglu  FAG, 
"ttat   is*  EAB,   is   equal  to   the  angle  a 

FCH  ;    wherefore  •,     the    angle    AGF    is  /^ 

equal    to  tUF,  and  AFG  to  the  angle  c;  a/      r 

'PFH  :  to  these  last  add  the  common  angle 
APH  ;  theruftire  the  two  angles  AFG, 
AFM  are  equal  to  the  two  angles  CFH, 
UFA,  which  two  last  are  tngetlier  equal 

to  two  right  angles  "  :  therefore,  also  AFG,  AFII  arc  equal  to  • 
two  right  angles,  and  consequently  *,  OF  und  FH  are  in  one  ' 
rtruigbt  line.     And  because  AGP  is  a  right  angle,  CHF  which 
is  equal  to  it  is  also  a  right  angle  :  therefore  the  straight  lines 
AB,  CD  are  at  right  angles  to  Gir. 

PBoroaiTioN  1". 
If  Iwu  tiraighl  lines  AB,  CD  he  cut  bi/  ii  Ihird  ACE,  w  tis 
lo  mate  iXe  iiilerior  angles  BAC,  ACD,  an  Ihc  tame  siile  u/' 
(V,  ti^etlier  test  Ihan  two  righl  angkt,  AD  and  CD  Ocuig 
produced,  tluill  meet  one  another  tmeardx  the  pointx  an  ,ti']fich 
are  the  tito  anglci,  trhick  are  Uf»  than  two  right  angles. 
At  the  point  C  in  the  straight  line  CE,  make  *  the  angle   ■ 
ECF  equal  to  the  angle  EAB,  and  draw  to  AB,  the  straight 
line  CG  at  right  angles  to  CF :  then,  because  the  angira  ECK, 
EAB  arc  equal   to  one  another, 
j^d  that  the  angles   ECF,    FCA 
together  cqu^l  "  to  two  right 
;lc3,  the  angles  EAB,  FCA  are 
vqnfll  lo  two  right  angles.     But, 
by  the  hypothesis,  the  angles  EA  B, 
ACD  arc  leather  less  than   two 

i^ht  angles  ;  therefore  the  angle  FCA  is  greater  than  ACD, 

D  foils  between  CF  and  A  B :  and  because  CF  and  CD 

an  angle  with    one   another,   (liy  Prop.  3.)   a  point 

T»  found  in   cither   of  them  CD,  from  which  the  per- 

[icular  drawn  to  CF  shall  be  greater  than  the  straight 

CO.     Let  this  point  be  H,  and  draw  UK  perpendicular 

tnecting   AB   in  L;   and  because  AB,   CF  contain 

diiglee   with  AC  on   the  same    side  of  it,  (by  Prop. 

All  and   CF  are   at  right  ongtes   tu   the  straight   liuc 
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»       ;i»Hly 


MNO,  which  biaects  AC  in  N,  and  is  perpendicolar  to  CF: 
therefore  (by  Cor.  Prop.  2.)  CO  and  KL,  which  are  at  right 
angles  to  CF,  are  equal  to  one  another :  and  UK  is  greater 
than  CO,  and  therefore  is  greater  than  KL,  and  consequently 
the  point  U  is  in  KL  produced.  Wherefore  the  straight  line 
CDH,  drawn  betwixt  the  points  C,  B,  which  are  on  contrary 
sides  of  AL,  must  necessarily  cut  the  straight  line  AB. 

PROPOSITION  XXXV. 

The  demonstration  of  this  proposition  is  changed,  because, 
if  the  method  which  is  used  in  it  was  followed,  there  would 
be  three  cases  to  be  separately  demonstrated,  as  is  done  in  the 
translation  from  the  Arabic ;  for,  in  the  Elements,  no  case  of 
a  proposition  that  requires  a  different  demonstration  ought  to 
be  omitted.     On  this  account  we  haye  chosen  the  method 
which  Mons.  Clairault  has  given,  the  first  of  any,  as  far  as 
know,  in  his  Elements,  page  21,  and  which  afterwards  Mr 
Simpson  gives  in  his,  page  32.     But  whereas  Mr.  Simpson 
makes  use  of  Prop.  26.  Book  1.,  from  which  the  equality  of 
the  two  triangles  does  not  immediately  follow,  because  to 
prove  that,  the  4th  of  Book  1.  must  likewise  be  made  use  of, 
as  may  be  seen  in   the  very  same  case  in  the  34th  Prop. 
Book  1.,  it  was  thought  better  to  make  use  only  of  the  4th  of 
Book  1. 

I 

PROPOSITION  XLV. 

The  straight  line  KM  is  proved  to  be  parallel  to  ¥L  from 
the  33d  Prop.,  whereas  KH  is  parallel  to  FG  by  construction, 
and  KHM,  FOL  have  been  demonstrated  to  be  straight  lines. 
A  corollary  is  added  from  Commandine,  as  being  often  used. 


BOOK  11. 

PROPOSITION  XIII. 


In  this  proposition  only  acute-angled  triangles  are  men- 
tioned, whereas  it  holds  true  of  every  triangle ;  and  the  demon- 
strations of  the  cases  omitted  are  added.  Commandine  and 
Clavius  have  likewise  given  their  demoustrations  of  these 
cases. 


.  XIV. — BOOK  111.     rnop. 


PROPOSITION  XIV. 
'  In  Uie  demonstration  of  tliis,  some  Oreek  editor  has  igno- 
raaily  inserted  the  words,  "  but  if  not,  one  of  the  two  BE, 
ED,  is  the  greater :  let  BE  be  the  greater,  and  produce  it  to 
T  i"  as  if  it  was  of  iiny  consequence  whether  the  greater  or 
lesser  be  produced :  therefore,  instead  of  these  words,  there 
ought  to  be  read  only,  "  but  if  not,  produce  BE  to  F." 


BOOK  III. 

PROPOSITION  I- 


i 


Several  authors,  especially  among  the  modern  mathemati- 
dans  and  logiciiuis,  inveigh  too  severely,  and  sometimes  igno- 
rantly  enough,  agsinst  indirect  or  apogugic  demonstrations, 
not  being  aware  that  there  are  some  things  that  cannot  be 
demonstrated  any  other  way  :  of  this  the  present  propofiitiott 
■  clear  instance,  as  no  direct  deinoastration  can  be 
given  of  it :  because,  besides  the  definition  of  a  drcio,  there 
iliio  principle  or  property  relating  to  a  circle  antecedent  t« 
^H  problem,  from  which  either  a  direct  or  indirect  demon- 
■tration  can  he  deduced:  wherefore  it  is  necessary  that  the 
point  found  by  the  construction  of  the  problem  be  proved  to 
be  the  centre  of  the  circle,  by  the  help  of  this  definition,  and 
Mme  of  the  preceding  propositions  :  and  because,  in  the  de- 
nonstration,  this  proposition  must  be  brought  in,  viz.  straight 
Itnes  from  the  centre  of  a  circle  to  the  circumference  are  equal, 
tad  that  the  point  found  by  the  construction  cannot  be  assumed 
tt  the  centre,  for  this  is  the  thing  to  he  demonstrated ;  it  is 
manifest  gome  other  point  must  be  assumed  as  the  centre:  and 
if  from  this  assumption  an  absurdity  follows,  as  Euclid  de- 
ntonstrates  there  must,  then  it  is  nut  true  that  the  point 
■ssumed  is  the  centre  ;  and  as  any  point  whatever  was  assumed, 
it  follows  that  no  point,  except  that  found  by  the  construction, 
cui  be  the  centre,  from  which  the  necessity  of  an  indirect 
demonstration  in  this  case  is  evident. 


PROPOSITION   XIII. 


to  imagine  that  two  circles  may  touch 
points  than  one,  upon  the  same 


i 


'%! 
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si<fe^iliannpoirc^poute  sides,  the  ligiire  of  thnt  case  ought 
ii'it  to  liave  been  omitted  ;  but  the  construction  iu  the  Grefk 
text  ivouUl  not  have  suited  with  this  figure  so  well,  because 
the  centres  of  the  circles  must  have  been  placed  near  to  tlie 
circumferences ;  on  which  uccouiit  another  construction  and 
demonstration  is  given,  which  is  the  same  with  the  secopd 
part  of  thnt  which  Campanus  has  tninshit«d  from  the  Arahie, 
wiicre,  mtliout  any  reason,  the  demonstration  is  diridod  juta 
two  parts. 

PROPOSITION  XV. 

The  converse  of  the  second  part  of  this  proposition  is  vraOU 
ing,  though  in  the  preceding,  the  converse  is  added,  in  a  li^ 
case,  both  in  tbe  enunciation  and  demonstration ;  and  it  % 
now  added  in  this.  Besides,  in  the  demonstration  of  the  fint 
part  of  this  fifteenth,  the  diameter  AD  (see  Comniandihi^s 
figure)  is  proved  tu  be  greater  than  the  straight  line  BC  bf 
means  of  another  straight  line  MN  ;  whereas  it  may  be  bcttei 
done  without  it:  on- which  accounts,  we  have  given  n  difffpreiit 
demonstration,  like  to  that  which  Euclid  gives  in  the  preccd* 
ing  14th,  and  to  that  which  Theodusius  gives  in  Prop,  6.  BL 
1.  of  his  Spherics,  in  this  very  affair, 

PROPOSITION   XVI. 

In  this  we  have  not  followed  the  Greek  nor  the  Latin  tran^ 
latiun  literally,  but  have  given  what  is  plainly  the  meaning  of 
the  proposition,  without  mentioning  the  angle  of  the  semi- 
circle, or  that  which  some  coll  the  cornicular  angle,  which 
they  conceive  to  be  made  by  the  circumference  and  the  straigbt 
line  which  is  at  right  angles  to  the  diameter,  at  its  cxtcemity,; 
which  angles  have  furnished  matter  of  great  debate  bctvr««a 
some  of  the  modern  geometers,  and  given  occasion  of  deducing 
strange  consequences  from  them,  which  arc  quite  avoided  by 
the  manner  in  which  we  have  expressed  the  proposition.  And 
in  like  manner,  we  have  given  the  true  nieaning  of  Prop,  31, 
B.  III.  without  mentiuning  the  angles  of  the  greater  or  lesser 
segments.  These  passages,  Vieta,  with  goinl  reason,  suspects 
to  be  adulterated  in  the  38(ith  page  of  his  Oper.  Math. 

PHOPOSITION  XX. 

The  first  words  of  the  second  pnrt  of  iLis  demou&trutiuu. 


BOOK   11^     PROP.   XXI.  XXIir.   XXIV. 

_^      ..:ntAw9*  Sh  TaXii"  are  WTong  translated  by  Mr.  Bripgs  and 

Jl^r.  Gregory,  "Ruraus  inclinetur";  for  the  translation  ougtt 

^i  be  "  Itursus  inflectatur";   as   Comtnaudine  has  it-     A 

*ttraight  line  is  said  to  be  inflected  either  to  a  straiglit  or  curve 

yiuc,  when  a  straight  line  is  drawn  to  this  line  from  a  point, 

%iil  from  the  point  in  which  it  meets  it,  a  straight  b'ne  making 

angle  with  the  former,  is  drawn  to  another  point,  as  is 

^^rident  from  the  90th  Prop,  of  Euclid's  Data :  for  thus  the 

^hole  line  betwixt  the  first  and  last  points  is  inflected  or 

hvlcen  at  the  point  of  inflection,  where  the  two  straight  lines 

meet.     And  in  tlic  like  sense,  two  straight  lines  arc  said  to 

he  inflected  from  two  points  to  a  third  point,  when  they  make 

angle  at  this  point ;  as  may  be  seen  in  the  description  given 

Pappus  Alfxandrinns  of  Apollonins's  Books  de  Locis  pJanis, 

the  preface  to  tlie  7th  Book  :  we  hare  made  tlic  expression 

'     from  the  90th  Prop,  of  the  Dntn. 

PROPOSITION  XXI. 

'"^iTicreare  two  cases  of  this  proposition,  the  second  of  which, 
■^1.  when  the  angles  are  in  a  segment  not  greater  than  a  semi- 
'ctrcle,  is  wanting  in  the  Greek ;  and  of  this  a  more  simple 
demanstration  is  given  than  that  which  is  in  Commandine,  as 
being  derived  only  from  the  first  case  without  the  help  of 
triangles. 

PROPOSITION  XXIII.    XXIV. 

^1''  In  Prop,  24th  it  is  demonstrated  that  the  segment  AEB 
f%itat  coincide  with  the  segment  CFD,  (sec  Commaudine's 
e,)  and  that  it  cannot  full  otherwise,  as  COD,  so  as  to  cut 
the  other  circle  in  a  third  point  G,  from  this,  that  if  it  did,  a 
drcle  could  cut  another  in  more  points  than  two ;  but  this 
ought  to  have  been  proved  to  be  impossible  in  the  23d  Prop., 
t  well  as  that  one  of  the  segmeuts  cannot  full  within  the 
,  This  part,  then,  is  left  out  in  the  24th,  and  put  in  its 
r  place,  the  23d  Proposition. 

PROPOSITION  XXV. 

This  proposition  is  divided  into  three  cases,  of  which  two 
I'lnve  the  same  constmction  and  demonstration  ;  therefore  it  ii 
I  BOW  divided  only  into  two  cases.  ^      .  1  .  fl'  ' 
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PROPOSITION  XXXIII. 


This  also  in  the  Gredc  is  divided  into  three  casesi,  of  whidi 
t^,  vis.  one  in  which  the  given  angle  is  acute,  and  the  other 
in  which  it  is  obtuse>  have  exactly  the  same  construction  and 
demonstration ;  on  which  account,  the  demonstration  of  the 
last  case  is  left  out>  as  quite  superfluous,  and  the  addition  of 
scNtne  unskilful  editor ;  besides  the  demonstration  of  the  case 
when  the  angle  given  is  a  right  angle,  is  done  in  a  roundaboat 
way,  and  is  therefore  changed  to  a  mijire  simple  one,  as  was 
done  by  Clavius. 

PROPOSITION  XXXV. 

As  the  25th  and  d3d  Propositions  are  divided  into  more 
eases,  so  this  35th  is  divided  into  fewer  cases  than  are  neees- 
sary.  Nor  can  it  be  supposed  that  Euclid  omitted  them  be- 
cause they  are  easy ;  as  he  has  given  the  case,  which  by  &r  is 
the  easist  of  them  all,  viz.  that  in  which  both  the  straight  lines 
pass  through  the  centre :  and  in  the  fbUowing  proposition  he 
separately  demonstrates  the  case  in  which  the  straight  line 
passes  through  the  centre,  and  that  in  which  it  does  not  pass 
through  the  centre :  so  that  it  seems  Theon,  or  some  other,  has 
thought  them  too  long  to  insert :  but  cases  that  require  different 
demonstrations,  should  not  be  left  out  in  the  Elements,  as  was 
before  taken  notice  of :  these  cases  are  in  the  translation  from 
the  Arabic,  and  are  now  put  into  the  text. 

PROPOSITION  XXXVII, 

At  the  end  of  this,  the  words  "  in  the  same  manner  it  may 
"  be  demonstrated,  if  the  centre  be  in  AC  ",  are  left  out,  being 
the  addition  of  some  ignorant  editor. 


BOOK  IV. 

DEFINITIONS. 


When  a  point  is  in  a  straight  line,  or  any  other  line,  this 
point  is  by  the  Greek  geometers  said  awTi<j0ai,  to  be  upon  or 
in  that  line ;  and  when  a  straight  line  or  circle  meets  a  eircie 


BOOK. 


V.    XV.    XVI. 


any  waj-,  tlie  one  ia  said  ixTOTSai,  to  taeet  the  other ;  but 
when  a  straight  line  or  circle  meets  a  circle  so  as  not  to 
cut  it,  !t  is  snid  tfaTTis-fint,  to  touch  the  circle ;  and  these  two 
terms  are  ncTcr  promiscuously  UKd  by  them  :  therefore,  in 
the  5th  Definition  of  Book  IV.  the  compound  Hfixrina.'  must 
be  read,  instead  of  the  simple  cittiitxi  :  and  in  the  lst,Sd,3d, 
and  6th  Definitions  id  Commandine's  translation,  "  tangit", 
must  lie  rend  instead  of  "  contingit":  and  in  the  3d  and  3d 
Definitions  of  Book  3.  the  same  change  muOT  be  made :  but 
in  the  Greek  text  of  Propositions  11th,  IStli,  13th,  18lh,  19lb. 
Book  3,  the  couipound  verb  ia  to  be  put  for  the  simple. 

PROPOSITION  IV. 

In  this,  as  also  in  the  8th  and  13th  Propositions  of  this 
Book,  it  is  demonstrated  indirectly,  that  the  circle  touches  a 
Straight  line ;  whereas  in  the  1  "th,  33d,  and  37th  Propoai- 
^ons  of  Book  3-  the  same  thing  is  directly  demonstrated : 
I  iuid  this  way  we  have  chosen  to  use  ia  the  propositiuus  of  this 
J  it  is  shorter. 


t 
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PROPOSITION   V. 

The  demonstration  of  this  has  been  spoiled  by  some  unskil- 
ful hand :  for  he  does  not  demonstrate,  as  is  necessary,  that 
the  two  straight  lines  which  bisect  the  sides  of  the  triangle 
■t  right  angles,  must  meet  ime  another ;  and,  without  any 
,  be  divides  the  proposition  into  three  cases:  whereas, 
I  one  and  the  same  constructiim  and  demonstration  serves  for 
*  ttem  all,  as  Campanus  has  observed  ;  which  useless  repeti- 
tions are  now  left  out :  the  Greek  text  also  in  the  corollary  is 
tnanifestly  vitiated,  where  mention  is  made  of  a  given  angle, 
though  there  neither  is,  nor  can  be,  any  thing  in  the  proposi- 
tion relating  to  a  given  angle. 

PROPOSITIONS  XV.  xvr. 

In  the  corollary  of  the  first  of  these,  tlie  words  "  equila- 
teral and  equiangular"  are  wanting  in  the  Greek;  and  in 
Pl«p- 16.  instead  of  "  the  circle  ABCD,"  ought  to  be  read  "  the 
tircumference  ABCD ; "  where  mention  is  made  of  its  con- 
Mning  fifteen  equal  parts. 


IlllililMlO    : 


BOOK  V. 

DEFINITIONS. 


III.  Many  of  the  nioJcr 


mathi 


reject  tliiailcfiiii. 


tiun :  the  very  learned  Dr.  Barrow  has  explained  it  at  larguit 
the  end  of  his  tbird  Jecture  of  ttie  year  i(i66,  in  which  dUox 
lie  nusirera  the  objections  made  againat  it  as  well  as  the  sub- 
ject would  allow:  and  at  the  end  gives  liiii  opiiuon  upon  ihet' 
whole  as  follows :  • 

"  J  shall  only  add,  that  the  author  had,  perhaps,  no  otLerll 
"  deaiga  in  making  this  definition,  tiran  (that  he  might  morsi; 
"  fully  explain  and  cmbelliiih  his  subject)  to  give  a  gencrd:^ 
"  and  summary  idea  of  ratio  to  beginners,  by  premising  thilj 
"  metaphysical  definition,  to  the  more  accurate  definition  tStf 
"  ratios  that  are  the  same  to  one  another,  or  one  of  which  itf 
"  greater  or  Icks  than  the  other :  I  cull  it  a  metaphyaica],  fb( 
"  it  is  not  properly  a  mathematical,  definition,  since  nothing. 
"  in  mathematics  depends  on   it,  or  is  deduced,  nor,  as  I, 
"judge,  atn  he  deduced  from  it:  and  the  definition  of  ui^ 
"  'egVj  which  follows,  vis.  Analogy  is  the  similitude  of  ratiac^a 
"  is  of  the  same  kind,  and  can  serve  for  no  purpose  in  mathe-^^ 
"  matics,  but  only  to  give  beginners  some  general,  though 
"  gross  and  confused,  notion  of  analogy :  hut  the  whole  of  (he 
"  doctrine  of  ratios,  and  the  whole  of  mathematics,  dei«nd 
"  upon  the  accurate  mathematical  definitions   which  foltotv 
"  this ;  to  these  we  ought  principally  to  attend,  us  the  dms 
"  trine  of  ratios  is  more  perfectly  explained  by  them ;  thfl*' 
"  third,  and  others  like  it,  may  be  entirely  spared  withoirtS 
"  any  loss  to  geometry  ;  as  we  see  in  the  7th  book  of  the  Ele-' 
"  ments,  where  the  proportion  of  numbers  to  one  another  is 
"  defined,  and  treated  of,  yet  without  giving  any  definition'' 
"  of  the  ratio  of  numberH ;  though  such  a  definition  was  ns  n©-' 
"  cessnry  and  useful  to  he  given  in  that  book  as  in  this :  but  in-' 
"  deed  there  is  scarce  any  need  of  it  in  either  of  lliem :  thougli' 
"  I  think  that  a  thing  of  so  general  nnd  abstracted  a  nature^ 
"  and  thereby  the  more  difficult  to  be  conceived  and  enplained,' 
"  cannot  be  more  commodiously  deGne<l  than  as  the  author 
"  has  done :  upon  which  account  f  thought  fit  to  explain  it  n^ 
"  Urge,  and  defend  it  against  the  captious  objections  of  ti. 
"  who  Bttoctt  it."    To  this  citation  from  Dr.  Barrow  I  faarv^ 


2^L 


nothing  to  ailiJ,  pxcppt  tliat  I  fully  helitvc  the  3(1  nnd  Hth 
Deliiiitions  lire  nut  Euclid's,  (uit  added  by  some  unslillful 

XI,  Jt  was  necessary  to  add  the  word  "  continual"  before 
"  proportionals"  in  this  definition  ;  and  thus  it  is  cited  in  the 
33d  Prop,  of  Book  11. 

After  this  definition,  ought  to  have  fullowed  the  defiaitioii ) 
of  compound  ratio,  as  this  was  the  proper  place  for  it ;  duplW' 
caM  and  triplicate  ratio  being  species  of  compound  ratio :  but  ' 
Tlwon  has  made  it  the  5t\i  Def.  of  B.  6.  where  be  gives  an  i 
absurd  and  entirely  useless  definition  of  compound  rntio  r  for 
ihh  reason  we  have  placed  another  definition  of  it  betwixt 
the  11th  and  12th  of  this  book,  which,  no  doubt,  Euclid 
gave,  for  he  cites  it  exprcsaly  in  Prop.  23.  B.  6. ;  and  which 
CIavIub,  Hcrigon,  niid  Barrow,  have  likewise  given;  butther 
retain  also  Theon's,  ivhich  they  onght  to  have  left  out  of  the 
Elements. 

Xm.  This,  and  the  rest  of  the  definitions  folloiving,  con- 
tain the  explication  of  some  terms  which  are  used  in  the  5th 
and  following  books;  which,  except  a  few,  are  easily  enough 
understood  from  the  propositions  of  this  booh,  where  they  ar^ 
first  mentioned ;  they  seem  to  have  been  added  by  Theon,  or 
some  other.  However  it  he,  they  are  explained  sometliing 
e  distinctly  for  the  sake  of  learners. 

PROPOSITION   IV, 

III  the  construction  preceding  the  demonstration  of  thitj 
the  words  A  tTvyj  "  any  whatever,"  are  twice  wanting  in  tho 
Givek)  o»  also  in  the  Latin  translations,  and  are  now  added, 
as  being  wholly  uecessary- 

Ibid,  in  the  demonstration  ;  in  the  Greek,  and  in  the  Latin 
trvnslntion  of  Coinmandine,  and  in  that  of  Mr,  Henrv  Briggs, 
which  was  published  in  London  in  lti20,  together  with  the 
Greek  text  of  the  lirst  six  books,  which  translation  in  this 
place  is  followed  by  Dr.  Gregory  in  his  edition  of  Euclid, 
there  ift  this  sentence  following,  viz.  "  and  of  A  and  C  have 
"  been  taken  equimultiples  K,  L  ;  and  of  B  and  D,  any  cijui- 
"  nutJtiplee  whatever  {»Itux')  ^I>  '''>"  which  is  not  true, 
the  words  "any  whatever"  ought  to  be  left  out:  and  it  is 
strange  that  neither  Air.  Brigga,  who  did  right  to  leave  out 
these  wwds  in  we  place  of  Prop.  13.  of  this  Book,  nor  Dr. 
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Gregory,  who  changed  them  into  the  word  *'  •ome''  in  thiec 
places,  and  left  them  out  in  a  fourth  of  that  aame  Prop.  13., 
did  not  also  leayc  them  out  in  this  place  of  Prop.  4.  and  m 
the  second  of  the  two  places  where  they  occur  in  Prop.  17-  of 
this  bode,  in  neither  of  which  they  can  stand  consiatcnt  with 
truth :  and  in  none  of  all  these  places,  even  in  those  wiiich 
they  corrected  in  their  Latin  translation,  have  they  cancelM 
the  words  »  trvx*  in  the  Greek  text,  as  they  ought  to  hcfe 
done. 

The  same  words  »  irvx'  are  found  in  four  places  of  PrapJ 
11.  of  this  Book,  in  the  first  and  last  of  which  they  are  neces- 
sary, but  in  the  second  and  third,  though  they  are  true,  Aiejf 
are  quite  superfluous ;  as  they  likewise  are  in  the  second  sff 
the  two  places  in  which  they  are  found  in  the  12th  Prop,  and 
in  the  like  places  of  Prop.  22,  23,  of  this  Book ;  but  are 
wanting  in  the  last  place  of  Prop.  23,  as  also  in  Prop.  S5, 
Book  11. 

COROLLARY  PROPOSITION  IV. 

This  corollary  has  been  unskilfully  annexed  to  this  propeii-: 
tion,  and  has  been  made  instead  of  the  legitimate  demsostah 
tion,  which,  without  doubt,  Thcon,  or  some  other  cditv, 
has  taken  away,  not  from  this,  but  from  its  proper  phoe  !■ 
this  book  :  the  author  of  it  designed  to  demonstrate,  that  If 
four  magnitudes  £,  O,  F,  H  be  proportionals,  they  are 
proportionals  inversely ;  that  is,  O  is  to  E,  as  H  to  F ; 
is  true :  but  the  demonstration  of  it  does  not  in  the  least  de- 
pend upon  this  4th  Prop,  or  its  demonstration :  for,  when  hs 
says,  "  because  it  is  demonstrated,  that  if  K  be  greater  than 
"  M,  L  is  greater  than  N,"  &c.,  this  indeed  is  shewn  in  the 
demonstration  of  the  4th  Prop,  but  not  from  this,  that  E,  O, 
F,  H  are  proportionals;  for  this  last  is  the  conclusion  of  the 
proposition.  Wherefore  these  words,  "  because  it  is  demon- 
"  strated,'*  &c.,  are  wholly  foreign  to  his  design :  and  hs 
should  have  proved,  that  if  K  be  greater  than  M,  L  is  greater 
than  N,  from  this,  that  £,  O,  F,  H  are  proportionals»  and 
from  the  5th  Def.  of  this  Book,  which  he  has  not ;  but  is  done 
in  Prop.  B,  which  we  have  given  in  its  proper  place,  instead 
of  this  corollary ;  and  another  corollary  is  placed  after  the  4th 
Prop,  which  is  often  of  use ;  and  is  necessary  to  the  d 
stration  of  Prop.  18.  of  this  book. 


PBOPOSITKIN  V. 

In  the  coutitructioii  which  prccviln  thi-  ili.-nii>iiiitralian  o( 
tbift  propiMitioQ,  it  is  Te«iuire(l  that  KB  niny  bt  tlic  Komo  mul- 
tiple of  CO,  that  AE  is  of  CF  ;  ihat  i«,  thnt  KB  br  divid<.-<l  iut« 
IB  many  vquol  ports  as  there  are  parts  in  AK  «qtutl  to  CF: 
Aon  which  it  ia  evident,  that  this  coustruciion  U  not  Euolid'a, 
Sae  he  dueu  not  aheiv  the  way  of  dividing  slraif^ht  liim,  anil 
fiw  less  other  magtutudcs,  int«  any  number  uf  equal  parts, 
niUil  the  !)th  Prop,  of  B.  6.  and  he  never  rvqiiiros  any  thing 
to  be  done  in  the  construction  of  which  he  hiul  not  before 
gtvCD  the  method  of  doing :  for  this  reason,  we  hare 
ehanged  the  construction  to  one,  whidi,  iiithotit 
(luulrt,  is  Euclid's,  in  which  nothing  is  required  but 
to  ndd  a  magnitude  to  itself  a  certain  number  of 
limes;  und  this  is  tobv  fuund  in  the  translation  from 
the  Arabic,  though  the  enunciation  of  the  prnpo«i- 
tiou  and  the  demonstration   are   there  very  much 

Jaooboa  Peletariua,  who  Wiw  the  lirsl,  as  fur  n* 
who  took  notice  of  this  error,  gives  also  the  riglit 
his  edition  of  Euclid,  after  he  had  given  ihv 
r  which  he  blames.  He  says,  he  would  not  leave  it  oat, 
use  it  was  fine,  and  might  sharpen  one's  genius  to  invent 
n  like  it :  whcruaH  there  is  not  the  least  difference  be- 
sn  the  two  demonstrations,  except  a  single  word  in  the 
traction,  which  very  prnbabty  has  been  owing  to  an  un- 
Tul  Itbimrian.  Clavius  likewise  gives  both  the  ways ;  but 
ber  ho  nor  Peletariua  takes  notice  of  the  reason  why  the 
it  preferable  to  the  other. 

PROPOSITION  VI. 

here  are  two  cases  of  this  proposition,  of  which  only  the 
snd  simplest  is  demonstrated  in  the  Orerk.  And  it  is 
■Ue  Theon  thought  it  ivbb  sufficient  to  give  this  one,  since 
rwB  to  make  use  of  neither  of  them  in  his  mutilmed  edition 
le  5th  Book  ;  and  he  might  as  well  httvo  left  out  the  other, 
ko  the  5th  Prop,  for  the  uime  reason.  The  dcmonstm- 
of  the  other  case  is  now  added,  because  Imth  of  them,  ns 
the  Sth  Prop,  are  necessary  to  the  demonstrutiou  of  the 
Prop,  of  this  Book.  The  transbtion  from  the  Arabic 
t  bntli  cdKcs  ItripHv. 
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PROPOSITION  A. 


This  proposition  is  frequently  used  by  geometers^  and  it  is 
necessary  in  the  25th  Prop,  of  this  Book,  31  st  of  the  6th, 
and  3-lth  of  the  11th,  and  15th  of  the  12th  Book:  it  seemi 
to  have  been  taken  out  of  the  Elements  by  Theon,  because  it 
appeared  evident  enough  to  him,  and  others,  who  substitute 
the  confused  and  indistinct  idea  the  vulgar  have  of  propor- 
tionals, in  place  of  that  accurate  idea  which  is  to  be  got  from 
the  5th  Dcf.  of  this  Book.     Nor  can  there  be  any  doubt  that 
Eudoxus  or  Euclid  gave  it  a  place  in  the  Elements,  when  we 
sec  the  7th  and  9th  of  the  same  Book  demonstrated,  though 
they  are  quite  as  easy  and  evident  as  this.     Alphonsua  Bo- 
rellus  takes  occasion  from  this  proposition  to  censure  the5di 
Definition  of  this  Book  very  severely,  but  moat  unjustly.   Ia 
p.  120.  of  his  Euclid  Restored,  printed  at  Pisa  in  1658,  he 
says,  ''  Nor  can  even  this  least  d^ee  of  knowledge  be  ob- 
*'  tuined  from  the  aforesaid  property >"  viz.  that  whi^  ia  coa- 
taiiied  in  5th  Dcf.  5.     '^  That,  if  four  magnitudes  be  pnpcv* 
<'  tionals,   the  third   must  necessarily  be  greater  than  thi 
"  fourth,  when  the  first  is  greater  than  the  second :  M  C3ih 
"  vius  acknowledges  in  the  lOth  Prop,  of  the  5tli  Book  of  ibe 
''  Elements."  But  though  Clavius  makes  no  such  acknowled|g- 
ment  expressly,  he  has  given  Borelhis  a  handle  to  say  this  of 
him  ;  because  when  Clavius,  in  the  above-cited  place,  oen* 
surcs  Commandine,  and  that  very  justly,  for  demonstrating 
this  proposition  by  help  of  the  16th  of  the  5th  ;  yet  lie  him- 
self gives  no  demonstration  of  it,  but  thinks  it  plain  from  the 
nature  of  proportionals,  as  he  writes  in  the  end  of  the  14tb 
and  16th  Prop.  B.  5.  of  his  edition,  and  is  followcid  by  Heri* 
gon  in  Schol.  1.  Prop.  4.  B.  5.  as  if  there  was  any  nature  o{ 
proportionals  antecedent  to  that  which  is  to  be  derived  and 
understood  from  the  definition  of  them  :  and,  indeed,  thougk 
it  is  very  easy  to  give  a  right  demonstration  of  it,  nobody,  as 
fas  as  I  know,  has  given  one,  except  the  learned  Dr.  Barrow, 
who,  in  answer  to  Borelhis*s  objection,  demoustmtes  it  in* 
directly,  but  very  briefly  and  clearly,  from  the  5th  Def.  in  the 
322d  page  of  his  Lect.  ]\Iuthcm.  from  which  definition  it  may 
also  he  easily  demonstrated  directly :  on  which  account  we 
have  ploced  it  next  to  the  propositions  concerning  equimidti- 
pies. 


PROPOSITION  B. 

This  also  is  easily  deduced  from  tbc  5th  Def.  B.  5.  and 
tbereftHv  is  placed  next  to  the  other;  for  it  was  very  igno- 
tantly  made  a  corollary  from  the  4th  Prop,  of  this  Book.  See 
the  note  on  that  corollary. 


PROPOSITION  C. 

This  is  frequently  made  use  of  by  geometers,  and  is  neces- 
mrj  to  the  5th  and  6th  PropoGitions  of  the  10th  Book.  Cla- 
liiu,  in  his  notes  subjoined  to  the  8th  Def.  of  Book  5.  demon< 
^ates  it  only  in  numbers,  by  help  of  some  of  the  propositions 
tt  the  7th  Book  ;  in  order  to  demonstrate  the  property  con- 
hdned  in  the  5th  Def.  of  the  5th  Book,  when  applied  to  num- 
hen,  from  the  property  of  proportionals  contained  in  the  20th 
Def.  of  the  7th  Book :  and  most  of  the  commentators  judge 
It'difficiilt  to  prove  that  four  magnitudes  which  are  propor- 
tionals according  to  the  20th  Def.  of  7th  Book,  are  also  pro- 
j^bMiMulB  according  to  .the  5th  Def.  of  5th  Book.  But  this 
U^emdlj  made  out  as  follows : 

"*  "^nt,  if  A,  B,  C,  D  be  four  magnitudes,  such  that  A  is  the 
muitt  itaultiple,  or  the  same  part  of  B,  which  Cis  ofD:  A,  B, 
C,  D  trfl  jvoportionals :  This  is  demonstrated 
fal'propoajtion  C. 

-  SecMidly,  if  AB  contain  the  same  parts  of 
CD  that  EF  does  of  OH ;  in  this  case  like< 
wise  AB  is  to  CD,  as  EF  to  OH. 

Let  CK  be  a  port  of  CD,  and  OL  the  same 
part  of  GH  ;  and  let  AB  be  the  same  mul- 
tiple of  CK,  that  EF  is  of  GL  :  therefore*,  AB 
if  to  CK,  as  EF  to  GL :  and  CD,  GH  are  equimultiples  of  CK, 
OL,  the  second  and  fourth ;  wherefore  *,  AB  is  to  CD,  as  EF   ' 
to  OB. 
"And  if  four  magnitudes  be  proportionals  according  to  the 
Sfll  Def.  of  Book  6.  they  are  also  proportionals  according  to 
ffie  SOth  Def  of  Book  7. 

''Rm,  if  A  be  to  B,  as  C  toD;  then  if  A  be  any  multiple  or 
^itt'ofB*,  C  is  the  same  multiple  or  part  of  D.  ■ 

"N^lxt,  If  Ailt  be  to  CD,  OS  EF  to  GH :  then  if  AB  contain  any 
[tarts  of  CD,  EF  contains  the  same  parts  of  OH  ;  for  let  CK  be 
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a  part  of  CD,  and  OL  the  same  part  of  GH,  and  let  AB.be 
a  multiple  of  CK :  £F  is  the  same  multiple  of  GL :  take 
M  the  same  multiple  of  GL  that  AB  is  of  CK ;  there- 

•  C.  5.  fore  *,  AB  is  to  CK,  as  M  to  GL :    and   CD^    GH,  are 
•Cor. 4. 6.     equimultiples   of  CK,  GL;    wherefore*,  AB  is  to  CD, 

as  M  to  GH.     And,  by  the  hypothesis,  AB  is  to  CD, 

•  9. 6.  as  EF  to  GH  ;  therefore,  M  is  equal  *  to  EF,  and  con- 

sequently £F  is  the  same  multiple  of  GL  that  A B  is  of 
CK.  ^^ 

PROPOSITION  D. 

This  is  not  unfrequently  used  in  the  demonstration  of  other 
propositions,  and  is  necessary  in  that  of  Prop.  9.  B.  6.  It 
seems  Theon  has  left  it  out  for  the  reasons  mentioned  in  tbe 
notes  at  Prop.  A. 

PROPOSITION  VIIL 

In  the  demonstration  of  this,  as  it  is  now  in  the  Greek, 
there  arc  two  cases,  (see  the  demonstration  in  Herragiiu^  oi 
Dr.  Gregory's  edition,)  of  which  the  first  is  that  in  which  All 
is  less  than  £B ;  and  in  this  it  necessarily  follows,  that  Hd 
the  multiple  of  EB  is  greater  than  ZH  the  same  multiple  U 
AE,  which  last  multiple,  by  the  construction,  is  greater  than 
A ;  whence  also  H0  must  be  greater  than  A :  but  in  the  second 
case,  viz.  that  in  which  EB  is  less  than  AE,  though  ZH  be 
greater  than  A,  yet  H0  may  be  less 
than  the  same  A;  so  that  there  can- 
not be  taken  a  multiple  of  A  which 
is  the  first  that  is  greater  than  K  or  f^ 
H0,  because  A  itself  is  greater  than 
it :  upon  this  account,  the  author  of 
this  demonstration  found  it  necessary 
to  change  one  part  of  the  construc- 
tion that  was  made  use  of  in  the  first  case :  but  he  has,  witk' 
out  any  necessity,  changed  also  another  part  of  it,  viz.  wheX> 
he  orders  to  take  N  that  multiple  of  A  which  is  the  first  that  i^ 
greater  than  ZH ;  for  he  might  have  taken  that  multiple  of  ^ 
which  is  the  first  that  is  greater  than  HS,  or  K,  as  was  doD^ 
in  the  first  case :  he  likewise  brings  in  this  K  into  the  de^ 
monstration  of  both  cases,  without  any  reason;  for  it  serves t^ 
no  purpose  but  to  lengthen  the  demonstration.    There  is  alio  ^ 
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Uiird  case  which  is  out  ni4.-ntioncd  in  this  deinonatnititiii,  tie, 
that  it)  which  AE  in  the  lirst,  or  EB  in  the  Mcond  of  the  twu 
other  caaes  is  f^reatcr  than  A  ;  and  in  this  anj  equimultiples,  as 
the  douhles  of  AE,  EB,  are  to  be  taken,  as  is  done  in  this  edition, 
where  all  the  cases  are  nt  once  demonBtrated :  and  from  thii 
it  is  plain  that  Theon,  or  some  other  unskilful  editor,  hn« 
Titiatcd  this  proposition. 

PROPOSITION  IX. 

Of  this  there  is  given  a  more  explicit  demonstration  than 
that  which  I  fbond  in  the  Elements. 

PROPOSITION  X. 

It  was  necessary  to  give  another  demonstration  of  this  pro* 
position,  because  that  which  is  in  the  Greek  and  Latin,  or 
other  editions,  is  nut  legitimate ;  for  the  words  greater,  the 
tatHe,  or  equal,  leticr,  have  a  quite  didercnt  meaning  when 
applied  to  magnitudes  and  ratios,  as  is  plain  from  the  5th  and 
/tb  definitions  i>f  Book  5-  By  the  help  of  these  let  us  examine 
the  demon Etrnlton  of  the  10th  Prop,  which  proceeds  thus; 
"  Let  A  have  to  C  a  greater  ratio  than  B  to  C :  I  say  that  A 
"  ts  grenter  than  B  :  for  if  it  be  not  greater,  it  is  either  equal 
"  or  leaa-  But  A  cannot  be  equal  to  B,  because  theu  each  of 
"  them  would  hove  the  same  ratio  to  €  ;  but  they  have  not. 
"  Therefore  A  is  not  equal  to  B."  The  force  of  which  reason- 
ing is  this :  if  A  had  to  C  the  same  ratio  that  B  has  to  C,  then 
if  any  equimultiples  whatever  of  A  and  B  he  taken,  and  any 
multiple  whatever  of  C  ;  if  the  multiple  of  A  be  greater  than 
the  nmltiple  of  C,  then  *  the  multiple  of  B  is  also  greater  than  •  s  D«f.  3. 
tlat  of  C ;  but  from  the  hypothesis,  that  A  baa  a  greater  ratio 
to  C,  than  B  has  to  C,  there  must  t  lie  certain  equimnltiples  f  7  DcT.  s. 
of  A  and  B,  and  some  multiple  of  C,  such  that  the  multiple  of 
A  is  greater  than  the  multiple  of  C,  hut  the  multiple  of  B  i* 
not  greater  than  the  same  multiple  of  C,  aoA  this  pro]>Dsition 
directly  contradicts  the  preceding;  ;  wherefore  A  is  not  equal 
to  B.  The  demonstration  of  the  lOth  Prop,  goes  on  thus : 
"  But  neither  is  A  less  than  »  ;  because  then  A  would  have  a 
'*  less  fatio  to  C  than  B  hug  to  it :  but  it  has  not  a  lest  ratio, 
*'  therefore  A  is  not  less  than  B  ",  &c.  Here  it  is  said,  that 
"  A  would  have  a  less  ratio  to  C  than  B  has  to  C  ",  or,  which 
ii  the  same  thing,  ibiit  B  would  have  a  greater  ratio  to  C  than 
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*  7  Def.6.     A  to  C  ;  that  is  *,  there  must  he  some  equimultiples  of  B  and 
A,  and  some  multiple  of  C,  such  that  the  multiple  of  B  u 
greater  than  the  multiple  of  C,  but  the  multiple  of  A  is  Dot 
greater  than  it :  and  it  ought  to  have  been  proved,  that  thii 
can  never  happen  if  the  ratio  of  A  to  C  be  greater  than  tbe 
ratio  of  B  to  C ;  that  is,  it  should  have  been  proved,  that,  in 
this  case,  the  multiple  of  A  is  always  greater  than  the  multi- 
ple of  C,  whenever  the  multiple  of  B  is  greater  than  the  multi- 
ple of  C  ;  for  when  this  is  demonstrated,  it  will  be  evident 
that  B  cannot  have  a  greater  ratio  to  C,  than  A  has  to  C,  or, 
which  is  the  same  thing,  that  A  cannot  have  a  less  ratio  tv  C 
than  B  has  to  C.     But  this  is  not  at  all  proved  in  the  lAdk 
Prop. :   but  if  the   10th  were  once  demonstrated,  it  wwU 
immediately  follow  from  it,  but  cannot  without  it  be  ctsilj 
demonstrated,  as  he  that  tries  to  do  it  will  6nd.     Wheidwe 
the  10th  Prop,  is  not  sufficiently  demonstrated.  And  it  teem 
tliat  he  who  has  given  the  demonstration  of  the  10th  Propi 
as  wc  now  have  it  instead  of  that  which  Eudoxus  or  Endii 
had  given,  has  been  deceived  in  applying  what  is  manifeit, 
when  understood  of  magnitudes,  linto  ratios,  viz.  that  t  mif- 
nitude  cannot  be  both  greater  and  less  than  another.    Tbit 
those  things  which  are  equal  to  the  same  are  equal  to  one 
another,  is  a  most  evident  axiom  when  understood  of  uia^ 
nitudes ;  yet  Euclid  does  not  make  use  of  it  to  infer,  thtt 
those  ratios,  which  are  the  same  to  the  same 
ratio,  are  the  same  to  one  another,  but  ex- 
plicitly demonstrates  this  in  Prop.  1 1 .  of  Book 
5.     The  demonstration  we  have  given  of  the 
10th  Prop,  is  no  doubt  the  same  \vith  that  of 
Eudoxus  or  Euclid,  as  it  is  immediately  and 
directly  derived  from  the  definition  of  a  greater 
ratio,  viz.  the  7th  of  the  5th. 

The  above-mentioned  proposition,  viz.    If 
A  have  to  C  a  greater  ratio  than  B  to  C  ;  and 
if  of  A  and  B  there  be  taken  certain  equi- 
multiples, and  some  multiple  of  C  ;  then  if  the  multiple  of  B 
be  greater  than  the  multiple  of  C,  the  multi|)le  of  A  is  ali> 
greater  than  the  same,  is  thus  demonstrated. 

Let  D,  £  be  equimultiples  of  A,  B,  and  F  a  multiple  of  C* 
such,  that  £  the  multiple  of  B  is  greater  than  F ;  D  the  mul' 
tiple  of  A  is  also  greater  tlinn  F. 
f  10.  6.  Because  A  has  a  greater  ratio  to  C,  than  B  to  C,  A  f  is  gnaiter 
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tiian  B>  theretcre  D  the  multfple  of  A  is  greater  than  E  the 
same  multiple  of  B :  and  E  is  greater  than  F ;  much  more 
therefore  D  is  greater  than  F. 

PROPOSITION  XIII. 

In  Commandine  8,  Brigg%  and  Gregory's  translations  at  the 
li^nning  of  this  demonstration,  it  is  said,  '*  and  the  multiple 
'^  of  C  is  greater  than  the  multiple  of  D ;  but  the  multiple  of 
'f  E  is  not  greater  than  the  multiple  of  F  " :  which  words  are 
I  literal  translation  from  the  Greek :  but  the  sense  evidently 
tequirea  that  it  be  read, ''  so  that  the  multiple  of  C  be  greater 
"  than  the  multiple  of  D  ;  but  the  multiple  of  £  be  not  greater 
^  than  the  multiple  of  F."  And  thus  this  place  was  restored 
to  the  true  reading  in  the  first  editiona  of  Commandine's 
Eiiclid,  printed  in  8vo.  at  Oxford ;  but  in  the  later  editions, 
i|t  least  in  that  of  l?*^?*  the  error  of  the  Greek  text  was 
kept  in. 

■  There  is  a  corollary  added  to  Prop.  13,  as  it  is  necessary  to 
4ie  20th  and  21st  Prop,  of  this  Book,  and  is  as  useful  as  the 
proposition. 

PROPOSITION  XIV. 

The  two  cases  of  this,  which  arc  not  in  the  Greek,  are 
added  ;  the  demonstration  of  them  not  being  exactly  the  same 
with  that  of  the  first  case. 

PROPOSITION  XVII. 

The  order  of  the  words  in  a  clause  of  this  is  changed  to 
one  more  natural :  as  was  also  done  in  Prop.  1 1 . 

PROPOSITION  XVIII. 

The  demonstration  of  this  is  none  of  Euclid's,  nor  is  it 
legitimate ;  for  it  depends  upon  this  hypothesis,  that  to  any 
three  magnitudes,  two  of  which,  at  least,  are  of  the  same 
kind,  there  may  be  a  fourth  proportional :  which,  if  not 
proved,  the  demonstration  now  in  the  text  is  of  no  force  ;  but 
this  is  assumed  without  any  proof;  nor  can  it,  as  far  as  I  am 
Able  to  discern,  be  demonstrated  by  the  propositions  preced- 
ing this  :  so  far  is  it  from  deserving  to  be  reckoned  an  axiom, 
an  Glavius,  after  other  commentators,  would  have  it,  at  the 


swo 
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end  of  the  definitions  of  the  5th  Book.     Endid  does  not  de» 
monstrate  it^  nor  docs  he  show  how  to  find  the  fourth  propor- 
tional, before  the  12th  Prop,  of  the  6th  Book :  and  he  never 
assumes  any  thing  in  the  demonstration  of  apropomtion  which 
he  had  not  before  demonstrated ;  at  leasts  he  assumes  nothing 
the  existence  of  which  is  not  evidently  possible  ;  for  a  oertaia 
conclusion  can  never  be  deduced  by  the  means  of  an  nneertain 
proposition :  upon  this  account  we  have  given  a  legitinate 
demonstration  of  this  proposition  instead  of  that  in  the  Gieek 
and  other  editions,  which  very  probably  Theon^  at  least  some 
other  J  has  put  in  the  place  of  Euclid's^  because  he  thoagbt  it 
too  prolix  :  and  as  the  17th  Prop,  of  which  this  18th  is  the 
converse,  is  demonstrated  by  help  of  the  first  and  second  pro- 
positions of  this  book ;  so,  in  the  demonstration  now  given  of 
the  18th^  the  5th  Prop,  and  both  cases  of  the  6th  are  neces- 
sary, and  these  two  propositions  are  the  converses  of  the  1st 
and  2d.     Now  the  5th  and  6th  do  not  enter  into  the  demon- 
stration of  any  proposition  in  this  book  as  we  now  have  it: 
nor  can  they  be  of  use  in  any  proposition  of  the  ElementSf 
except  in  this  18th,  and  this  is  a  manifest  proofs  that  Endid 
made  use  of  them  in  his  demonstration  of  it,  and  that  the 
demonstration  now  given,  which  is  exactly  the  convene  of 
that  of  the  17th,  as  it  ought  to  be,  differs  nothing  from  thst 
of  Eudoxus  or  Euclid :  for  the  5th  and  6th  have  undoubtedly 
been  put  into  the  5th  Book  for  the  sake  of  some  propositions 
in  it,  as  all  the  other  propositions  about  equimultiples  hare 
been. 

Hieronymus  Saccherius,  in  his  book  named  ''  Euclides  a^ 
"  omni  neevo  vindicatus  ",  printed  at  Milan,  ann.  1733,  in  41^^ 
acknowledges  tliis  blemish  in  the  demonstration  of  the  18th 
and  that  he  may  remove  it,  and  render  the  demonstration  W^ 
now  have  of  it  legitimate,  he  endeavours  to  demonstrate  ths- 
following  proposition,  which  is  in  page  115  of  this  book,  viz^ 

*'  Let  A,  B,  C,  D  be  four  magnitudes  of  which  the  two  firss^ 
'^  are  of  one  kind,  and  also  the  two  others  either  of  the  sam^ 
"  kind  with  the  two  first,  or  of  some  other  the  same  kind  witl^ 
"  one  another.  I  say  the  ratio  of  the  third  C  to  the  fourtl^ 
'^  D,  is  either  equal  to,  or  greater,  or  less,  than  the  ratio  or 
"  the  first  A  to  the  second  B." 

And  after  two  propositions  premised  as  lemmas,  he  proceeds 
thus : 

''  Either  among  all  the  possible  equimultiples  of  the  firsC 
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''  A,  and  of  l]ie  third  C,  and,  at  the  sams  lime,  among  ull 
'  the  posaible  c(|uimu]tiple!t  uf  the  socoiid  I),  aud  of  the 
"  fourth  D,  there  can  be  found  sume  one  multiple  KF  vf  the 
"  firat  A,  sod  one  IK  uf  the  second  D,  thut  arc  c^unl  tu  une 
p:aiwttier  ;  and  also  (in  the  same  case)  some  one  multiple  OU 
Riof  the  third  C,  equal  to  LM  the  multiple  of  the  fourth  D,  or 
inch  equality  is  do  where  to  be  fuuud.  If  the  &nt  caac 
a  [i.e.  if  fiiichequali- 
Kty  be  to  be   found],  it  in      ^ ,        ^ p 

IfiBftiiifeBt  from  what  is  before      g , „ 

"  demonstrated,  thut  A  is  to  I), 

■•a«C  toD;  but  if  Huch  si-      ^  ° " 

"  inBltaneous  equality  be  not     ^  ^^ M 

be    found    upon    both 

brtides,  it  will  be  found  either  upon  one  aide,'  aa  upon  tlie 

Kside  of  A  [and  B];  or  it  will  be  found  upon  neither  side: 

."if  the  first  happen;    therefore  (from  Euclid's  dufinition 

"  of  greater  and  leaser  ratio  foregoing)  A  has  to  B  a  greater 

"  or  lew  ratio  than  C  to  D  ;  according  aa  OH  the  multiple 

"  of  the  third  C  is  less,  or  greater,  than  Lil   the  multiple 

"  of  the  fourth  D :  hut  if  the  second  case  happen ;   therefore 

"  Hpon  the  uoe  side,  as  u]Hin  the  side  of  A  the  first  oud  B  ihu 

"  KCnnd,  it  maj'  happen  that  the  multiple  EF  [Wk.  of  the 

Hdl  fiivj  may  be  less  than  IK  the  multiple  of  the  second,  while, 

^Hfion  the  contrary,  upon  the  other  side  [ylz.  of  C  and  D],  the 

^■K-Bultiplc  GU  [of  the  third  C]  is  greater  than  the  otiicr  mul- 

B**  tiple  Lai  [of  the  fourth  D] ;  and  thon  (from  the  same  dcG- 

Hr  tiitiun  of  Eaclid]  the  ratio  of  the  &rst  A  to  the  second  B  is 

HffilcsB  than  the  ratio  of  the  third  C  to  the  fourth  D ;  or  on  the 

••  contrary." 

"  Therefore  the   axiom   [i.  e,  the    propogition  before  set 
"  down]  remains  demonstrated,"  &e. 

Not  in  the  least ;  but  it  Htill 
what  he  says  may  happen,  nny, 
happen 
examph 

nnd  C  ttic  aide,  and  D  the  diameter  of  another  square;  there 
can  in  no  cue  be  any  multiple  of  A  equal  tu  any  of  B ;  unr 
any  one  of  C  equal  to  one  of  D,  at  is  well  known  ;  and  yet  it 
can  never  happen  that  when  any  multiple  of  A  is  greater  thai) 
a  multiple  of  B,  the  multiple  of  C  caa  be  less  than  the  mul- 
tiple of  D,  nor  when  the  multiple  of  A  is  less  ttiau  that  of  B, 


oins  undemonstrated:  for 
innumerable  cases,   never 
id  therefore  his  demonstration  does  not  hold :  for 
be  the  side,  and  B  the  diameter  uf  a  square  ; 
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the  multiple  of  C  can  be  greater  than  that  of  D,  tIs.  taking 
equimultiples  of  A  and  C,  and  equimultiples  of  B  and  D:  for 
A,  B,  C,  D  are  proportionals^  and  so  if  the  multiple  of  A  be 
*  b  Def.  6.  greater,  &c.  than  that  of  B^  so  must  that  of  C  *  be  greater, 
&c  than  that  of  D. 

The  same  objection  holds  good  i^inst  the  demoiwtration 
which  some  give  of  the  6rst  Prop,  of  the  6th  Book,  which  we 
have  made  against  this  of  the  18th  Prop,  because  it  d^iends 
upon  the  same  insufficient  foundation  with  the  other. 

PROPOSITION  XIX. 

A  corollary  is  added  to  this,  which  is  as  frequently  used  as 
the  proposition  itself.  The  corollary  which  is  subjoined  to  it 
in  the  Greek*  plainly  shews  that  the  5th  Book  has  been 
vitiated  by  editors  who  were  not  geometers :  for  the  conver- 
sion of  ratios  does  not  depend  upon  this  19th,  and  the  de- 
monstration which  several  of  the  commentators  on  Euclid 
give  of  conversion  is  not  legitimate,  as  Clavius  has  rightly 
observed,  who  has  given  a  good  demonstration  of  it  whidi  we 
have  put  in  proposition  E  ;  but  he  makes  it  a  corollary  from 
the  19th,  and  begins  it  with  the  words,  "  Hence  it  easily  fol- 
lows," though  it  does  not  at  all  follow  from  it. 

PROPOSITIONS  XX.  XXI.  XXII.  XXIII.   XXIV. 

The  demonstrations  of  the  20th  and  21st  Propositions  are 
shorter  than  those  Euclid  gives  of  easier  propositions,  either 
in  the  preceding  or  following  books.  Wherefore  it  was  pro- 
per to  make  them  more  explicit,  and  the  22d  and  23d  Propo- 
sitions are,  as  they  ought  to  be,  extended  to  any  number  of 
magnitudes:  and  in  like  manner  may  the  24th  be,  as  is  taken 
notice  of  iu  the  corollary ;  and  another  corollary  is  added,  as 
useful  as  the  proposition,  and  the  words  "  any  whatever  "  are 
applied  near  the  end  of  Prop.  23,  which  are  wanting  in  the 
Greek  text  and  the  translations  from  it. 

In  a  paper  written  by  Philippus  Naudaeus,  and  published, 
after  his  death,  in  the  History  of  the  Royal  Academy  of 
Sciences  of  Berlin,  anno  17^5,  page  50,  the  23d  Prop,  of  the 
5th  Book  is  censured  as  being  obscurely  enunciated,  and,  be- 
cause of  this,  prolixly  demonstrated :  the  enunciation  there 
given  is  not  Euclid's  but  Tacquet's,  as  he  acknowledges, 
which,  though  not  so  well  expressed,  is,  U2)on  the  matter. 
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ihe  same  with  that  which  is  now  in  the  Elements.  Nor  is 
there  any  thing  obscure  in  it^  though  the  author  of  the  paper 
has  set  down  the  proportionals  in  a  disadvantageous  order^  by 
which  it  appears  to  be  obscure:  but  no  doubt  Euclid  enun- 
ciated this  23d,  as  well  as  the  22d,  so  as  to  extend  it  to  any 
number  of  magnitudes^  which>  taken  two  and  two,  are  pro- 
portionals,  and  not  of  six  only :  and  to  this  general  case  the 
imunciation  which  Naudsus  gives  cannot  be  well  applied. 

The  demonstration  which  is  given  of  this  23d,  in  that  paper, 
is  quite  wrong ;  because,  if  the  proportional  magnitudes  be 
plane  or  solid  figures,  there  can  be  no  rectangle  (which  he 
improperly  calls  a  product)  conceived  to  be  made  by  any  two 
of  them :  and  if  it  should  be  said,  that  in  this  case  straight 
lines  are  to  be  taken  which  are  proportional  to  the  figures,  the 
demonstration  would  this  way  become  much  longer  than 
Euclid's :  but  even  though  his  demonstration  had  been  right, 
who  does  not  sec  that  it  could  not  be  made  use  of  in  the  5th 
Book? 

PROPOSITIONS  F.  G.  H.  K. 

These  propositions  are  annexed  to  the  5th  book,  because 
they  are  frequently  made  use  of  by  both  ancient  and  modern 
geometers :  and  in  many  cases,  compound  ratios  cannot  be 
brought  into  demonstration,  without  making  use  of  them. 

Whoever  desires  to  see  the  doctrine  of  ratios  delivered  in 
this  5th  Book  solidly  defended,  and  the  arguments  brought 
ugainst  it  by  And.  Tacquet,  Alph.  Borellus,  and  others,  fully 
Tefiited,  may  read  Dr.  Barrow's  Mathematical  Lectures,  viz. 
the  7fli  and  8th  of  the  year  1666. 

The  dth  Book  being  thus  corrected,  I  most  readily  agree  to 
'what  the  learned  Dr.  Barrow  says  *,  "  That  there  is  nothing  •  Page  386. 
in  the  whole  body  of  the  Elements  of  a  more  subtile  inven- 
tion, nothing  more  solidly  established,  and  moree  accurately 
*'  handled,  than  the  doctrine  of  proportionals."  And  there  is 
some  ground  to  hope,  that  geometers  will  think  that  this  dould 
not  have  been  said  with  as  good  reason,  since  Thcon's  time, 
till  the  present. 
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BOOK  VI. 

DEFINITIONS. 

II.  and  V.  The  2d  definition  does  not  seem  to  be  Euclid's, 
but  some  unskilful  editor's :  for  there  is  no  mention  made  bj 
Euclid^  nor,  as  fisu-  as  I  know,  by  any  other  geometer,  of  re- 
ciprocal figures:  it  is  obscurely  expressed,  which  made  it 
proper  to  render  it  more  distinct :  it  would  be  better  to  put  the 
following  definition  in  place  of  it,  viz. 

Def.  II. — Two  magnitudes  are  said  to  he  reciprocaify  propoT' 
tional  to  two  others,  when  one  of  the  Jirsi  is  to  one  of  the 
other  magnitudes  as  the  ranaining  one  (^  the  last  two  is  to 
the  remaining  one  ofthejirst. 

But  the  fifth  definition,  which,  since  Theon*s  time,  has  been 
kept  in  the  Elements,  to  the  great  detriment  of  learners,  is 
now  justly  thrown  out  of  them,  for  the  reasons  given  in  the 
notes  on  the  23d  Prop,  of  this  Book. 

PROPOSITIONS  I.  and  II. 

To  the  first  of  these  a  corollary  is  added,  which  is  often 
used :  and  the  enunciation  of  the  second  is  made  more  general. 

PROPOSITION  III. 

A  second  case  of  this,  as  useful  as  the  first,  is  given  in  Prop. 
A. ;  viz.  the  case  in  which  the  exterior  angle  of  a  triangle  is 
bisected  by  a  straight  line:  the  demonstration  of  it  is  very 
like  to  that  of  the  first  case,  and  upon  this  account  may,  pro- 
bably, have  been  left  out,  as  also  the  enunciation,  by  some  un- 
skilful editor.  At  least  it  is  certain,  that  Pappus  makes  use 
of  this  case,  as  an  elementary  proposition,  without  a  demon- 
stration of  it,  in  Prop.  39  of  his  7th  Book  of  Mathematical 
Collections. 

PROPOSITION  VI. 

To  this  a  case  is  added  which  occurs  not  unfrequently  in 
demonstrations. 
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PROPOSITION  VIII. 


It  seems  plain  that  some  editor  has  changed  the  Jeraon- 
itration  that  Euclid  gave  of  this  prupositluii :  fur,  after  he 
bss  demonstrntcd  that  the  triunglcs  arc  equiangular  to  ane 
uiothcr,  he  particularly  ehews  that  their  side*  about  the  equal 
angles  are  proporticuials,  as  if  this  had  not  been  done  in  tb« 
demonstration  of  the  4tli  Prop,  of  this  Book  :  this  superfluous 
part  IB  not  found  in  the  translation  £roin  the  Arabic,  and  in 
now  left  oat. 

PROPOSITION  IX. 

This  is  demonstrated  in  a  partieular  cose,  viz.  that  in  which 
the  third  part  of  a  straight  line  is  required  to  be  cut  off; 
which  h  nut  at  all  like  Euclid's  manner  :  bcxides,  the  anthor 
of  the  demonstration,  from  four  magnitudes  being  propor- 
tionals, concludes  that  the  third  of  them  is  the  same  multiple 
of  the  fourth,  which  t)ie  first  is  of  the  second ;  now,  this  is 
nu  where  demonstrated  in  the  .^th  Book,  as  we  now  have  it : 
but -the  editor  assumes  it  from  the  confused  notion  which  the 
valgar  have  of  proportionals :  on  thin  account  it  was  necessary 
to  give  a  general  and  legitimate  demonstrntion  of  this  prnpo* 
Ution. 

PROPOSITION  XVIIl. 

The  demoHBtration  of  this  seems  to  be  vitiated.  For  tlic 
propusition  is  demonstrated  only  in  the  case  of  tjuadri lateral 
figures,  without  mentioning  how  it  may  be  extended  to  figures 
of  live  or  more  sides:  besides,  from  t^vo  triangles  being  equi- 
angular, it  is  inferred,  that  a  side  of  the  one  is  to  the  homo- 
Jogoua  side  gf  the  other,  as  another  sitle  of  the  first  is  to  the 
■ide  homologous  to  it  of  the  other,  without  permutation 
of  the  proportionals;  which  is  contrary  to  Euclid's  manner, 
as  is  clear  from  the  next  proposition  ;  and  the  same  fault  oc- 
curs again  in  the  conclusion,  where  the  sides  about  the  equal 
angles  are  not  shewn  to  be  proportionals  by  reason  of  again 
neglecting  permutation.  On  these  accounts,  a  demonstration 
is  given  in  Euclid's  manner,  like  to  that  he  makes  uw  of  in 
the  20th  Prop,  of  this  Book ;  and  it  Is  extended  to  five-sided 
igOTw,  by  which  it  may  be  seen  how  to  extend  it  to  figim'% 
«f  any  numbiT  of  sides. 
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PROPOSITION  XXIII. 

Notbing  18  usually  reckoned  more  difficult  in  the  elements 
of  geometry  by  learners,  than  the  doctrine  of  ownpofund  ration 
which  Theon  has  rendered  absurd  and  ungeometrical  by  aub« 
ttituting  the  5th  Definition  in  the  6th  Book  in  place  of  the 
right  Definition^  which,  without  doubt^  £udoxu8  or  Euclid 
gave,  in  its  proper  place,  after  the  definition  of  triplicate  ration 
&c.  in  the  5th  Book.     Thcon's  definition  is  this :  a  ratio  » 
said  to  be  compounded  of  ratios  oVav  aS  t«»  x»y»ir  vn>uKM7fnti 
Ifi*  cowTdK  vo}J<avXx9'taa^u<rai  Ttnajo'i  rtva :  which  Commandiae 
thus  translates :     "  Quando  rationum    quantitates  inter  se 
*'  multiplicat«e  aliquam  efficient  rationem ;"  that  is,  when  the 
quantities  of  the  ratios  being  multiplied  by  one  another  make 
a  certain  ratio.     Dr.  Wallis  translates  the  word  vnXtKorvrK 
"  rationum  exponentcs,'*  the  exponents  of  the  ratios :  and 
Dr.  Gregory  renders  the  last  words  of  the  definition  by  '*  ii- 
''  lius  facit  quantitatem,'*  makes  the  quantity  of  that  rado : 
but  in  whatever  sense  the  ''  quantities"  or  ''  exponents  of  tiie 
'*  ratios^"  and  their  "  multiplication,"  be  taken^  the  definition 
will  be  ungeometrical  and  useless :  for  there  can  be  no  mul- 
tiplication but  by  a  number :  now  the  quantity  or  exponent 
of  a  ratio  (according  to  Eutochius  in  his  Comment,  on  Prop. 
4.  Book  2.  of  Arch,  de  Sph.  et  Cyl.  and  as  the  modems  ex- 
plain that  term)  is  the  number  which  multiplied  into  the 
consequent  term  of  a  ratio,  produces  the  antecedent,  or,  which 
is  the  same  thing,  the  number  which  arises  by  dividing  the 
antecedent  by  the  consequent;    but  there  are  many  ratios, 
such,  that  no  number  can  arise  from  the  division  of  the  ante- 
cedent by  the  consequent ;  ex.  gr.  the  ratio  which  the  dia- 
nietor  of  n  square  has  to  the  side  of  it ;  and  the  ratio  which 
the  circumference  of  a  circle  has  to  its  diameter,  and  such 
like.     Besides,  there  is  not  the  least  mention  made  of  t\iis 
definition  in  the  writings  of  Euclid,  Archimedes,  Apollonins, 
or  other  ancients,  though  they  frequently  make  use  of  com- 
pound ratio :  and  in  this  23d  Prop,  of  the  6th  Book,  where 
compound  ratio  is  first  mentioned,  there  is  not  one  word  which 
can  relate  to  this  definition,  though  here,  if  in  any  plao^it 
was  necessary  to  be  brought  in ;  but  the  right  definition  is- 
expressly  cited  in  these  words :  "  but  the  ratio  of  K  to  M  n 
"  compounded  of  the  ratio  of  K  to  l*,  and  of  the  ratio  of  I#  to 
"  M."   This  definition  therefore  of  Theon  is  quite  useless  aiid 
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mrd:  fur  that  Theoti  brouglit  it  into  tlic  Elemenls  con 
scarce  be  iluubted  ;  as  it  is  to  be  fonnd  in  his  Commeutnry 
upon  Ptolemy's  M-^aXn  Zinait^,  page  62,  ivhere  he  also 
gives  ft  childish  explication  of  it,  as  agreeing  only  to  such 
ratios  as  can  be  expressed  by  numbers  ;  and  from  this  pince 
the  deliniliuii  and  explication  have  been  exactly  copied  and 
prefixed  to  the  definitiuiis  of  the  (ith  Book,  as  appears  from 
Hervagius's  edition:  but  Zambcrtus  and  Commanding,  in 
their  Latin  translations,  subjoin  the  some  to  these  definitions. 
Neither  Cauipanus,  nor,  as  it  seems,  the  Arabic  monnscripta 
1  which  be  made  his  translation,  have  this  definition. 
iuB,  in  his  observations  upon  it,  rightly  judges  that  the 
tuition  of  compound  ratio  mi^ht  have  been  made  after  the 
"le  manner  in  which  the  definitions  of  duplicate  and  tripli- 
C  ratio  are  given,  vis.  "  that  as  in  several  magnitudes  that 
e  continual  proportionals,  Euclid  named  the  ratio  of  thi- 
t  to  the  third,  the  duplicate  ratio  of  the  first  to  the  se- 
d ;  and  the  ratio  of  the  first  to  the  fourth,  the  triplicate 
t»tio  of  the  first  to  the  second ;  that  is,  the  ratio  com- 
laded  of  two  or  three  intermediate  ratios  that  are  equal 
1  one  another,  and  bo  on ;  so,  in  like  manner,  if  there  be 
Bveral  magnitudes  of  the  sanie  kind,  following  one  another, 
•vhioh  are  not  continual  proportionals,  the  first  ia  said  to 
ve  to  the  last  the  ratio  compounded  of  all  the  intenuediattf 
J(Mi^-onty  for  this  reason,  that  these  intermediate  ratio* 
!  interposed  betwixt  the  two  extremes,  vix.  the  first  and 
it  magnitudes;  even,  as,  in  the  10th  Def.  of  the  5tb 
ik,  the  ratio  of  the  first  to  the  third  was  called  the  du- 

Kicote  ratio,  merely  upon  account  of  two  ratios  being  in- 
rposed  betwixt  the  extremes,  that  are  equal  to  one  an- 
ther: so  that  there  is  no  difterence  betwixt  the  compound- 
Dg  of  ratios,  and  the  duplication  or  triplication  of  them 
which  are  defined  in  the  5th  Book,  but  that  in  the  duplica- 
itioD,  triplication,  Sic.  of  ratios,  all  the  interposed  ratios  arc 
inc  another ;  whereas,  In  the  compounding  of 
^tios,  it  is  not  necessary  that  the  intermediate  ratios, 
d  be  equal  to  one  another."  Also  Mr.  Edmund  Scar- 
ji.ID  his  English  translation  of  the  first  six  books,  pages 
9, 236.  expressly  altirmx,  that  the  Qth  Def.  of  the  6th 
k  Ja  sui^otkititious,  and  that  the  true  definition  of  com- 
pnd  ratio  contained  in  the  lOth  Def.  of  the  5th  Book, 
.   |be  defiiiitiitu  of  duplicate  ratio,  or  to  be  understood 
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from  it,  to  wit>  in  the  same  manner  as  Clavius  has  explained  it 
in  the  preceding  citation.  Yet  these,  and  the  rest  of  the  mo- 
dems, do  notwithstanding  retain  this  5th  Def.  of  the  6th 
Book,  and  illustrate  and  explain  it  hy  long  commentaries 
when  they  ought  rather  to  have  taken  it  quite  away  from  the 
Elements. 

For,  by  comparing  Def.  5.  Book  6.  with  Prop.  5.  Book  8. 
it  will  clearly  appear  that  this  definition  has  been  put  into 
the  Elements  in  place  of  the  right  one,  which  has  been  taken 
out  of  them :  because,  in  Prop.  5.  Book  8.  it  is  demonstrated, 
that  the  plane  number  of  wliicli  the  sides  are  C,  D,  has  to  the 
plane  number  of  which  the  bides  are  £,  Z,  (see  Henragins's-or 
Gregory's  edition,)  the  ratio  which  is  compounded  of  the  ratios 
of  their  sides ;  that  is,  of  the  ratios  of  C  to  £«  and  D  to  Z ; 
and  by  Def.  5.  Book  6.  and  the  explication  given  of  it  by  all 
the  commentators,  the  ratio  which  is  compounded  of  the  ratios 
of  C  to  £,  and  D  to  Z,  is  the  ratio  of  the  product  made  by  the 
multiplication  of  the  antecedents  C,  D,  to  the  product  by  the 
consequents  £,  Z,  that  is,  the  ratio  of  the  plane  number  o^ 
which  the  sides  are  G,  B,  to  the  plane  number  of  which  th^ 
sides  arc  E,  Z.     Wherefore  the  proposition  which  is  the  5tk 
Def.  of  Book  6.  is  the  very  same  with  the  5th  Prop,  of  Book 
8.  and  therefore  it  ought  necessarily  to  be  cancelled  in  one  of 
these  places ;  because  it  is  absurd,  that  the  same  propodtioa 
should  stand  as  a  definition  in  one  place  of  the  Elements,  and 
be  demonstrated  in  another  place  of  them.     Now,  there  is  no 
doubt  that  Prop.  5.  Book  8.  should  have  a  place  in  the  Ele- 
ments, as  the  same  thing  is  demonstrated  in  it  concerning 
plane  numbers,  which  is  demonstrated  in  Prop.  23.  Book  ft 
of  equiangular  parallelograms;  wherefore  Def.  5.  Book  & 
ought  not  to  be  in  the  Elements.     And  from  this  it  is  evi- 
dent, that  this  definition  is  not  Euclid's,  but  Theon's,  or  some 
other  unskilful  geometer's. 

But  nobody,  as  far  as  I  know,  has  hitherto  shewn  the  true 
use  of  compound  ratio,  or  for  what  purpose  it  has  been  intro- 
duced into  geometry;  for  every  proposition  in  which  compound 
ratio  is  made  use  of,  may  without  it  be  both  enundated  and 
demonstrated.  Now  the  use  of  compound  ratio  consists  wholfy 
in  this,  that  by  means  of  it  circumlocutions  may  be  avoided^ 
and  thereby  propositions  may  be  more  briefly  either  enunciated 
or  demonstrated,  or  both  may  be  done ;  for  instance,  if  tUt 
23d  Pro]),  of  the  6th  Book  were  to  be  enunciated,  without 
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moDtioning  compound  ratio,  it  might  be  done  as  follows :  i£ 
two  poratlelograms  he  Fquiiingular,  and  if  as  a  Bide  of  the 
first  to  a  side  of  the  second,  so  any  lutsumed  straiglit  line  be 
made  tu  a  second  straigbt  line ;  and  as  the  other  side  of  the 
lirst  to  the  other  side  of  the  second,  so  the  second  straight  line 
be  ninde  to  a  tliird :  the  first  parallelogram  is  to  the  second, 
u  the  first  straight  line  to  the  third.  And  the  demonstration 
would  be  exactly  the  same  as  we  now  have  it.  But  the  an- 
cient  geometers  when  they  observed  this  enunciation  could  bo 
made  shorter,  by  giving  a  name  to  the  ratio  which  the  first 
ttraight  line  has  to  the  last,  by  which  name  the  intermediate 
ratios  might  likewise  be  sigoitied,  of  the  first  to  the  second, 
and  of  the  second  to  the  third,  and  so  on,  if  there  were  more 
of  them,  they  called  this  ratio  of  the  first  to  the  last,  the  ratio 
compounded  of  the  ratios  of  the  first  to  the  second,  and  of  the 
tecond  to  the  third  stroigtit  Hoe;  that  in,  in  the  present  ex- 
ample,  of  the  ratios  which  are  the  same  with  the  ratios  of  the 
aides,  and  by  this  they  expressed  the  proposition  more  briefly 
thus  :  if  there  be  two  equiangular  parallelograms,  they  have 
to  one  another  the  ratio  which  is  the  same  with  that  which 
is  compounded  of  ratios  that  are  the  same  with  the  ratios  of 
■he  sides  ;  which  is  shorter  than  the  preceding  enunciation, 
but  has  precisely  the  same  meaning.  Or  yet  shorter  thus : 
equiangular  parallelograms  have  to  one  another  the  ratio  which 
b  the  same  with  that  which  is  compounded  of  the  ratios  of 
tlieir  sides.  And  these  two  enunciations,  the  first  especially, 
agree  to  the  demonstration  which  is  now  in  the  Greek.  The 
proposition  may  be  more  briefly  demonstrated,  as  Candalla 
does,  thus:  let  ABCD,  CEFG  be  two  equiangular  parallelo- 
grams, and  complete  the  parallelogram  CDHG :  then,  because 
there  are  three  parallelograms  AC,  CH,  CF, 
the  first  AC  (by  the  definition  of  compound 
ratio)  has  to  the  third  CF,  the  ratio  which 
is  compounded  of  the  ratio  of  the  first  AC 
to  the  second  CH,  and  of  the  ratio  of  CH 
lo  the  third  CF  ;  but  the  parallelogram  AC 
in  to  the  pnrallel(^ram  CH,  as  the  straight  line  BC  to  CO  :  and 
t  parallelogram  CH  is  to  CF,  as  the  straight  line  CD  is  to 
B;  therefore  the  parallelogram  AC  has  to  CF  the  ratio  which 
jftempounded  of  ratios  that  are  the  same  with  the  ratios  of 
t  n'des.  And  to  this  demonstration  agrees  the  enunciation 
(iicli  is  n1  present  in  the  text,  viz.  eqriiangular  paralich^Tams 
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have  to  one  another  the  ratio  which  is  compounilefl  of  ihe 
ratios  of  the  sides ;  fisr  the  rulgai  reading,  "which  it  con- 
pounded  of  their  sides,"  is  abaurd.  But,  in  this  edition,  «t 
have  kept  the  denionstnition  whicli  is  in  the  Greek  teKl, 
though  not  w  short  as  Candalla's ;  because  the  way  of  finding 
the  ratio  wliich  is  compounded  of  the  ratios  of  the  sides,  thai 
is,  of  finding  the  ratio  of  parallelograms,  is  shewn  in  ihati 
but  not  in  Candidb's  demonstration  ;  whereby  be^nnerftinaj 
learn,  in  like  coseti,  liotvto  find  the  ratio  which  is  oom pounded 
of  two  or  more  given  ratios. 

Prom  what  has  been  said,  it  may  be  observed,  that 
mc^itudes  whatever  of  the  same  kind  A,  B,  C,  D,  tto,  dl| 
ratio  compounded  of  the  ratios  of  the  lirst  to  the  second,^ 
the  second  to  tht;  third,  and  so  on  to  the  last,  is  only  a 
or  expiession  by  which  the  ratio  which  the  first  A  has  tolihf| 
last  D  is  signified,  and  by  which,  at  the  same  time,  tlie  rat^^f 
of  all  the  magnitudes  A  to  B,  II  to  C,  C  to  D,  from  the  fiqt' 
to  the  last,  to  one  another,  whether  they  be  the  same,  a 
not  the  same,  are  indicated  ;  as  in  magnitudes  which  are' 
tinual  proportionals.  A,  B,  C,  D,  &c.  the  duplicate  ratio  of  the 
first  to  the  second  is  only  a  name,  or  expression,  by  which  the 
ratio  of  the  first  A  to  the  third  C  is  signifietl,  and  by  vAA^ 
nt  the  same  time,  is  shewn,  that  (here  are  two  ratios  of 
magnitudes  from  the  first  to  the  last,  via.  of  the  first  A  to 
second  B,  and  of  the  second  B  to  the  third  or  last  C,  wtich 
the  same  with  one  another  ;  and  the  triplicate  ratio  of  the 
to  the  second  is  a  name  or  expression  by  whicii  the  ratx 
the  first  A  to  the  fourth  D  is  signified,  and  by  wbidi, 
same  time,  is  shewn,  that  there  are  three  ratios  of  the 
tudes  from  tiie  first  to  the  last,  via.  of  the  first  A  to  the 
B,  and  of  B  to  the  third  C,  and  of  C  to  the  fourth  or  1 
which  are  all  the  same  with  one  another;  and  so  in  the 
of  any  other  multiplicate  ratios.     And  that  this  is  the 
explication  of  the  meaning  of  these  ratios  is  plain  froi 
definitions  of  duplicate  and  triplicate  ratio,  in  which  E 
makes  use  of  the   word     ^'•yrai,  "  is  said  to  be  ",  w 
called  " ;  which  word,  lie,  no  doubt,  made  use  of  also  ii 
definition  of  compound  ratio,  which  Theon,  or  bodii 
bos  expunged  from  th-e  Elements  ;  lor  the  rery  same 
still  retniiiod  in  the  wrong  definition  of  compound  ratio,  wl 
is  now  the  5th  of  the  6th  Book ;  but  in  the  citation  of 
definitions  it  is  sometimes  retained,  as  in  the  demonstration  tf. 
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mp,  10,  B.  6.  "the  first  is  said  to  have,  "ix.'"  ^'Y''"^h  to 
"the  third  the  duplicate  ratio",  &c.  which  is  \7ronglra11slated 
by  Commandinc  and  others,  "has",  instead  of  "is  said  to 
"  have  ",  and  sometimes  it  is  left  out,  as  in  the  demonstration 
of  Prop.  33.  of  the  I J  th  Book,  in  which  we  find,  "  the  first 
"has,  tx">  t*'  t''^  tliird  the  triplicate  ratio" ;  but  without 
doubt  ix"i  "has",  in  this  place  signifies  the  same  aaixtn 
ArytT-m,  "  in  said  to  have  " :  so  likewise  in  Prop.  23.  B.  6.  we 
find  this  citation,  "  but  the  ratio  of  K  to  SI  is  compounded, 
"  ffiV*«T«<,  of  the  ratio  of  K  to  li,  and  the  ratio  of  L  to  M  ", 
which  is  a  shorter  way  of  expresRing  the  same  thing,  which 
according  to  the  definition,  ought  to  have  been  expressed  by 
ruyxti^iai  ^^fthi,  is  said  to  be  compounded. 

Prom  these  remarks,  together  with  the  propositions  sub- 
joined to  the  5th  Book,  all  that  is  found  concerning  compound 
ntio,  either  in  the  ancient  or  modern  geometers,  may  be  un- 
derstood and  explained. 
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ffjtt  seems  that  some  unskilful  editor  has  made  up  this  de- 
monstnition,  as  we  now  havu  it,  out  of  two  others ;  one  of 
n-hich  may  he  made  from  the  2d  Prop,  and  the  other  from  the 
4tli  of  this  Book.  Fur  after  he  has,  from  the  2d  of  this  Book, 
and  composition  and  permutation,  demonstrated,  that  the  sides 
about  tlie  angle  couunon  to  the  two  pandlelograms,  are  pro- 
portionals, he  might  have  immediately  concluded,  that  the 
sides  a)>out  the  other  equal  angles  were  proportionals,  via. 
from  Prop.  34.  B.  1.  and  Prop.  7-  ^-  >'>■  This  he  does  not, 
but  proceeds  to  shew,  that  the  triangles  and  parallelograms 
are  equiangular  ;  and  in  a  tedious  way,  by  help  of  Prop.  4,  of 
this  Book,  and  the  22d  of  Book  5.  deduces  the  same  conclu- 
sion :  Prom  which,  it  is  plain,  that  this  ill-composed  demon- 
stration is  not  Euclid's :  these  superfluous  things  arc  now  left 
out,  and  a  more  simple  demonstratiou  is  given  from  the  4th 
Prop,  of  this  Book,  the  same  ^vhich  is  in  the  translation  from 
the  Arabic,  by  help  of  the  2d  Prop,  and  composition  ;  hut  in 
this  the  author  neglects  permutation,  and  docs  not  shew  the 
parallelograms  to  he  equiangular,  us  it  is  proper  to  do  for  the 
Hake  of  beginners. 
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It  is  ttfy  evident,  tliat  the  demonEtration  which  Euclid liaf 
given  of  this  proposition  has  been  vitiated  by  some  unskilftd 
hand  :  far.  after  this  editor  had  dotiionstratcd,  that  "  as  tht 
"  rectilineal  figure  ABC  ia  to  the  rectilineal  figure  KGH,  soil 
"  the  parHllelogram  BK  to  the  pnmllelogram  EF  "  ;  nothiqf 
more  should  have  been  added  but  this,  "  and  the  rectiltnoill 
"  figure  ABC  is  equal  to  the  parallelogram  BE :  therefoTA  tktf 
"rectilineal  KOH  is  equiil  to  the  pftrallelognna  EF",  vigL 
from  Prop.  14.  Book  5,  But  betwiiit  those  two  sentcnceste' 
has  inserted  this,  "  whcrcfor*,  by  permutation,  us  tfie  nodv 
"  lineal  figure  ABC  to  tlte  parallelogram  BE,  so  is  the  rerti 
"  lineal  SUB  to  the  paralldi^ratn  EF  "  ;  by  which  it  is  plain, 
he  thought  it  was  not  so  eridont  to  conclude,  that  the  second 
of  fotir  proportions  is  equal  to  the  Eiurth  from  the  eqontity  of 
the  first  and  third,  which  is  a  thing  demonstrated  in  tfa«  14tk 
Prop,  of  II.  5.  as  to  conclude  that  the  third  ia  equal  tot' 
fourth,  from  the  equality  of  the  first  and  second,  whidi  lai 
where  demonstnited  In  the  Elements  as  we  now  have 
but  though  this  proposition,  viz.  the  third  of  four  pro] 
tionaU,  is  equiil  to  the  fourth,  if  the  first  be  equal  to 
second,  had  been  given  in  the  Elements  by  Euclid,  aa  'Hf, 
probably  it  was,  yet  he  would  not  have  made  use  of  it  in  dv 
place,  because,  as  was  said,  the  conclusion  M'ould  hnVe  tiMI 
immediately  deduced  (vithnut  this  superfluous  step  by  peroldj 
tation  :  this  we  have  shewn  at  the  greater  length,  both  1(^ 
cause  it  affords  a  certain  proof  of  the  vitiation  of  the  texfV 
Euclid;  for  the  very  same  blunder  is  found  twice  in  the  Gic^ 
text  of  Prop.  23.  Book  1 1 .,  and  twice  in  Prop.  2.  Book  11$ 
and  in  the  5th,  11th,  12th,  and  18th  of  that  Book  ;  in  wl 
places  of  Book  12.,  except  the  List  of  tlieni,  it  is  righUy 
out  in  the  Oxford  edition  of  Commandine's  translation: 
also  tiiat  geometers  may  lieware  of  making  use  of  penDutIit|ti 
in  the  like  cases  ;  for  the  moderns  not  unfrequently  ci 
this  mistake,  and  anaong  others  Commandine  liimself 
commentary  on  Prop.  5.  Book  3.  p.  6.  b.  of  Pappus  AUica|| 
drinus,  aud  in  other  places  :  the  vulgar  notion  of  ptvMt 
tionals  lias,  it  seems,  pre-occupied  many  eo  much,  tjist  Wf> 
do  not  sufficiently  understand  the  true  nature  uf  thetn- 

fiesides,  though  the  rectilineal  figure  ABC.  to  wKidi 
other  is  to  be  made  similar,  uifly  be  of  any  kind  wbtU^vpi; : 
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!d  the  demonstration  ibe  Greek  teKl  h*s  "  triungle"  iuatead  of 
*f  rectilineal  ligure,"  which  error  is  corrected  in  the  above- 
BBtaed  Onfurd  edition. 
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I  The  secood  cage  of  this  has  Swtkrf,  "  otherwise,"  prefixed 
■li»Tt,  as  if  it  were  a  difftrent  demongtration,  which  probolily 
Hat  been  done  by  soma  unskilfnl  Hbrorian.  Dr.  Gregury  has 
'X^tlf  left  it  out :  the  scheme  of  thi«  Bccund  cimc  ought  to  be 
with  the  same  letters  of  the  alphabet  wliicii  are  in  the 
le  of  the  first,  as  is  now  done. 
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\  These  two  problems,  to  the  first  of  which  the  27ih  Prop,  ia 
[■■niiiiiirji.  are  the  most  general  and  useful  of  all  iit  the  El(^- 
^MtBta,  and  are  moat  frniueotly  made  use  of  by  the  oncienl 
l^nnaelera  in  the  dilution  of  other  probleniii ;  and  thereforo 
pn  ▼<*)'  ignorantiy  left  out  by  Tacquet  and  Dechalee  in  ibcir 
■litiniiii  of  the  Elements,  who  pretend  that  they  arc  scarce  of 
WUf  uae :  the  caaea of  these  problems,  wherein  it  is  required  to 

Ej  ft  reotanglc  which  iihal]  hi  equal  to  a  given  square,  to  a 
I  Btnigbt  line,  cither  deficient  or  exceeding  by  a  stjuare  ; 
so  to  apply  a  rectangle  which  sliall  be  cqiud  to  uiiotboT 
Mnti,  to  a  given  straight  line,  deficient  or  exceeding  by  a 
MpiBn),  krc  very  often  made  use  of  by  geometers :  and  un  this 
huHMiiit,  it  is  thought  prnpcr,  for  tlio  sake  of  bcgiuncri,  to 
Mr«  their  const ructione  as  fultow : 

Hr  To  apply  a  rectangle,  tt/itc/i  thall  be  equal  to  a  givtn 
J ''  M^utre,  to  a  given  tlraighl  line,  deficient  bif  a  tquare :  ftnt 
I''  the  pvtm  iquare  muit  ruri  fie  greater  than  that  npon  the  half 
y-^tke given  line. 

\ '''  Let  AB  be  the  given  straight  line,  and  let  the  square  upon 
ifte  given  stroight  line  C,  be  that  to  which  the  rectangle  to 
(te  applied  must  be  equid,  and  this  square  by  the  detenniou- 
'^VDa  is  not  g^ter  than  that  upon  half  of  the  stmight  Hue 

'^  Bitect  AB  >n  D,  and  if  the  square  upon  AD  be  equal  to 
I  tile  square  upon  C,  the  thing  required  is  done :  but  if  it  he 
/Tibt  equal  to  it,  AD  mu-'t  be  greiitcr  than  C,  ueeorditig  to 
^6ic  detcrtniiiation  :  draw  DE  at  right  angles  to  AB,  and  make 
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it  equal  to  C ;  produce  ED  to  F,  so  that  EF  be  equal  to  AD 
or  DB ;  and  from  the  centre  E,  at  the  distance  BF,  describci  a 
circle  meeting  AB  in  O;  and  upon 
GB^  describe  the  square  GBKH^  and 
complete  the  rectangle  AGHL;  also 
join  EG :  and  because  AB  is  bisected 
in  D^  the  rectangle  AG,  GB  together 
with  the  square  of  DG^  is  equal  *  to  (the 
square  of  DB,  that  is>  of  EF  or  EG, 
that  is,  to)  the  squares  of  ED,  DG :  take  away  the  square  if 
DG  from  each  of  these  equals ;  therefore  the  remaining  veet- 
angle  AG,  GB  is  equal  to  the  square  of  ED,  that  is,  of  C:  hot 
the  rectangle  AG,  GB  is  the  rectangle  AH,  because  GH  is 
«qual  to  GB ;  therefore  the  rectangle  AH  is  equal  to  the  fftm 
square  upon  the  straight  line  C.  Wherefore  the  rectangle 
AH,  equal  to  the  given  square  upon  C,  has  been  applied  to 
the  given  straight  line  AB,  deficient  by  the  square  OK*  Wfcaeh 
was  to  be  done. 

2.  To  apply  a  rectangle  which  shall  be  equal  lo  a  given  s^pum, 
to  a  given  straight  line,  exceeding  by  a  square. 

Let  AB  be  the  given  straight  line,  and  let  the  aquare  upon 
the  given  straight  line  C,  be  that  to  which  the  rectangle  to  be 
applied  must  be  equal. 

Bisect  AB  in  D,  and  draw  BE  at  right  angles  to  it,  so  tbt 
BE  be  equal  to  C  ;  and  having  joined  DE,  from  the  centre  Bi 
at  the  distance  DE,  describe  a  circle  meeting  AB  produced  m 
G;  upon  BG  describe  the  square  BGHK,  and  complete  the 
rectangle  AGHL.  And  because  AB  is 
bisected  in  D,  and  produced  to  G,  the 
rectangle  AG,  GB  together  with  the 
square  of  DB,  is  equal  *  to  (the  square 
of  DG,  or  DE,  that  is  to)  the  squares 
of  EB,  BD.  From  each  of  these  equals 
take  the  square  of  DB ;  therefore,  the  C 

remaining  rectangle  AG,  GB  is  equal  to 
the  square  of  BE,  that  is,  to  the  square  upon  C.  But  tlie 
rectangle  AG,  GB  is  th^  rectangle  AH,  because  GH  is  equal  to 
GB :  therefore  the  rectangle  AH  is  equal  to  the  square  upaa 
C.  Wherefore  the  rectangle  AH,  equal  to  the  given  square 
upon  C,  has  been  applied  to  the  given  straight  line  AB»  ei- 
oeeding  by  the  square  GK.     Wliich  was  to  be  don& 
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3.  To  apply  a  rectangle  la  a  given  straight  line  which  thali 

be  equal  to  a  given  rectangle,  and  fie  deficient  by  a  square : 

but  the  given  rectangle  must  not  be  greater  than  the  square 

upon  the  half  of  the  given  straight  line. 

XiCt  AB  be  the  given  straight  line,  and  let  the  given  rect' 

angle  be  that  which  m  contained  by  the  Htniight  lines  C,  D, 

which  is  not  greater  than  the  square  upon  the  half  of  AB  ;  it 

is  required  to  apply  to  AB  a  rectangle  equal  to  the  rectangle 

C,  D,  deficient  by  a  square. 

Draw  AE,  BF  at  ri^ht  angles  to  AB,  upon  the  same  side  of 
itj  and  make  AE  equal  to  C,  and  BF  to  D ;  join  EF,  and  bisect 
it  in  O ;  and  from  the  centre  O,  at  the  distance  UE,  dcNcribe 
a  circle  meeting  AE  again  in  H  :  join  HF,  and  draw  OK  pa- 
rallel to  it,  and  GL  parallel  to  AE,  meeting  AH  in  L. 

Because  the  angle  EHF  in  a  aemicircle  is  equal  to  the  right 
angle  EAB,  AB  and  HF  arc  parallels,  and  AH  and  BF  are 
paratlcisi  wherefore   AH   13  equal   to  BF,  and  the  rectangle 
EA,  AH  equal  to  the  ri-ctangle  EA,  BF,  that  is,  to  the  rect- 
angle C,  D  :  and  because  EG,  GF  are  equal  to  one  another,  and 
AE,  LG,  BF  parallela;  therefore  AL  and  LB  are  equal,  also 
EK  ii  equal  to  KB  ■  and  the  rectangle  C,  D,  from  the  deter-   ■ 
mination,  is  not  greater  than  the  square  of  AL,  the  half  of 
AB  ;  wherefore  the  rectangle  EA,  AH 
is  not  greater  than  the  stjuare  of  AL, 
that  is,  of  KG :  add  to  each  the  square 
of  KE  ;  therefore  the  square  *  of  AK 
is  not  greater  than  the  squares  of  EK, 
KG,   that   is,   thou  the  square  of  EG, 
and  consequently,  the  straight  line  AK 
or  Gil  is  not  greater  than  GE.     Now, 
if  GE  be  equal  to  GL,  the  circle  EHF 
t4>ucbc«  AB   in   L,  and   therefore   the 
squarcof  AL  is*  equal  to  the  rectimgle  EA,  AH,  that  is,  to  ' 
the  given  rectangle  C,   D,  and  that  which  was  required  is 
done:  hut  if  EG,  GL  t>o  unequal,  EG  must  be  the  greater; 
and  therelore  the  circle  EHF  cuts  the  straight  line  AB :  let  it 
cut  it  in  the  points  M,  N  ;  and  upon  NB,  dcacrib«  the  square 
NBOP,   and   complete  the   rectangle  ANPQ  :   because  ML  is 
equal  to  •  LN,  and  it  has  been  proved,  tbat  AL  is  equal  to  LB,   ' 
' .  equal  to  NB,  and  the  rectangle  AN,  MB,  eqnal 


therefore  AM  it 

to  the  rectangle  NA,  AM,  that  Is,  to  the  rectangle  ' 


EA,  AH,  'Cut. 36.3. 


sjhson'b  notxs- 

ot  the  rectangle  C,  D :  but  the  rectangle  AN,  NB  a  the  rect- 
angle AP,  because  PN  h  equal  to  NB  ;  tlietcfore  the  rcciangfe 
AP  is  equal  to  the  rectangle  C,  D ;  and  the  rectangle  AP, 
equal  to  the  given  rectangle  C,  D,  has  been  applied  tu  tbt 
given  straight  line  AB,  deflcient  by  the  square  BP.  Whidi 
was  to  be  done. 


.   To  apply  a  reclangU  t 


I  given  ttraigkl  line,  thai  thdl 
ingle,  exceeding  6y  a  tquare. 

Let  AB  be  the  giren  straight  line,  and  C,  D,  the  given  rect- 
angle i  it  is  required  to  apply  a  rectangle  to  AB,  equal  to  C,  D, 
exceeding  by  a  square.  , 

Draw  AE,  BF  ot  right  angles  to  AB,  on  the  contrary  «id« 
of  it,  and  make  AE  equal  to  C,  and  BF  equal  to  D  :  join  ^ 
and  bisect  it  in  U  ;  and  from  the  centre  G,  at  the  distance  OS, 
describe  a  circle  meeting  AEagiUD  in  U:  join  HF,  and  draw  OL 
parallel  toAE;  let  the  circle  meet  AB 
]iroduced  in  M,  N ;  and  upon  BX, 
describe  the  square  NBOP,  and  com- 
plete the  rectangle  ANPQr  because 
the  angle  EUF  in  a  semicircle  is  equal 
to  the  right  angle  EAB,  AB  aud  HF 
are  parallels,  and  therefore  AH  and 
BF  are  equal,  and  the  rectangle  EA, 
AH  equal  to  the  rectangle  EA,  BF,  ' , 

that  is,  to  the  rectangle  C,  D :  and  because  ML  is  equal  to  Lit, 
and  A  L  to  LB,  therefore  MA  is  equal  to  BN,  and  the  rectan^ 
AN,  NB,  to  MA,  AN,  that  is  *  to  the  rectangle  EA,  AH.ortiW 
rectangle  C,  D  ;  therefore  the  rectangle  AN,  NB,  that  is,  Al^ 
is  equal  to  the  rectangle  C,  D  ;  and  to  the  given  straight  lii| 
AB,  the  rectangle  AP  has  been  applied  equal  to  the  pMt 
rectangle  C,  D,  exceeding  by  the  square  BP.  Which  WH^ 
be  done. 

Willebrorilus  Snellius  was  the  first,  us  &r  as  I  know, 
gave  these  constructions  of  the  3d  and  4t])  Problems,  in  bS' 
Apollonius  Batavus:  and  afterwards  the  learned  Dr.  HsQ^', 
gave  them  in  the  Scholium  of  the  18th  Prop,  of  the  8tb  BoA' 
of  Apollonius 'a  Conies  restored  by  him. 

The  3d  Problem  is  otherwise  enunciated  thus :  to  culi^ 
^ven  straight  line  AB  in  the  point  N,  so  as  to  make  the  tMI^ 
angle  AN,  NB,  equal  to  a  given  space  :  or,  wJiich  ia  the  saan 
thing,  having  givcu  AB  the  sum  of  the  !^)des  uf  u  rectaas'ft 
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SbA  the  maguitude  of  it  beiug  likewise  given,  to  find  its 

And  the  4th  Prublem  is  the  same  with  this ;  to  liiid  n  point 
N  in  th«  given  straight  line  AB  produced,  so  as  to  make  the 
rectangle  AN,  NB,  equal  to  a  given  apace ;  or,  which  is  the 
game  thing,  having  given  AB  the  ditference  of  the  sides  of  a 
rectangle,  and  the  magnitude  of  it,  to  fiad  the  sides. 

L  PROPOSITION  XXXI. 


I  '^  In  the  demonstration  of  this,  the  inversion  of  proportionals 
is  twice  neglected,  and  is  now  added,  that  the  conclusion  may 
be  legitimately  made  hy  help  of  the  24th  Prop,  of  Book  5. 
ili  Clarius  has  done. 


'1 


PROPOSITION  XXXII. 


The  enunciation  of  the  preceding  26th  Prop,  is  not  general 
enough ;  because  not  only  two  similar  parallelograms  that 
have  an  angle  common  to  both,  arc  about  the  same  diameter, 
but  likewise  two  simitar  parallelograms  that  have  vertically 
opposite  angles,  have  their  diameters  in  the  same  straight  line : 
but  there  seems  to  have  been  another,  and  that  a  direct,  de- 
monstnition  of  these  cases,  to  which  this  32d  Prop,  was  neod- 
:  and  the32d  may  be  otherwise,  and  something  more  briefly 
ioiutrat«d,  as  follows : 

PROPOSITION    KXXII. 

Iftmo  triangki  tehieh  have  Ifvo  sidet  of  the  one,  ifc. 

kXiet  OAT,  HFC  he  two  triangles  which  have  two  sides  AO, 
,  proportional  to  the  two  sides  FH,  HC,  -nz.  AG  to  GF,  08 

FH  to  HC  ;  and  let  AO  be  parallel  to  Flf, 

Mid   GF  to   HC:   AF  and  FC   are  in   a 

■traight  line. 
U   I>raw  CK  parallel  •  to  FH,   and  let   it 
Brtet  OF  produced  in  K;  because  AO,  KC 
ns  each  of  them  parallel  to  FH,  tlicy  arc 

parallel  *  to  one  another,  and  therefore  the 

oltemutc  angles  AOF,  FEC  are  equal :  and  AG  is  to  OF,  as 

(FH  to  HC,  that  is  ■)  CK  to  RF ;  wherefore  the  triangles  AGF, 
l'<£EF  ar«  eqniangnlar  *,  and  the  angle  AFG  equal  to  the  angle 

"^K :  but  OFK  is  a  straight  line,  thcrcfora  AF  and  FC  are  in 

^  Straight  lint 
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The  26th  Prop,  is  demonstrated  from  the  22d>  as  follows: 

If  two  nmilar  and  similarly  placed  paralldogranu  have 
an  angle  common  to  both,  or  vertically  opposite  angles,  their 
diameters  are  in  the  same  straight  Une. 

First,  let  the  parallelograms  ABCD^  AEFO  have  the  angle 
BAD  common  to  both,  and  be  similar,  and  similarly  placed: 
ABCD,  AEFG  are  about  the  same  diameter. 

Produce  £F,  OF,  to  H,  K,  and  join  FA,  FC ;  then  because 
the  parallelograms  ABCD,  AEFO  are  similar,  DA  is  to  AB,  as 
OA  to  AE :  wherefore  the  remainder  DO 

*  Cor.  19. 6.  is*  to  the  remainder  £B,  as  OA  to  AE : 

but  DO  is  equal  to  FH,  £B  to  HC,  and  AE 
to  OF :  therefore  as  FH  to  HC,  so  is  AQ 
to  OF ;  and  FH,  HC  are  parallel  to  AO, 
OF ;  and  the  triangles  AOF,  FHC  are  join- 
ed at  one  angle  in  the  point  F ;  wherefore 

*  S2. 6.        AF,  FC  are  in  the  same  straight  line*. 

Next,  let  the  parallelograms  KFHC,  OFEA,  which  are  simi- 
lar and  similarly  placed,  have  their  angles  KFH^  OFB  vwti- 
cally  opposite ;  their  diameters  AF,  FC  are  in  the  same  atnight 
line. 

Because  AO,  OF  are  parallel  to  FH,  HC :  and  that  AQ  is  to 
OF,  as  FH  to  HC ;  therefore  AF,  FC  are  in  the  same  Btraigfat 

*  32.  6.        line  •. 

PROPOSITION  XXXIIL 

The  words  "  because  they  arc  at  the  centre,"  are  left  out^ 
as  the  addition  of  some  unskilful  hand. 

In  the  Greek,  as  also  in  the  Latin  translation,  the  words, 
«  'rvx*>  **  any  whatever ",  arc  left  out  in  the  demonstra- 
tions of  both  parts  of  the  proposition,  and  are  now  added  as 
quite  necessary ;  and  in  the  demonstration  of  the  second  part, 
where  the  triangle  BOC  is  proved  to  be  equal  to  COK,  the  il- 
lative particle  o^a,  in  the  Greek  text  ought  to  be  omitted. 

The  second  part  of  the  proposition  is  an  addition  of  Theou  s, 
as  he  tells  us  in  his  Commentary  on  Ptolemy's  MeyaXn  £v'i- 
Ta^<$,  p.  50. 

PROPOSITIONS  B.  C.  D. 

These  three  propositions  are  added,  becau;se  they  are  fre- 
quently made  use  of  by  geometers. 


P' 


BOOK   XI. 


DEFINITIONS. 


1^.  and  XI.  The  similitude  of  plane  figures  is  defined  fnini 
the  eqnitlity  of  their  angles,  and  the  proportionality  of  the 
'    wdea  about  the  equal  angles ;  for  from  the  proportionality 
of  the  sides  only,  or  only  from  the  equality   of  the  angles, 
the  similitude  of  the  figures  does  not  follow,  except  in  tlie 
'   case  when  the  fixtures  are  triangles :  the  similar  position  of 
T  the  aides  which  tontain  the  figures,  to  one  another,  depend- 
r*  ing  partly  upon  each  of  these;  and  for  the  same  reason, 
'those  are  similar  solid  figures  which  have  all  their  solid 
^Bugles  equal,  each  to  each,  and  are  contained  by  the  same 
number  of  similar  plane  figures;  for  there  are  some  solid 
figures  contained  by  similar  plane  figures,   of  the  same 
ii, number,  and  even  of  the  Eamc  magnitude,  that  are  neither 
ilWmilar  nor  equal,  as  shall  be  demonstrated  after  the  notes 
p^  the  10th  Def. :  upon  tliis  accouut  it  was  necessary  to 
amend  the  definition  of  similar  solid  figures,  aud  to  place 
I  the  definition  of  a  solid  angle  before  it :  and  from  this  and 
J;»he  10th  Def.  it  is  sufficiently  plain  how  much  the  Ele- 
ments have  been  spoiled  by  unskilful  editors. 

t.  Since  the  meaning  of  the  word  "  equal"  is  kno\vTi  and 

■  established  before  it  comes  to  be  used  in  this  definition; 

I'  therefore  the  proposition  which  is  the  10th  Def.  of  this 

Sook,  is  a  theorem,  the  truth  or  falsehood  of  which  ought 

-  to  be  demonstrated,  not  assumed  j  so  that  Theon,  or  sonie 

I*  'Other  editor,  has  ignorantly  turned  a  theorem,  which  ought 

F  to  be  demonstrated,  into  this  10th  Def.     That  figures  are 

t'  umilar,  ought  to  be  proved  from  the  definition  of  similar 

figures ;  that  they  are  equal,  ought  to  be  demonstrated 

^m  the  axiom,  "  magnitudes  that  wholly  coincide  are 

equal   to  one  another;"    or  from  Prop.  A.'of  Book  5.  or 

the  9th  Prop,  or  the  14th  of  the  sanne  Book,  from  one  of 

which  the  equality  of  all  kinds  of  figures  must  ultimately 

be  deduced.     In  the  preceding  books,  Euclid  has  given  no 

definition  of  equal  figures,  and  it  is  certain  he  did  not  give 

this ;  for  what  he  called  the  first  Def.  of  the  third  Book, 

is  really  a  theorem  in  ivhich  those  circles  are  said  to  be 


I 

J 
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eqtuil,  tlutt  have  the  straiglit  lin«a  from  the  ccntrM  to  lh« 
circumferences  equal)  which  is  plain  frum  the  definitioa  lA 
a  circle ;  and  therefore  has  by  Booie  editor  been  improperly 
placed  among  the  definitions.  The  equality  of  figure* 
ought  not  to  he  defined,  but  dcDioustrated :  therefore, 
though  it  were  true,  that  solid  figures  contained  by  the 
same  number  of  similar  and  equal  plane  figures  are  equal  t« 
one  another,  yet  he  would  Justly  deserve  to  be  blamed  who. 
would  make  a  defiiiitiun  of  thin  proposition,  which  ou^j 
tu  he  demonstrated.  Dut  if  this  proposition  be  not  tnifti 
must  it  not  be  confessed  that  geotneters  bare,  Cor  thewi 
tiiirteen  hundred  years,  been  mistaken  in  this  dementufi 
mutter?  And  this  should  teach  ua  modesty,  and  to  a^t 
knoii'ledge  how  little,  through  the  weakness  of  our  mindwn 
we  are  able  to  prevent  niiatakes,  even  in  the  prineipW* 
of  science  which  arc  justly  reckoned  amongst  the  modlJ 
certain;  for  that  the  proposition  is  not  universally  tnwiJ 
can  be  ahcwu  by  many  examples:  the  following  is  suf"! 
ficient:  >i 

Let  there  be  any  plane  rectilinciU  figure,  aa  the  trun^tt 
ABC,  and  from  a  point  D  witliiu  it,  draw 
DE  at  right  angles  to  the  plane 
ABC :  in  DE,  take  DE,  DF,  equal 
to  one  another,  upon  the  opposite 
sides  of  the  plane,  and  let  O  be 
any  jKiint  in  EF  ;  join  DA,  DB, 
Ut  i  EA,  EB,  EC  ;  FA,  FB,  FC ; 
OA,  GB,  op :  because  the  straight 
line  EDF  is  at  right  angles  to  the 
plane  ABC,  it  makes  right  angles 
with  DA,  DB,  DC,  which  it  meets 
in  that  plane;  and  in  the  tri- 
angles EDB,  FDB,  the  sides  ED 
and  DB  arc  equal  to  FD  and  DB,  each  to  each,  and  tbey  CMk^' 
tain  right  angles;  therefore  the  base  EB  is  equiU*  to  tlm 
base  FB ;  in  the  same  manner  EA  is  equal  to  FA,  and  IC 
to  FC :  and  in  the  triangles  EBA,  FBA,  the  sides  EB,  BV 
arc  equal  to  FB,  BA,  and  the  base  EA  is  oqual  to  the  baM> 
FA  ;  wherefore  the  angle  EBA  is  equal*  to  the  angle  rBiV.' 
and  the  triangle  EBA  equal  •  to  the  triangle  FBA,  and  the 
other  ajigles  equal  to  the  other  angles  ;  therefore  these  tri- 
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angles  are  aiuiilur  " :  in  the  same  manner  the  triangle  EBC  is  * 

KimiUr  to  the  triangle  FBC,  and  the  trinnglc  EAC  to  FAC  ;    ' 

iherefiire  there  are  two  solid  figures,  each  of  which  i«  oon- 

tainrd  by  six  triangles ;  one  of  them  by  three  triangles,  the 

cominon  Terlex  of  which  is  the  point  O,  and  their  bafies  the 

■  ■tnight  lines  AB,  BC,  t'A,  nnd  by  three  other  triangles,  the 

irtes  of  which  is  the  point  E,   and  their  bases  the 

ne  lines  AB,  IIC,  CA  :   the  other  solid  is  contained  by  the 

e  three  triangles,  the  common  vertex  of  which  is  O,  and 

BKir  bases  AB,  BC,  CA,  and  by  three   other   triangles  of 

fliich  the  common  vertex  is  the  point  P,  and  their  bases  tlic 

B  Straight  lines  AB,  BC,  CA :  noiv  the  three  triangles 

AB,  OBC,  OCA  are  common  to  both  solids,  and  the  three 

I  EAB,  EDC,  ECA,  of  the  first  solid,  have  been  sheivn 

Pcfttal  and  similar  to  the  three  others  FAB,  FBC,  FCA,  of  the 

T  solid,  each   to  each  ;  therefore  these  two  solids  arc  con* 

uied  by  the  same  number  of  equal  and  similar  planes : 

Mt  that  they  are  not  eijual,  is  manifest,  because  the  first  of 

I  contained   in  the  other:  therefore  it  is  not  univer- 

■mIIj  true  that  solids  arc  equal  which  are  contained  by  the 

e  number  of  equal  and  similar  planes. 

COROiii-AiiY.     From  this  it  appears  tbat  two  unequal  solid 

angles  may  be  contained  by  the  same  number  of  equal  plane 

angles. 

For  the  solid  angle  at  B,  which  is  contained  by  the  four 
plane  angles  EBA,  EBC,  OBA,  OBC,  is  not  equal  to  the 
•olid  angle  at  the  some  point  B  which  is  contained  by  the 
fiiar  plane  angles  FBA,  FBC,  OBA,  OBC  ;  for  this  last  con- 
tains the  other :  and  each  of  them  is  contained  by  four  plane 
angles,  which  are  equal  to  one  another,  each  to  each,  or  are 
the  aelf-sante,  as  has  been  proved ;  and  indeed  there  may  be 
inntimerable  solid  angles  all  unequal  to  one  another,  which 
are  each  of  them  contained  by  plane  angles  that  are  cqnal  to 
one  another,  each  to  each  :  it  is  likewise  manifest,  that  the' 
befare-mentioned  solids  are  not  similar,  since  their  solid  angles 
are  not  all  equal. 

Atkd  that  there  jnay  be  innumerable  solid  angles  all  un- 
equal to  one  another,  which  are  each  of  them  contained  by 
iite  Bame  plnne  iingles  disjwsed  in  the  snme  order,  will  be 
a  from  the  three  following  propositions. 


*  iM-iu^-lfe 


.  v,li;' 


J 
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PBOPOSITION   I* 


Pboblsm. — Three  magnitudes,  A,  B>  C,  being  ^ven,  io^find 
a  fourth  such,  that  every  three  shall  be  greater  than  the  re- 
maining one. 

Let  D  be  the  fourth :  therefore  D  must  be  less  than  A,  B,  C, 
together :  of  the  three  A^  B,  C,  let  A  be  that  which  is  not  ktt 
than  either  of  the  two  B  and  C :  and  first,  let  B  and  C  to- 
gether be  not  less  than  A ;  therefore  B,  C,  V,  together,  sie 
greater  than  A :  and  because  A  is  not  less  than  B ;  A,  C,  D, 
together  are  greater  than  B :  in  the  like  manner  A,  B,  D,  to- 
gether are  greater  than  C ;  wherefore  in  the  case  in  which  i 
and  C  together  are  not  less  than  A,  any  magnitude  D  whid 
is  less  than  A,  B>  C  together,  will  answer  the  problem. 

But  if  B>  and  C  together,  be  less  than  A :  then,  becanse  it 
is  required  that  B,  C,  D  together,  be  greater  dian  A,  firom 
each  of  these  taking  away  B,  C,  the  remaining  one  B  mut 
be  greater  than  the  excess  of  A  above  B  and  C :  take  tiiare- 
fbre  any  magnitude  D  which  is  less  than  A,  B^  C  tc^gethtf, 
but  greater  than  the  excess  of  A  above  B  and  C :  then  B,  C,  D 
together,  are  greater  than  A ;  and  because  A  is  greater  than 
either  B  or  C,  much  more  will  A  and  D,  together  with  either 
of  the  two.B,  C,  be  greater  than  the  other :  and  by  the  con- 
struction, A,  B,  C  are  together  greater  than  D. 

Cor.  If  besides  it  be  required,  that  A  and  B  together, 
shall  not  be  less  than  C  and  D  together ;  the  excess  of  A  and 
B  together,  above  C,  must  not  be  less  than  D,  that  is  D  most 
not  be  greater  than  that  excess. 


PROPOSITION   II. 


Prob. — Four  magnitudes  A,  B,  C,  D  being  given,  of  which  A 
and  B  together,  are  not  less  tJian  C  and  D  together,  and  such 
that  any  three  of  them  whatever  are  greater  than  the  fourth; 
tojind  ajifih  magnitude  E  such  that  any  two  of  the  three 
A,  B,  E,  shall  be  greater  than  the  third,  and  also  that  any 
two  of  the  three  C,  D,  E,  shall  be  greater  than  the  third. 

Let  A  be  not  less  than-  B,  and  C  not  less  than  D. 

First,  let  the  excess  of  C  above  D  be  not  less  than  the  ex- 
cess of  A  above  B :  it  is  plain  that  a  magnitude  £  can  be 
taken  which  is  less  than  the  sum  of  C  and  D^  but  greater 
than  the  excess  of  C  above  D ;  let  it  be  taken ;   then  E  is 
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greater  likewise  ilian  the  excess  of  A  above  B ;  wliorcforc  E 
and  B  tt^ether  arc  greater  tban  A  ;  and  A  is  not  kss  tban  B  ; 
therefore  A  and  B  together  are  greater  than  B :  and  Uy  the 
hypothesis,  A  and  E  together  are  not  lesa  than  C  and  V  to- 
gether, and  C  and  D  tc^ether  are  greater  than  E ;  therefore 
likewise  A  and  B  are  greater  than  E. 

But  let  the  excess  of  A  above  B  be  greater  than  the  excess 
of  C  above  D :  and  because,  by  the  hyjiothesis,  the  three  B, 
C,  D  are  ti^'ther  greater  than  the  fourth  A,  C  and  D  toge- 
ther are  greater  than  the  excess  of  A  above  B :  therefore  u 
magnitude  tnar  be  taken  which  is  lew  than  C  and  D  together, 
but  greater  than  tlie  excess  of  A  above  B.  Let  this  magni- 
tadc  be  E :  and  because  E  is  greater  than  tlie  excess  of  A 
above  O,  B  together  with  E  is  greater  than  A  :  and  as,  in  the 
preceding  case,  it  may  be  shewn  that  A  t<^cther  with  E  is 
greater  thnn  B,  and  that  A  ti^etbcr  with  B  is  greater  than 
B  ;  therefore  in  each  of  the  eaaes  it  has  been  shewn,  that  any 
two  of  the  three.  A,  B,  E,  are  greater  than  the  third. 

Aod  because  in  each  of  the  cases,  E  is  greoter  than  the  ex- 
cess of  C  above  I),  E  together  with  D  is  greater  than  C  ;  and 
by  the  hypothesis,  C  is  not  less  than  D  ;  therefore  E  together 
with  C  is  greater  than  D  ;  and  by  the  construction,  C  and  D 
together  are  greoter  tban  E  :  therefore  any  two  of  the  three 
C  D,  £,  are  greater  than  the  third. 


PHOPO31TI0N    III. 

aOBKH. — There  ma^  be  innumerable  solid  aagU-s,  all  un- 
L  «9«r()/  to  one  another,  each  of  tehich  is  contained  by  the  same 
^our  plane  angles  placed  in  the  same  order. 

Take  three  plane  angles  A,  B,  C,  of  which  A  is  not  less 
than  either  of  the  other  two,  and  such,  that  A  and  B  tt^ther 
are  less  than  two  right  angles  ;  and,  by  Prob-  1,  and  its 
corollary,  find  a  fourth  angle  D  such,  that  any  three  what- 
ever of  the  angles  A,  B,  C,  D,  be  greater  than  the  remaining 
angle,  and  such,  that  A  and  B  together  be  not  less  than  C 
and  D  together:  and.  by  Prub.  2,  find  a  fifth  angle  E  such, 
that  any  two  of  the  angles  A,  B,  E,  be  greater  than  the  third, 
and  also  that  any  two  of  the  angles  C,  D,  E,  be  greater  than 
the  third :  and  because  A  and  B  together  arc  less  than  two 

^t  angles,  the  double  of  A  and  B  together  is  less  than  four 


right  angles:  but  A  and  B  to^lher  are  greslcr  than  tit 
angle  E ;  wberefore  the  double  cf  A.  B  logrther,  is  gr«tttr 
tkan  tbe  tliree  aiigleE  A,  B,  E  together,  irliich  three  are  mti' 
sequentljr  less  thuu  funr  right  angles ;  and  erery  two  nf  tht 


nme  angles  A,  B,  £,  arc  greeter  than  the  thiril ;  therefttn< 
a  Hilid  angle  nay  be  made,  contained  by  three  [dane  anglcK 
equal  to  the  angles  A,  B,  E,  each  to  each.  L<et  this  b«  ihl 
angle  F,  cntitained  by  the  three  plane  angles  GFH,  HFKj 
QFR,  which  arc  equal  to  the  angles  A,  B,  E,  each  to  c 
and  because  the  angles  C,  D  together,  are  not  greater  tte  J 
the  angles  A,  B  together,  therefore  the  angles  C,  D,  E  ai 
greater  than  the  angles  A,  B,  E :  but  these  lost  three  a 
than  four  right  angles,  as  has  been  demonstrated  ,*  i 
also  the  angles  C,  D,  E  are  together  less  thui  fuar  right  anglM; 
and  every  two  of  them  are  greater  than  tbe  third ;  therefan 
a  solid  angle  may  be  made,  which  shall  be  cuntaioed  by  thM 
plane  angles  equal  to  the  angles  C,  D,  E,  each  to  each  " ;  aadt, 
at  the  point  F,  in  tbe  straight  line  FU,  a  solid  angle  ai^ 
be  made  equal  to  that  which  is  contained  by  the  three  pbiH 
angles  that  are  equal  to  the  angles  C,  I>,  E  :  let  this  be  ttn^ 
uid  let  the  angle  OFK,  which  is  equal  to  £,  be  one  af  ^ 
three ;  and  let  KFL,  GFL  be  the  ether  two  whic^  are  c^ 
to  the  angles  C,  D,  each  to  each  :  thus,  there  is  a  solid  aqgfe 
constituted  at  the  point  F,  contained  by  the  four  plane  a 
GFH,  HFK,  KFL,  GFL,  which  ore  equal  to  the  angleft.A<Al 
C,  D,  each  to  each. 

Agutn  :  find  another  angle  M  such,  that  every  two  o 
three  angles  A,  B,   M,  be  greater  than  the  third,  t 
every  two  of  the  three  C,  D,   M,  be  greater  than  the  t 
and,  it  may  be  demonstrated,  as  in  the  preceding  put,  t 
the  three  A,  B,  M  are  less  than  four  right  angles,  as  ali 
the  three   C,   D,   M  are  less  than  four  right  an^ee. 
therefore  *  a  solid  angle  at  N  contained  by  the  tttoe  ^ 
angles  ONP,  PNQ,  ONQ  which  ilre  equnl  to  A,  D,  K,  ■ 


are  noi 
nriUb. 


I 


:  and  moke  +  at  t)ie  point  N,  in  the  atmi);!!!  line  OR,  a  t  **i-  ■'■ 
angle  contained  by  three  plane  sogles,  of  which  one  i* 
!  uigte  ONQ  equal  to  M,  and  the 
atheT  two  are  the  angles  QNR,  ONR, 
which  are  equal  to  the  angles  C,  D, 
each  to  each :  thna,  at  the  point  N, 
then;  is  a  anlid  angle  contained  by  the 
ftmr  plane  angles  ONP,   PNQ.  QMR, 

ONR,  which  are  equal  to  the  angles  A,  B,  C,  D,  each  to  each. 
And  that  the  two  solid  angles  at  the  points  F,  N,  each  of 
which  is  contained  by  the  above-named  four  plane  angles, 
are  not  equal  to  one  another,  or,  that  they  ennnot  coincide, 
plain  by  considering  that  the  angles  OPK,  ONQ,  thirt 
the  angles  E,  SI,  arc  uneq^l  by  the  ciia^truction  ;  and 
the  straight  lines  OP,  FK  cannot  coinlHe  n-fth  ON. 
consequently  can  the  solid  angles,  which  therefore 
■N  nnoqual. 

A)>d  beeanee  from  the  fonr  plane  angles  A,  B,  C,  O,  there 
can  be  found  innumerable  other  angles  that  will  serve  the 
•MM  purpose  with  the  angles  E  and  M,  It  is  plain  that  in- 
mmerabte  other  solid  angles  may  be  constituted  which  are 
cantained  by  the  same  four  plane  angles,  and  all  of  them 
one  another.  «.  e.  d. 
And  from  this  it  appears,  that  Clnvius  and  other  author* 
an  oiiatAkcn,  who  assert,  that  those  solid  angles  are  equal 
Hifcich  are  contained  by  the  same  number  of  plane  anglen 
that  arp  equal  to  one  another,  each  to  each.  Also  it  h  plain, 
dtat  the  2tith  Prop,  of  Book  1 1 .  is  by  no  means  sufficiently 
denMuatrated,  tH-cnusc  the  equality  of  two  solid  angles, 
wbcrcof  each  is  contained  by  three  plane  angles  which  are 
«|aal  to  one  another,  each  to  each,  is  only  asbumed  and  not 
dkmonst  rated. 


PROPOSITION  I. 

The  words  at  the  end  of  this,  "  for  a  stnught  line  cannot 
meet  a  straight  lino  in  niora  than  one  point,"  arc  left  cint, 
jH  u  addition  by  some  unskilful  hand  :  for  this  is  to  be  de- 
■aieantrated,  not  assumed. 

Mr.  Thomas  Simpson,  in  his  notes  Bt  the  end  of  the  second 
«djt>0n  uf  hit  Elemenu  of  Geometry,  p-  262,  after  repeating 
thf  words  of  tbia  note,  adds :  "  Now  can  it  pos.sibly  show  any 
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"  want  of  skill  in  an  editor"  he  means  Euclid  or  Theon^  "  to 
"  refer  to  an  axiom  which  Euclid  himself  hath  laid  down, 
"  Book  1.  No.  14/'  he  means  Barrow's  Euclid,  for  it  is  the 
10th  in  the  Greek,  ''  and  not  to  have  demonstrated,  what  no 
"  man  can  demonstrate  ?  '*    But  all  that  in  thia  case  can  fal«> 
low  from  that  axiom  is,  that,  if  two  straight  lines  could  meet 
each  other  in  two  points,  the  parts  of  them  betwixt  theM 
points  must  coincide,  and  so  they  would  hare  a  s^;ment  be* 
twixt  these  points  common  to  both.    Now,  as  it  has  not  besa- 
shewn  in  Euclid,  that  they  cannot  have  a  common  scgoNii^ 
this  does  not  prove  that  they  cannot  meet  in  two  penti^ 
from  which  their  not  having  a  common  segment  is  deduced  ia 
the  Greek  edition :  but,  on  the  contrary,  because  they  caDSol 
have  a  common  segment,  as  is  shewn  in  Cor.  of  11th  Prop. 
Book  1.  of  4to  edition,  it  follows  plainly,  that  they  cannot 
meet  in  two  points,  which  the  remarker  says  no  man  can  de- 
monstrate. 

Mr.  Simpson,  in  the  same  notes,  p.  265,  justly  observe^ 
that  in  the  corollary  of  Prop.  11.  Book  1.  4to  ^tion^  the, 
straight  lines  AB,  BD,  BC,  are  supposed  to  be  all  in  the  same 
plane,  which  cannot  be  assumed  in  1st  Prop.  Book  11.  Hiii* 
soon  after  the  4to  edition  was  published,  I  observed  and  oor- 
rected  as  it  is  now  in  this  edition :  he  is  mistaken  in  t^ff^g 
the  10th  axiom  he  mentions  here  to  be  Euclid's  ;  it  is  fffloe 
of  Euclid's,  but  is  the  10th  in  Dr.  Barrow's  edition^  who  hvl 
it  from  Herigon's  Cursus,  vol.  1.  and  in  place  of  it  the  emJ- 
lary  of  1 1  th  Prop.  Book  1 .  was  added. 

PROPOSITION  n. 

This  proposition  seems  to  have  been  changed  and  vitiated 
by  some  editor ;  for  all  the  figures  defined  in  the  1st  Book  of 
the  Elements,  and  among  them  triangles,  are,  by  the  hypo* 
thesis,  plane  figures ;  that  is,  such  as  are  described  in  a  plsae; 
wherefore  the  second  part  of  the  enunciation  needs  no  demei^ 
strution.     Besides,  a  convex  superficies  may  be  terminated  by 
three  straight  lines  meeting  one  another:   the  thing. tfart 
should  have  been  demonstrated  is,  that  two  or  three  strsi^ 
lines,  that  meet  one  another,,  are  in  one  plane.     And  as  tkis 
is  not  sufliciently  done,  the  enunciation  and  demonstiatioaaie 
changed  into  those  now  put  into  the  text. 


\ 


PROPOSITION  in. 

I»  tbw  protwsition  the  fullowing  ivoTcl!i  ne»r  to  tho  end  of 
Hue  left  out,  viz.  "  ttinvlbn  ll£B,  DPB  arc  nnt  etniight 
"  Uoes;  in  the  like  manner,  it  may  be  dratorutntted,  th&t 
"  there  c»n  be  no  other  straight  line  betiveen  the  pointM  D,  B ;" 
because  from  this,  that  two  lines  include  a  space,  it  only  fol- 
!owa  that  one  of  them  is  not  a  straight  line  :  and  the  force  of 
the  argument  lies  in  this,  vis.  if  the  cummon  section  of  the 
planes  be  not  a  straight  line,  then  two  straight  linea  could  in- 
clude a  ipsce,  which  is  absurd  :  therefore  the  common  section 
is.a  straight  line. 

I    ,,  PROPOSITION  IV. 

The  words  "  and  the  triangle  AED  to  the  triangle  BEC* 
are  omitted,  because  the  whole  conclusion  of  the  4th  Prop. 
Book  1.  has  been  so  often  repeated  in  the  preceding  books, 
it  was  needless  to  repeat  it  here. 

PROPOSITION  V.  t 

In  this,  near  to  the  end,  iimci'J^  ought  to  be  left  out  in  the 
Greek  text:  and  the  word  ■'  plane"  is  rightly  left  out  in  the 
Oxford  edition  of  Commandine's  translatjun. 

■  PROPOSITION  VII. 

This  proposition  has  been  put  into  this  book  by  some  un- 
skilful editor,  as  is  evident  from  this,  tbat  straight  lines  which 
are  drawn  from  one  point  to  another  in  a  plane,  are,  in  the 
preceding  books,  supposed  to  be  in  that  plane:  and  if  they 
were  not,  some  demonstrationii  in  which  one  straight  line  is 
supposed  to  meet  another  wuuld  not  be  conclusive,  because 
these  lines  would  not  meet  ime  another :  for  instance,  in 
Prop,  30.  Book  1.  the  straight  line  UK  would  not  meet  EF, 
if  OK  were  not  in  the  plane  in  which  are  the  parallels  AB, 
CD,  and  in  which,  by  hypothesis,  the  straight  line  EF  is:  be- 
Mdes,  this  7th  Prop,  is  demonslrsted  by  the  preceding  3d  ;  in 
w4tich  the  very  thing  which  is  proposed  to  be  demonstrated 
in  the  7t{i  is  twice  assnmed,  viz.  that  the  straight  line  drawn 
front  one  punt  to  another  in  a  plane,  is  in  tbat  plane :  and 
x3 
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tlie  same  thing  is  assumed  in  tlie  preceding  6th  Prop,  ia 
which  the  straight  line  whidi  joina  the  points  B,  D^  that  an 
in  the  plane  to  which  AB  and  CD  are  at  right  angles,  is  sup- 
posed to  be  in  that  plane :  aad  tiie  7th>  ef  whic^  another  de- 
monstration is  given,  is  kept  in  the  book  merdjr  to  preserve 
the  number  of  the  propositions ;  Ibr  it  is  evident,  from  the 
7th  and  35th  Definitions  of  the  Isl  Book,  though  it  had  Sot 
been  in  the  Elements. 

PROPOSITION  VtIL 

In  the  Oreek,  and  in  Commandine's  and  Dr.  Qngarf^ 
translations,  near  to  the  end  of  this  propoaitioii«  are  the  ibU 
lowing  words:  "  but  DC  is  in  the  plane  through  BA,  A9," 
instead  of  which,  in  the  Oirford  edittoa  of  Commswiae's 
translation  is  rightly  put,  ''  but  DC  is  in  the  plane  throng 
''  BD,  DA."  But  all  the  editions  have  the  foUowlttg  woids, 
vis.  '^  beeause  AB,  BD  are  in  the  plane  throegh  BD,  DA,  nil 
'*  DC  is  in  the  plane  in  which  are  AB,  BD,"  whieh  are  HMU- 
festlj  corrupted,  or  have  been  add^  to  the  tttct ;  f&t  llM 
was  not  the  least  necessity  to  go  so  far  about  to  shew  that  PC 
is  in  the  same  plane  in  which  are  BD,  DA,  because  it  imme- 
diately follows,  from  Prop.  7*  preceding,  that  BD,  DA  an  is 
the  pkne  in  which  are  the  parallels  AB,  CD :  therefbre  fa- 
tead  of  these  words,  there  ought  only  to  be,  ''  becaote  all 
''  three  are  in  the  plane  in  which  are  the  parallels  AB,  CD.** 

PROPOSITION  XV. 

After  the  words  "  and  because  BA  is  parallel  to  OH,"*  the 
following  are  added,  "  for  each  of  them  is  parallel  to  D£,and 
"  are  not  both  in  the  same  plane  with  it,"  as  being  manifestly 
forgotten  to  be  put  into  the  text. 

PROPOSITION  XVI. 

Id  this,  near  to  the  end,  instead  of  the  words,  ''  but  str^t 
^'  lines  which  meet  neither  way,"  ought  to  be  read»  ''  hot 
"  straight  lines  in  the  same  plane  which  produced  meet 
'*  neither  way."  Because,  though  in  citing  this  Def.  in  Jfns^ 
27.  Book  1 .  it  was  not  necessary  to  mention  the  words  **  h 
"  the  same  plane,"  all  the  straight  lines  in  the  books  pre* 
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being  in  the  same  plune  ;  jr^t  here  It  wa*  ^uit« 


PHOPOfiliTION  JUC. 


^^  In  this,  neat  the  bewailing,  are  tbe  words,  "  but  if  nut, 
tj  let  BAC  be  the  greater:"  but  ihe  angle  BAC  may  happen 
to  be  equal  to  one  of  the  other  two :  wherefore  thiti  place 
should  be  read  thun,  "  but  if  not,  let  the  angle  BAC  he  not 
**  less  than  either  of  the  other  two,  but  greater  than  DAB." 

At  the  end  of  this  proposition  it  is  said,  "  in  the  iame 
f'snaiattt  It  may  be  demonstrated,"  though  there  is  no  need 
WF  sny  demonstration  ;  because  the  angle  BAC  being  not  leM 
fttsn  either  of  the  other  two,  it  is  evident  that  BAC  together 
^th  one  of  them,  is  greater  than  the  other. 

.•'  PROPOSITION    XXII. 


I^i  Aod  lilMwisc  in  this,  near  the  beginning,  it  is  said,  "  but 
JC  il  noti  let  the  luigles  at  B,  E,  K,  be  uueqiial,  and  let  tbe  angU 
1^,  M  B  be  greater  than  either  of  those  at  £,  H  :"  which  word* 
Jnuiifeatly  shew  this  plaoe  to  bo  vitiated,  beoaus*  the  angle  at 
B  maj  be  equal  to  one  of  the  other  two.  Thejr  ought  there- 
jore  tobcread  thus,  "but  if  not,  let  the  angles  at  B,  E,  II,  b« 
ff  anequal,  and  let  the  angle  at  B  be  not  less  than  either  of  the 
"  other  two  at  £,  U  :  therefore  the  straight  line  AC  is  not  l(«s 
«'  than  either  i>f  the  two  DF,  GK." 

PROPOSITION  XXIII. 

Tlic  demonstration  of  this  is  made  something  shorter,  b]f 
nut  repeating  in  the  third  ease  the  things  which  were  deman- 
Btratcd  in  the  Rrst ;  and  by  making  use  of  the  constructioo 
which  Campaniis  has  given ;  but  he  does  not  demonstrate  the 
second  and  third  cases:  the  construction  and  demonstration 

II  of  the  third  case  are  made  a  little  more  simple  than  in  the 

II  Greek  text. 

I  PROPOSITION   SXIV. 

The  word  "similar"  is  added  ta  tba  enunoiatioo  of  this 
jRxipoaitian,  because  the  planes  oontaining  the  solids  which 
Mto  to  be  demonstrated  to  be  equal  to  one  noothcr,  in  the  2.'itli 
FrapL  ought  to  be  simihir  and  cqunl,  that  the  equality  of  the 


f  Frapu  ought 

IL 
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solids  may  be  inferred  from  Prop.  C.  of  this  Book ;  aadls 
the  Oxford  edition  of  Commandine's  tranalatioii^  a  eoroUsfj 
is  added  to  Prop.  d4.  to  shew  that  the  parallekignans  men- 
tioned in  this  proposition  are  siinilar^  that  the  eqoalitf  of  the 
solids  in  Prop.  26.  may  be  deduced  from  the  10th  Def.  sf 
Book  11. 

PROPOSITIONS  XXV.  XXVL 

In  the  25th  Prop,  solid  figures  which  are  c<mtained  by  the 
same  number  of  similar  and  equal  plane  figures,  are  snppoied 
to  be  equal  to  one  another.  And  it  seems  that  Theoo  or  aooe 
other  editor,  that  he  might  save  himself  the  trooUe  of  de- 
monstrating the  solid  figures  mentioned  in  this  prepositiia  to 
be  equal  to  one  another,  has  inserted  the  10th  Def.  o£  this 
Book,  to  serve  instead  of  a  demonstration  ;  which  was  wrjr 
ignorantly  done. 

Likewise  in  the  20th  Prop,  two  solid  angles  ore  sappoied 
'  to  be  equal,  if  each  of  them  be  contained  bj  three  pkse 
angles  which  are  equal  to  one  another,  each  to  eadi.  -.Adid  k 
is  strange  enough,  that  none  of  the  commentaton  on  EacU 
have,  as  fiEir  as  I  know,  perceived,  that  something  la  wantkig 
in  the  demonstrations  of  these  two  propositions.  ClaTiii% 
indeed,  in  a  note  upon  the  11th  Def.  of  this  Book,  affirms, 
diat  it  is  evident  that  those  solid  angles  are  equal  whidi  sre 
contained  by  the  same  number  of  plane  angles,  equal  to  soe 
another,  each  to  each,  because  they  will  coincide^  if  they  be 
conceived  to  be  placed  within  one  another ;  but  this  is  said 
without  any  proof,  nor  is  it  always  true,  except  when  the 
solid  angles  are  contained  by  three  plane  an^ea  only  wkidi 
are  equal  to  one  another,  each  to  each ;  and  in  this  case  the 
proposition  is  the  same  with  this ;  that  two  spherical  triangles 
that  are  equilateral  to  one  another  are  also  equiangular  to  ooe 
another,  and  can  coincide:  which  ought  not  to  be  granted 
without  a  demonstration.  Eucb'd  does  not  assume  tins  ht 
the  case  of  rectilineal  triangles  but  demonstrates  it  in  Pnfb4L 
Book  1,  that  triangles  which  are  equilateral  to  one  anotbri 
are  also  equiangular  to  one  auother ;  and  from  thia  their  toisi 
equality  appears  by  Prop.  4.  Book  1.  And  Menelana,  in  the 
4th  Prop,  of  his  first  Book  of  Spherics,  explicitly  demote 
strates,  that  spherical  triangles  which  are  mutually  equib* 
teral,  are  also  equiangular  to  one  another ;  from  ivldch.  it  is 
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r  to«hew  that  they  must  coinciUc,  providing  thef  have 
their  sides  disposed  in  the  game  order  and  situation. 

To  supply  these  defectSj  it  was  necessary  to  add  the  three 
propositions  marked  A,  B,  C,  to  this  Book.  For  the  25th, 
26tb,  and  &8th  propositions  of  it,  and  consequently  eight 
rthers,  viz.  the  27th,  31at,  32d,  33d,  34th,  36t!i,  37th,  and 
40th  of  the  same,  which  depend  upon  them,  have  hitlierto 
■tood  upon  an  intirm  foundation ;  as  al^  the  8th,  12th,  Cor. 
of  17th  and  18th  of  I2th  Book,  whith  depend  upon  the  9lh 
Def.  For  it  has  been  shewn  in  the  notes  on  Def.  10th  of  this 
Boole,  that  solid  figures  n'hich  arc  contained  by  the  same 
number  of  similar  and  e<]ual  plane  figures,  as  also  solid  angles 
ikal  are  contained  by  the  some  number  of  equal  plane  angles, 
ue  not  always  equal  to  one  another. 

It  is  to  be  observed  that  Tacquet,  in  his  Euclid,  defines 
equal  solid  angles  to  be  such,  "  as  being  put  within  one  an- 
"  other  do  coincide:"  but  this  is  an  axiom,  not  a  definition  ; 
ftw  it  is  true  of  all  magnitudes  whatever.  He  made  this  use- 
leu  definition,  that  by  it  he  miglit  demonstrate  the  36th 
Prop>  of  this  Book,  without  the  help  of  the  35th  of  the 
tune :  concerning  uhicli  demonstration,  see  the  note  upon 
Prop.  36. 

PROPOSITION  XXVIII. 

<  have  been  demonstrated,  not  assunied, 
re  in  one  plane.     Clavius  has  supplied 

PROPOSITION  XXIX. 
There  are  three  cases  of  this  proposition;  the  first  it,  when 
parallelograms  opposite  to  the  base  AB  have  a  side 
to  both  :  the  second  is,  when  these  parallelc^^ms 
are  wparated  front  one  another :  and  the  third,  tvhen  there  is 
part  of  them  common  to  both  ;  and  tu  this  last  only,  the 
demonstration  that  has  hitherto  been  in  the  Elements  does 
agree.  Tlie  first  case  is  immediately  deduced  from  the  pre- 
oadtag  28tli  Prop.,  which  seems  for  this  purpose  to  have  been 
pRmiaed  to  this  29th,  for  it  is  necessary  to  none  but  to  it, 
and  to  the  40lh  of  this  Book,  as  we  now  have  it,  to  which 
hat  it  would,  without  doubt,  have  been  premised,  if  Enclid 
:  2!lth  ;  but  some  unskilful  edi- 
ic  Elemeats,  and  has  mutilated 


In  this  it  ought  t 
that  the  diagonals  i 
this  defect. 


^a  uiubqv'b  wtm. 


-  I  I. 


Suclid'«  denionstratkia  of  tlw  two  otlwr  ctmoh  which  is  mm 
restored^  and  senres  for  both  at  ooot. 

PROPOSITION  X^X* 

In  the  demonstration  of  this^  the  opposite  planes  of  the 
solid  CP,  in  the  figore  in  thh  edition^  that  is^  of  the  aolid  CO 
in  Commandine's  figure^  are  not  proved  to  be  parallel ;  whid 
it  is  proper  to  do  for  the  sake  of  learners. 

PROPOSITION  XXXI. 

There  are  two  cases  of  this  p^position :  the  first  is  wks 
the  insisting  straight  lines  are  at  r^ht  angles  to  the  baiii; 
the  other^  when  they  are  not:  the  first  case  is  diTidsi  9giM 
into  two  others,  one  of  which  is^  when  the  bases  are  eqp- 
angolar  parallelograms :  the  other^  when  they  mte  not  eqsi* 
angular.    The  Ghreek  editor  makes  no  mention  of  the  ifil 
of  these  two  last  eases,  but  has  inserted  the  demoBilntioQif 
it  as  a  part  of  that  of  the  other:  and  therefor^  should  Im 
taken  notice  of  it  in  a  corollary;  but  we  thought  H  bettacli 
give  these  two  cases  separately:  the  demooatratioii  alsiii 
made  something  shorter  by  following  the  way  Encfidltft 
made  use  of  in  Prop.  14.  Book  6.    Besides^  in  the  demoih 
stration  of  the  case  in  which  the  insisting  straight  lines  ve 
not  at  right  angles  to  the  bases,  the  editor  does  not  pmre 
that  the  solids  described  in  the  constructioa  are  parallekpi* 
peds,  which  it  is  not  to  be  thought  that  Euclid  neglected :  dso 
the  words,  "  of  which  the  insisting  straight  lines  are  not  is 
'^  the  same  straight  lines/'  have  been  added  by  aome  unsk3- 
fill  hand :  for  they  may  be  in  the  same  straight  lii 


PROPOSITION  XXXII. 

The  editor  has  forgot  to  order  the  parallelogram  Vb  lii[(e 
applied  in  the  angle  FOB  equal  to  the  angle  LOG,  whkiL  II 
necessary.     Clavius  has  supplied  this.  '"'',', 

Also,  in  the  construction,  it  is  required  to  complete' VbT 
solid  of  which  the  base  is  FH,  and  altitude  the  sano^  with 
that  of  the  solid  CD :  but  this  does  not  determine  the  solid 
to  be  completed,  since  there  may  be  innumerable  oolite  uffin 
the  same  base,  and  of  the  same  altitude :  it  ought,  therefoia 
to  be  md,  **  complete  the  solid  of  which  the  base  ja  fUt,  im4- 
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FD :"    The  a 


uf  its  inkiiting  ttraight  line* 
a  must  be  mudc  in  Prop.  33- 


^PBOPOSITION  ». 
It  is  very  probabie  that  Euclid  gave  this  {iroposition  a  pluur 
JB  the  Elements,  itiiicc  he  guvc  the  like  pro)K)3itiun  < 
ing  c^uiangukr  panUlclograins  in  the  23(1  Prop-  U.  (i. 

PROPOSITION  XXXIV. 


In  this  the  words  ■>  ai  'i^nni^aa*  ain  rxrii  Iti  t«  minii 
ntuwi,  "  of  which  the  imisdng  straight  line*  arc  not  in  the 
"  same  straight  lines,"  are  thrice  lepeated  :  but  thete  words 
ought  either  to  be  lefi  out,  «h  they  arc  by  Clavius,  or,  in  place 
of  them,  ought  to  be  put,  "  whethtr  the  insisting  straight 
"  lines  be,  or  be  nut,  in  the  same  straight  lines:"  for  tbo 
DthCT*  case  is,  without  any  rnuon,  excluded:  olou  tha  words 
Zt  fa  ti^t,,  "  of  which  the  altitudes,"  arc  twice  put  for  ■•  ai 
ifitrrifrai  "  of  which  the  insisting  straight  linen;"  which  ia 
a  plain  mistake :  for  the  altitude  it  always  at  right  angles  tu 
the  base. 

PROPOSITION  XXXV. 

*  The  angles  ABH,  DEM,  arc  demonstrated  to  be  right  angle* 

I  ft  shorter  way  than  in  the  Greek  ;  and  In  the  aame  ii'ay 

^iCl],  DFM  may  be  demoastratcd  to  be  right  angles  :  also  the 

n  of  the  same  demonstration,  which  begins  with  ■•  in 

me  manner",  is  left  out,  as  it  was  probably  added  to 

!  text  by  some  editor :  for  the  words,  "  in  like  manner 

I  **  we  may  demonstrate  ",  are  not  inserted  except  when  the  de* 

I  ntvuEtration  is  not  given,  or  when  it  is  something  different 

n  the  other  if  it  be  giren,  as  in  Prop.  26.  of  this  Book. 

F  CiunpBBlia  has  not  this  repetition. 

Wchavc  given  another  dcmonstrution  uf  the  corollary,  be- 
one   in    the  original,  by  htdp  of  which  the  3tfth 
lf>.  may  be  dcmomitnitcd  without  the  35th. 

PROPOSITION   XXXVI. 

'^Wqnet  in  his  Euclid  ilemonat rates  tliis  projusition  with- 
oBt  the  hi'lp  of  the  30th  i  but  it  is  plain,  that  the  solids  mcn- 
tioMtl  in  tho-Gnck  tot  in  the  emuHMtiou  tt  the  prv^uaitiua 
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as  equiangular^  are  such  that  their  solid  angles  are  contained 
by  three  plane  angles  equal  to  one  another^  each  to  each  ;  as  is 
evident  from  the  construction.  Now  Tacquet  does  not  de- 
monstrate^ but  assumes,  these  solid  angles  to  be  equal  to  one 
another;  for  he  suppofMS.die  solids  to  be  already  made,  and 
does  not  give  the  construction  by  which  they  are  made ;  but, 
by  the  second  demonstfatlmi  of  the  preceding  corollary,  hit 
demonstration  is  rendered  legitimate  likewise  in  the  case  wbm 
the  solids  are  constructed  as  in  the  text. 

PROPOSITION  XXXVII. 

In  this  it  is  assumed^  that  the  ratios  which  are  triplicate  of 
those  ratios  which  are  the  same  with  one  another^  are  likewise 
the  same  with  one  another :  and  that  those  ratios  are  the  same 
wi^  one  another^  of  which  the  triplicate  ratios  are  the  same 
with  one  another :  but  this  ought  not  to  be  granted  without  i 
demonstration  ;  nor  did  Euclid  assume  the  first  and  easiest  of 
these  two  propositions,  .but  demonstrated  it  in  the  case  of  du- 
plicate ratios^  in  the  22d  Prop.  Book  6.  On  this  account, 
another  demonstration  is  given  of  this  Propontion^  like  to 
that  which  Euclid  gives  in  Prop.  92.  Book  6.  as  dariiis  to 
done. 

PROPOSITION  XXXVIII. 

When  it  is  required  to  draw  a  perpendicular  frmn  a  peiflt 
in  one  plane  which  is  at  right  angles  to  another  plane,  unto 
this  last  plane,  it  is  done  by  drawing  a  perpendicular  fimn 
the  point  to  the  common  section  of  the  planes*}  for  this  per- 
pendicular will  be  perpendicular  to  the  plane  bj,  Def.  4^  rf 
this  Book:  and  it  would  be  foolish  in  this  case  ta^4m  it  bj  the 
*  17.  12.  in  11th  Prop,  of  the  same:  but  Euclid*^  Apolloniu^  %ad  other 
geometers,  when  they  have  occasion  for  this  problliic  4kBpt  s 
perpendicular  to  be  drawn  from  the  point  to  the  ftuHf^^oii 
pondude  that  it  will  &11  upon  the  common  section  of  tki|q||fiaii 
because  this  is  the  very  same  thing  as  if  they  had  ma^MlMf 
the  construction  above  mentioned^  and  then  conclu4p4tlh^ 
the  straight  line  must  be  perpendicular  to  the  plane  j.lp^ 
expressed  in  fewer  words.  S<mie  editor,  not  perceiving  idlHi 
thought  it  was  necessary  to  add  this  proposition,  which  ess 
never  be  of  any  use  to  the  II th  Book ;  and  its  being. aaar'-tai 
the  end  among  propositions  with  which  it  has  no  ooonetMNij 
is  a  mark  of  its  having  been  added  to  the  text*  < ..  ^ 


other  edi- 
tions. 


PROPOSITION  XXXIX. 

I'ln  this  it  is  supjioscd,  that  the  straight  lines  which  bisect 
rides  of  the  opposite  planes,  are  in  one  plane,  which  ought 
'Iwre  been  demonstrated,  ss  is  now  done. 


BOOK  xn. 


The  learned  Mr.  Moore,  professor  of  Greek  in  the  Univer- 
j  of  Glasgow,  observed  to  me  that  it  plainly  appears  from 
^imedes's  Epistle  to  Dositheus,  prefixed  to  his  bot^s  of 
i  Sphere  and  Cylinder,  which  epistle  he  has  restored  from 

lent  manuscripts,  tliat  Eudoxus  was  the  author  of  the 

ef  propositions  in  this  12th  Book. 

PROPOSITION  11. 

At  the  beginning  of  this  it  is  said,  "  if  it  be  not  so,  the 
■quare  of  BD  shall  be  to  the  square  of  FII,  as  the  circle 
ABCD  is  to  some  space  cither  less  than  the  circle  EFGH,  or 
greater  than  it."  And  the  like  is  to  be  found  near  to  the 
end  of  this  proposilitin,  as  also  in  Prop.  5,  11, 12,  18.  of  this 
Book :  concerning  which  it  is  to  be  observed,  that  in  the  de- 
monstration of  theorems,  it  is  sufficient,  in  this  and  the  like 
cases,  that  a  thing  made  use  of  in  the  reasoning  can  possibly 
esist,  provided  this  be  evident,  though  it  cannot  be  exhibited 
or  found  by  a  geometrical  construction :  so,  in  this  place,  it  is 
assumed,  that  there  may  be  a  fimrth  proportional  to  these  three 
magnitudes,  viz.  the  squares  of  BD,  FU,  and  the  circle  ABCD ; 
because  it  is  evident  that  there  is  some  square  equal  to  the 
circle  ABCD,  though  it  cannot  be  found  geometiically ;  and 
ifltff  Aree  rectilineal  figures,  viz.  the  squares  of  BD,  FH,  and 
vhich  is  equal  to  the  circle  ABCD,  there  is  a  fourth 
pfoportional ;  because  to  the  three  straight  lines  which 
ktludr  sides,  there  is  a  fourth  straight  line  proportional  *,  * 
this  fourth  square,  or  a  space  equal  to  it,  is  the  space 
fh  in  this  proposition  is  denoted  by  the  letter  S:  and 
like  is  to  be  understood  in  the  other  places  above 
it  is  probable  that  this  has  been  shewn  by  Eu- 
I,  but  left   out  by   some    editor ;   for  the  lemma  which 
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some  unakilfal  band  has  added  to  this  propositioii  explains 
nothing  of  it. 

PROPOSITION  III. 

In  the  Greek  text  and.  the  tninsladona»  it  is  said,  ''  and  be* 
"  cause  the  two  straight  Hnes  BA^  AC^  which  meet  one  an- 
"  other/  &c.  Here  the  angles  BAC^  KHL^  are  demonstrated 
to  be  equal  to  one  another^  by  10th  Prop.  B.  11.,  which  hsd 
been  done  before :  because  the  triangle  EAO  was  proved  to  be 
similar  to  the  triangle  KHL :  this  repetition  is  left  out^  and 
the  triangles  BAC^  KHIj,  are  proved  to  be  similar  in  a  shorter 
way  by  Prop.  21.  B.  6. 

PROPOSITION  IV. 

A  few  things  in  this  are  more  fiilly  explained,  than  in  the 
Greek  text. 

PROPOSITION  V. 

In  this,  near  to  the  end,  are  the  words,  «^  ifc*'^^*'  Mx^ 
"  as  was  before  shewn ;"  and  the  same  are  found  again  in  die 
end  of  Prop.  18.  of  this  Book;  but  the  demonstration  re- 
ferred to,  except  it  be  in  the  useless  lemma  annexed  to  the 
2d  Prop,  is  no  where  in  these  Elements,  and  has  been  per- 
haps left  out  by  some  editor,  who  has  fbigot  to  cancel  those 
words  also. 

PROPOSITION  VI. 

A  shorter  demonstration  is  given  of  this;  and  that  which 
is  in  the  Greek  text  may  be  made  shorter  by  a  step  than  it  is: 
for  the  author  of  it  makes  use  of  the  22d  Prop,  of  B.  5. 
twice :  whereas  once  would  have  served  his  purpose  j  becanee 
that  proposition  extends  to  any  number  of  magnitudes  which 
are  proportionals  taken  two  and  two,  as  well  as  to  throo  which 
are  proportional  to  other  three. 


COROLLARY  PROPOSITION  VIII.  ^ 


it' 


The  demonstration  of  this  is  imperfect,  becants  iCIuM 
shewn,  that  the  triangular  pyramids  into  which  tKoM-nff^, 
multangular  bases  are  divided,  are  similar  to  one  anothsr*  if 
ought  necessarily  to  have  been  done,  and  is  done  in  the  lifco, 
case  in  Prop.  12.  of  this  Book :  the  liill  demoastratiw  of  the 
ooroUary  is  as  follows : 
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Upon  the  jwlj-goiial  bases  ABCDE,  FOHKL,  let  there  be 
similar  and  similurly  utuated  pyramids  which  have  the  pointB 
M,  N,  for  their  vertices:  the  pyramid  ABCDEM  has  to  the 
pyramid  FGHKLN,  the  triplicate  ratio  of  that  which  the  side 
AB  boa  to  the  homologous  side  FG. 

I<et  the  polygons  be  divided  into  the  triangles  ABE,  EBC, 
ECD ;  FOL,  LGH,  LHK,  which  are  similar  ",  each  to  each :    ' 
and  because  the  pyramids  are  similar,  therefore  '  the  triangle  * 
EAM  is  similar  to  the  triangle  LFN,  aud  the  trian^e  ABM  to 
rati  :  wherefore  *  ME  is  to  EA,  as  NL  to  LF  ;  and  as  AE  to  ■ 
EB,  so  is  FL  to  LO,  because  the  triangles  EAB,  LFO  arc  simi- 
lar; ihereftre.cxffiquali.as  MEtoEB,  soisNLtoLO:  iaUke 
manner  it  may  be  ^eiin,  that  EB  is  to  BM,  as  LO  to  ON; 
therefore,  again,  ex  aquali,  as  EM  to  M  B,  so  is  LN  to  NO : 
wherefore  the  triangles  EMB,  LNO,  having  their  sides  propor- 
tionals, are  *  equiangular,  and  similar  to  one  another :  there-   * 


- 


fare  the  pyramids  which  have  the  triangles  EAB,  LFO  for 
their  bases,  and  the  points  M,  N  for  their  vertices,  are  simi- 
lar *  to  (IDC  another,  fur  their  solid  angles  are  *  equal,  and  the  * 
solids  themselves  are  contained  by  the  same  number  of  similar 
planes :  in  the  same  manner  the  pyramid  EBCJtl  may  be  shewn 
to  be  similar  to  the  pyramid  LGUN,  and  the  pyramid  ECDM 
to  LHKN :  and  because  the  pyramids  EAB3I,  I.FON  are  simi- 
lor,  and  have  triangular  bases,  the  pyramid  EAB3I  has  *  to  ' 
LFON,  the  triplicate  ratio  of  that  which  EB  hag  to  the  bomo- 
Ic^oiu  side  EG.  And,  in  the  same  manner,  the  pyramid 
EBCH  has  to  the  pyramid  LORN,  the  tri]ilicate  ratio  of  that 
which  EB  has  to  LQ :  therefore  as  the  pyramid  EABM  is  to 
th^  pyramid  I.FON,  so  is  the  pyramid  EDC.tl  to  the  pyramid 
Le^N:  in  like  manner,  as  the  pyramid  EBCM  is  to  LOHN, 
so  is  the  pyramid  ECD^f  to  the  pyramid  LHKN  :  and  as  one 

r;ecedents  is  to  one  of  the  conseijuents,  so  are  all  the 
:s  to  all  the  consequents :  tbeTeftxc  as  the  pyramid 
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EABM  to  the  pyramid  LFON,  so  is  the  whole 
ABCDEM  to  the  whole  pyramid  FOHKLN:  and  the 
EABM  has  to  the  pyramid  LFON,  the  triplicate  ratio  of  thit 
which  AB  haa  to  VCk;  Aaaftn-ABf-wMe  pyramid  haa  to  ths 
wMff  pyramid^  the  triplicate  ratio  of  that  whidi  AB  has  lo 
the  homologous  side  FG«    q.  jb.  d» 

PROPOSITIONS   XI.  XII. 

The  order  of  the  letters  of  the  alphabet  is  not  obaerred  in 
these  two  propositions^  according  to  Euclid's  manner,  and  or 
now  restored :  by  which  mean^,  the  first  part  of  Prop.  13. 
may  be  demonstrated  in  the  same  words  with  the  first  part  of 
Ph>p.  11. ;  on  this  account  the  demonstration  of  thi^  firit 
part  is  left  out,  and  assumed  ftom  Prop.  11. 

PROPOSITION  XIII. 

In  this  proposition,  the  common  section  of  a  plane  parallel 
to  the  bases  of  a  cylinder,  with  the  cylinder  itself,  is  suppoied 
to  be  a  circle,  and  it  was  thought  proper  briefly  to  dmon- 
strate  it ;  whence  it  is  sufficiently  manifest,  that  this  plsne 
divides  the  cylinder  into  two  oth^ :  and  the  same  thfaig  is 
understood  to  be  supplied  in  Prop.  14. 

PROPOSITION  XV. 

^'  And  complete  the  cylinders  AX,  EO."  Both  the  emia- 
dation  and  exposition  of  the  proposition  repieaent  the  cylin- 
ders as  well  as  the  cones,  as  already  described :  wherefore  tbe 
reading  ought  rather  to  be,  "  and  let  the  conea  be  AIiQ'  EKO; 
"  and  the  cylinders  AX,  EO." 

The  first  case  in  the  second  part  of  the  demonatratioD  is 
wanting ;  and  something  also  in  the  second  case  of  tliat  psrt, 
before  the  repetition  of  the  construction  is  mentioaed;  which 
are  now  added. 

PROPOSITION  XVII. 
In  the  enunciation  of  this  proposition  the  Oreek  wofdi  tk 

rwt    fjLti(of»    c^oui^w    OTi^i^i'    vo^^c^^ov   lyy^ot^CM    fjai    ^^mSm  'A 

lyJta-aotoq  a^ai^^  Kar»  'nit  iTTif  aya«y  are  thus  tranalated  by 
Commandine  and  others,  **  in  majori  solidum  polyhedram  de«' 
'^  scribere  quod  minoris  sph«ne  superficiem  non  tuigat ;"  that 
is,  "  to  describe  in  the  greater  sphere  a  adid  polvbednm 
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■■•frliicli  Ehall  not  meet  the  superficies  of  the  lesser  sphere:" 
whercbjr  they  refer  the  words  issts  t^i  irt^amat  to  these  next 
to  them  lii  i\aavonq  ET^si^t :  but  they  ought  by  no  means  to 
be  thus  translated :  for  the  solid  polyhedron  doth  not  only 
meet  tlie  superficies  uf  the  lesser  sphere,  but  pervades  the 
whole  of  that  sphere  :  therefore  the  aforesaid  words  are  to  be 
referred  to  ro  nifiir  mxCtifot,  and  ought  thus  to  be  translated, 
vii.  "  to  describe  in  the  greater  sphere  a  solid  polj-liedron  whose 
superficies  shall  not  meet  the  lesser  sphere ; "  as  the  meaning 
of  the  proposition  necessarily  requires. 

The  demonstration  of  the  proposition  is  spoiled  aad  mtiti' 
lated:  for  some  easy  things  arc  very  explicitly  demonstrated, 
while  others  not  so  obvious  are  uot  suttdently  explained ;  for. 
example,  when  it  is  oitirmed,  that  the  square  of  KB  is  greater 
than  the  double  of  the  square  BZ,  in  the  first  demonstra- 
tion ;  and  that  tlie  an^e  BZK  is  obtuse,  in  the  second :  both 
which  ought  to  have  been  demonstrated :  besides,  in  the  first 
demooMrarion,  it  is  said,  "  draw  Kii  from  the  point  K,  per- 
"  pcndicutar  to  BD;"  whereas  it  ought  to  have  been  said, 
"join  KV,"  and  it  should  have  been  demonstrated,  that  RV 
is  perpendicular  to  BD ;  for  it  ia  evident  from  the  figure  in 
Hcrvagius's  and  Gregory's  editions,  and  from  the  words  of  the 
demonstration,  that  the  Greek  editor  did  not  perceive  that  the 
perpendicular  drawn  from  the  jwint  K  to  the  straight  line  BD, 
must  necessarily  fall  upon  the  point  V,  for  in  the  figflrc  it  is 
m>de  to  fait  upon  the  point  n,  a  different  point  from  V,  which 
is  likewise  supposed  in  the  demonstration.  Commaudine 
!iecms  to  hove  been  aware  of  this  ;  for  in  this  figure  he  marks 
une  and  the  same  point  with  two  letters  V,  12 ;  and  before 
Commandine,  the  learned  John  Dee,  in  the  commentary  he 
annexes  to  this  proposition  in  Henry  Billingslcy's  translation 
of  the  Elements,  printed  at  London,  ann.  1570,  expressly 
takes  notice  of  this  error,  and  gives  a  demonstration  suited 

p-lo  the  construction  in  the  Greek  text,  by  which  he  shews  that 

■Ae  perpendicular  drawn  from  the  point  K  to  BD,  must  neces- 

B^Hy  &11  upon  the  point  V. 

•^.Iiikewise  it  is  not  demonstrated,  that  the  quadrilateral 
figures  SOFT,  TPRY,  and  the  triangle  VRX,  do  not  meet  the 
Wser  sphere,  as  wos  necessary  to  have  been  done ;  only  Cla- 
ns, as  &r  as  I  know,  has  observed  this,  and  demonstrated 
kiby  a  lemma,  which  is  now  premised  to  this  proposition, 
Wtbing  ottered,  and  more  briefly  demonstrated. 
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lo  the  eonUary  of  tbk  propMitioii,  it  is  wajrpmmA  iimZ  t 
floiid  poljliedroa  is  dctoribed  in  the  other  spheie  nmikr  t* 
that  which  is  deeeited  ia  the  wpken  BCDE  ;  hot,  M  the  cto- 
etnictieB  hy  which  diie  may  be  done  ie  not  fgtwm,  it  wai 
thoQgiit  proper  to  gito  lt»  and  to  demoiiiCrate  t^t  the  pynn 
mids  in  it  are  siaufan*  to  those  of  the  same  order  in  the  solid 
polyhednm  deseribed  in  the  sphere  BCBB. 


From  the  preceding  noteob  it  is  snficiently  evident  bow 
mndi  the  Elements  of  Bnelid*  who  was  a  BK»t  aceente 
geoBMter,  have  bden  vlliated  aiM*  ttntOated  by  Ignorant  eii« 
ton.    no  opinion  which  the  greatest  part  of  learned  men  litre 
entertained  concerning  the  present  Chreek  edition,  tis.  tluit 
it  is  Tery  little  or  nothing  diflhrent  from  the  genuine  woi^  of 
Enelid,  has  withoot  doubt  deceived  them,  and  made  thas 
less  attentive  and  accurate  in  examining  that  edition;  wherdf 
several  errors,  some  of  them  gross  enough,  have  escaped  their 
notice,  from  the  age  in  whichJTheon  lived,  to  this  time.    Up» 
wUeh  aeeonat  there  is  some  ground  to  hope,  tikat  AHm 
we  have  taken  in  conreetlttg  those  enors»  atftf  thBii^^^ 
Elements  as  fiur  as  we  could  from  blemishes,  will  iiOl,b^  V9\ 
cisptable  to  good  judges,  who  can  discern  when  detpoMtft- 
t^alB  are  legitimate,  and  when  they  are  not. 

The  objections  which  since  the  first  editiim  have  been  made 
against  some  things  in  the  notes,  especially  agsiiiil  thi'^dM 
tnaa  of  pn^rtionals,  have  either  been  fully  artsistond  jn  Dr. 
Barrow's  Lect.  Mathemat.  and  in  these  notes ;  or  aio  $^9 
except  one  which  has  been  taken  notice  of  in  the  note  on  Prop- 
1.  Book  11.,  as  shew  that  the  person  who  madh  €Mm  fas  idi 
sufficiently  considered  the  things  against  which  diey  are 
brought ;  so  that  it  is  not  necessary  to  make  any  fttrthet  an* 
awer  to  these  objections  and  others  like  them  i^net  Budid*! 
definition  of  proportionals,  of  which  definition  Dr.  JEbiHiV 
justly  says  in  page  297  of  the  above-named  bodt,  that  **  lird 
*'  machinis  impulsa  validioribufli,  >  fttomi^  permstat  raiitav 
''cussa."  jlwfl 

BND  or  mtt  MOIPB8.'  i^i»  A  -''^ 
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EUCLID'S    DATA. 


DEFINITIONS. 


I.  SfaCBS,  lioesi  luid  angles,  are  said  to  be  given  in  magm- 
tnd^j  when  equals  to  them  caii  be  found. 

!.'  A  ratio  is  said  to  be  ^ven,  when  a  ratio  of  a  given  magni- 
ide  to  a  given  magnitude  which  is  the  same  ratio  with  it 
can  be  found, 

III.  Reotilineol  ligures  are  aaid  to  be  given  in  species,  which 
have  each  of  their  angles  given,  and  the  ratios  of  their  sides 
given. 

IT.  Points,  lines,  and  spaces,  are  aaid  to  be  given  in  position, 
which  have  always  the  same  situation,  and  which  are  either 
^actually  exhibited,  or  can  be  found. 

.  An  angle  is  said  to  be  given  in  position,  which  is  contained 
*  iy  itnight  lines  given  in  position. 

a  A  circle  is  said  to  be  given  in  magnitude,  when  a  sirajght 
line  from  its  centre  to  the  circumference  is  given  in  magni- 


.  A  circle  is  said  to  be  given  in  position  and  magnitude,  the 
I  centre  of  which  is  given  in  position,  and  a  straight  line  from 
I  It  to  Uie  ciiGmnference  is  given  in  magnitude. 


Vlt-  SegVi«nU  of  cirolex^  are  JMJil  ti>  be  giveo  in  mugnitlldL-, 
<  when  the  angle*  in  them,  aiu)  t)teir  baaes,  are  giwen  in  mag- 
nitude. 

Til.  &«^ments  of  circles  are  siid  to  be  given  in  poution  snj 
,   nagnitude,  when  the  angles  in  them  are  giyen  in  magni- 
tnde,  and  their  bases  are  given  both  in  jiosition  and  magni- 
tude. 

IX.  A  magnitude  is  said  to  be  greater  tlian  another  by  a  pirt 
'  magnitude,  when  this  given  mngnitude  being  token 'froia  it. 

the  remainder  in  equal  to  the  other  magnitude. 

X.  A  Diogiiitude  is  said  to  be  Inns  than  another  b)"  b  jirea 
magoitude,  when  this  given  magnitude  being  «dd«d,Wji(« 
tb«  whole  is  equal  to  the  other  magnitude.  :„.'I3m  *Uj  u^ 

■^di  998     .bMMil 


The  ratio  ^ 


PROPOSITION  I. 
rji  maenllude*  In  one  another  U  ft 


Let  A,  B  be  two  given  niagnitucies  :  the  ratio  of  A  to  I 
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Because  A  is  a  given  magnitude,  there  may  • 
be  found  one  equal  to  it ,-  let  this  be  C :  and 
because  B  is  given,  one  equal  to  it  may  be 
found  i  let  it  be  D  ;  and  sinee  A  \s  equal  to  C, 
and  B  to  D  ;  therefore  ■  A  is  to  B,  as  C  to  D ; 
and  consequently  the  ratio  of  A  to  8  is  given, 
because  the  ratio  of  the  given  magnitudes  C,  D,  n'hidt  it  tlie 
same  with  it,  has  been  found. 

PROPOSITION  II. 

1/ a  given  magnitude  haveagiren  ratio  to  another  magnUuJe, 
"  andifuHio  the  Itva  magnitudes  bi/  ahich  the  gm»  ralk 
"  13  exhibited,  and  the  given  magnitude,  a  Jimrlh  prvpor- 
"  lianol  can  be  found  "  ;  the  other  magnitude  is  gj^etf,     , 

Let  the  given  magnitude  A  lia^-e  a  given  ratio  to  the  inW 
nitude  B  :  if  a  fourtb  proportional  can  be  found  to  the  (tri* 
magnitudes  above  named,  B  is  given  in  magnitude. 


liii 


rilOPOSITIONS    III.    IV. 

is  giren,  n  aiagnitudu  may  be  found  equal  to 
it  *  ;  let  this  be  C ;  and  because  tlie  ratio  of  A  to  B  is  given,    ' 
a  ratio  which  is  the  same  with  it  may  be  found 
let  this  be  the  ratio  of  the  given  magnitude  E  t 
the  given  magnitude  F :  unto  the  magnitudes  E, 
F,  C,  fiud  a  fourth  proportional  D,  which,  by  the  „  p 

hypothesiH,  can  be  done.     Wherefore,  because  A  T  1 

i»  to  B,  as  E  to  F  :   and  as  E  to  F,  so  is  C  to  D ;  A  |     ' 

ia  *  to  B,  Qs  C  to  D.     But  A  is  equul  to  C ;  there-  ' 

for**  B  i*  equal  to  D-     The  magnitude  D  is  therefore  given  *,    , 
because  a  magnitude  D  equal  to  it  has  been  found. 

The  limitation  within  the  inverted  commas  is  not  in  the 
Qretk  text,  but  is  now  necessarily  added ;  and  the  seme  must 
be  onderatood  in  all  the  propositions  of  the  book  which  depend 
upon  this  second  propoHition,  where  it  is  not  expressly  men- 
tioned.    See  the  note  upon  it. 

PROPOSITION   III. 

If  any  given  magniludei  lie  adrleil  together,  their  siiiii  shall  be 
given. 

Let  any  given  magnitude*  A8,  DC  be  added  together ;  their 
nim  AC  is  given. 

Because  AH  is  given,  a  magnitude  equal      ^ ^     ^ 

to  it  may  *  be  found  (  let  thin  be  DE :  and 

because  BC  is  given,  one  equal  to  it  may  be 

found;  let  this  be  EF:  wherefore,  because 

AB  is  equal  to  DE,  and  BC  equal  to  EF ;  the  whole  AC  is  equal 

to  the  whole  DF ;   AC  is  therefore  given,  because  DF  has  been 

found  which  is  equal  to  it, 

PROPOSITION  IV. 

If  a  givra  magniluite  lie  taken  from  a   given  magnitude,  the 
remaining  mogHtlade  shall  be  given. 

From  the  given  magnitude  AD,  let  the  given  magnitude  AC 
betaken:  the  remaining  magnitude  CB 
isriyen.  * S_B 

Because  Ap    is   given,  a  magnitude      jj E      p 

equal  to  it  may  '  be  found ;  let  this  be  ' 

Df  :  and  becauM  AC  is  given,  one  equal  to  it  may  be  found ; 
iet  this  be  OK :  wherefore,  because  AB  ta  equal  to  DF,  and 
Y  2 


-J^_E 
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AC  to  PE,  tKe  remunder  CB  is  equal  to  tbe  remainder  TC 

*  1  Dcf.        CB  is  therefore  given  *,  becauBe  FE,  wbtcli  is  eqn&l  to  it,  bu 

been  found- 
(  la.  )  PROPOSITION  V. 

See  N.  If  t^  three  magniludei,  l/ie  Jirsl  together  fpilh  ihe  tecond  U 

given,  and  also  the  necond  togrther  with  the  third  :  eilkrr 
ihejint  is  equal  lo  the  third,  or  one  of  them  it  greater  than 
lie  other  hy  a  given  magnitude. 

Let  AB,  BC,  CDb«  three  magnitudes,  of  wliich  AD  together 
with  BC,  that  is,  AC,  is  given;  and  ulut  BC  together  w-ith  CD, 
thnt  it,  BD,  is  given  :  either  AB  is  equal  to  CD,  or  oaeof  tbem 
is  greater  than  the  other  by  a  giveo  tnagnituile. 

Because  AC,  BD  are  each  of  them  given,  th^  Bie  other 
equal    to    one   another,   or   nut   equal. 

First,  let  them  becqual, and  because  AC      \     3 p     p 

is  equal  to  BD,  take  away  the  common 

part  BC;  therefore  the  remainder  AB  is   equal   to  tibe  rt- 

maindcr  CD. 

But  if  they  be  unequal,  \et  AC  be  greater  tlmi  BD,  nd 
mnke  CE  equal  to  BD.  Therefore,  C£  is  given,  because  BD 
is  given.     And  the  whole  AC  is  given; 

•  i  Dal.        therefore  ■  AE  the  remainder  is  given.      A  g      B      P     P 

And  because  EC  is  equal  to  BD,  by  ta- 
king BC  from  both,  the  remainder  EB  is  equal  to  the  remaindn 
CD.     AndAElsgiven;  wherefore  AB  exceeds  EB,  that  is,  CD, 
by  the  given  magnitude  AE. 


{  5.  )  PROPOSITION  VI. 

S«  N.  If  a  rnagnilude  have  a  given  ratio  to  a  part  of  il,  U  shaU  aUa 

have  a  given  ratio  to  the  remaining  part  ofil. 

Let  the  magnitude  AB  have  0  g^veti  ratio  to  AC  a  part  uf 
it :  it  has  also  a  given  ratio  to  the  remainder  BC. 

Because  the  ratio  of  AB  to  AC  is  given,  a  ratio  rosy  be 

■  i  Dcf.        found  *  which  is  the  same  to  it :  let  this  be 

the  ratio  of  DE,  a  given  magnitude  to  the     .A S—B. 

given  magnitude  DF.     And  because  DE,     *j  p    r 

■  4  Dii.        DF  are  given,  the  remainder  FE  is  *  giren: 

■  E.  a.         and  because  AB  i«  to  AC,  as  DE  to  DF,  by  conversion  *  AB 

is  to  BC,  as  DE  to  EF.     Therefore,  the  ratio  of  AB  to  BC  is 


given,  because  tbe  ratio  of  the  given  magaituUcs  DE,  EF, 
which  is  the  same  nith  it,  has  been  found. 

Cor.     Prom  this  it  follows,  that  the  part*  AC,  CB  have  a 
given  ratio  to  one  another  :  because  as  AB  to  BC,  bo  is  DE  to 
EF  ;  by  division  *  AC  is  to  CB,  as  DF  to  FE  ^  and  DF,  FE  are   •  17.  6. 
given ;  therefore  "  the  ratio  of  AC  to  CB  is  given.  •  a  Dof. 


PROPOSITION  VI I. 


(6.) 


If  two  magniliides  tvhich  have  a^ven  ratio  to  (me  auolhcr  be   S«  N. 
added  logelher,  l/ie  iv/iole  magnitude  shall  have  to  each  of 
than  a  given  ratio. 

Let  the  magnitudes  AB,  BC,  which  have  a  given  ratio  to 
one  another,  be  added  together :  the  whole  AC  has  to  each 
of  the  magnitudes  AB,  BC,  a  given  ratio. 

Because  the  ratio  of  AB  to  BC  is  given,  a  ratio  may  be 
found*  wliich  is  the  same  with  it ;  let  this  be  the  ratio  of  the   •  g  Dd. 
given  magnitudes   DE,   EF  :  and  because 

DE,  EF  ore  given,  the  whole  DF  is  given" :      A . B S     •  3  Dm. 

and  because  as  AH  to  BC,  so  is  DE  to  EF ;      p  ^     f 

by  composition  ■  AC  is  to  CB  as  DF  to  FE  ;  ■  is.  b. 

and  by  conversion  ",  AC  is  to  AB,  as  DF  to  DE :  wherefore   •  E.  5. 
because  AC  is  to  each  of  the  magnitudes  AB,  BC,  as  DF  to 
each  of  the  others  DE,  £F;  the  ratio  of  AC  to  each  of  the 
nu^nitudes  AB,  BC  is  given  *.  •  s  Dcf. 

PBOPOSITION  VIII.  (  7.  ) 

ff  a  given  magnitude  be  divided  into  Inro  jmrls   tvhich  have   See  N. 
n  gii'en  ratio  to  one  avoiher,  and  if  a  fourth  proportional 
can  be  found  to  the  suvi  of  the  two  magnitudes  by  which  the 
n  ratio  is  exhibited,  one  of  Ihcm,  and  the  given  magni- 
^iude  ;  each  if  the  parts  is  given. 


Jjct  the  given  magnitude  AB  be  divided  into  the  parts  AC, 
CB,  which  have  a  given  ratio  to  one  an- 
other :    if   a  fourth    proportional  can  be     h -S^ S 

found  to  the    above-named   mugnitudeSj     p  F  .E 

jAC  and  CB  are  each  of  them  given. 

'Because  the  ratio  of  AC  to  CB  is  given,  the  ratio  of  AB  to 
%CJ  (fl  given  *,  therefore  a  ratio,  which  is  the  same  with  it,  can   ' 
rj^  ioati4  *  ;  let  this  be  the  ratio  of  the  given  magnitudes  DE,   ' 
.,E^,:     and  because  the  given  magnilude  AB  haa  to  BC  the 


KITCI.IDH   DATA, 

gireu  racio  uf  Dr.  to  EF,  if  IiRto  DE>  EF,  AB>  a  fuunb|n^l 
portiooal  can  be  found,  thin  which  is  BC  is  given*  ;  ftnd  be- 
cause AB  is  given,  the  other  part  AC  ja  given  *. 

In  the  same  manner,  and  with  the  like  litmtmtioii.  iftbe 
difference   AC  of   two    msgnitndc^  AB,  BC,  whidt   bnt!e« 
given  ratio  be  given,  each   of    the   magnitudes  AB^  B(^!||l1 
given. 

PROPOSITION   IX. 

Magiiiludes  ivliich  have  given  ralica  to  llie  same  mitgnitui 
have  also  a  given  ratio  io  one  aiuMher. 

Let  A,  C  have  each  of  them  a  given  ratio  to  B' 
given  ratio  to  C. 

Because  the  ratio  of  A  to  B  '\t  given,  a  ratio  whick  it 
same  to  it  may  be  found  * ;  let  this  be  the  ratio  ef  Uqgl 
magnitudes  D,  £  :  and  liecause  the  ratio 
of  B  to  C  ia  given,  a  ratio  which  is  the 
same  with  it  may  be  found* :  let  this 
be  the  ratio  of  the  given  magnitudea 
F,  0 :  to  f  >  Qi  G,  find  a.  fourth  propor- 
tional U,  if  it  can  be  donu  ;  luid  because 
aa  A  18  to  B,  so  is  D  to  E  :  and  as  B  to 
C,  90  18  {F  to  G,  and  so  is)  E  to  U  ;  ex 
ffquali,  as  A  to  C,  so  is  D  to  U  :  therefore  the  ratio  of  A  to 
C  is  given*,  because  the  ratio  of  the  given  magnitudes  D  and 
B,  which  is  the  same  with  it,  has  been  found  :  hut  if  a  fourth 
proportional  to  F,  G,  E,  cannot  be  found,  then  it  can  oalj  be 
said  that  the  ratio  of  A  to  C  is  compounded  of  the  ratios  of  A 
to  B,  and  B  to  C,  thnt  is,  of  the  given  ratios  of  D  to  E,  ftiul 
F  to  G. 

PROPOSITION  X. 

If  two  or  more  magniluiies  have  given  ratios  to  one  an^IxT, 
and  if  they  have  given  ratios,  though  they  be  not  Ike  »ame, 
to  tome  other  Tuagititudes  ;  theie  other  magnitudes  thatt  dlw 
hsve  given  ratios  Co  one  another. 

bet  two  or  more  magnitudes  A,  B,  C,  have  gtvtai  rattdhte 
one  another ;  and  let  them  have  given  ratios,  thoii^  tlltj-  be 
not  the  same,  to  some  other  magnitudes  D,  £,,('-  thie'l^ 
nitudci  D,  E,  F  have  giveo  ratio* to  oiie  anotlwi^;""'"^'"  *"' 


I 


PRorosiTwire  xi.  xii. 

-  fienoKt  the  ratia  of  A  to  B  is  giv«u,   uid  tikat 
rMln  of  A  to  D :   therefore  the  ratio  uf  D  to  B  in  giver 
the  ratio  i>(  B  to  B  is  given  ;  thcre- 
tate  *  the  nitio  of  D  to  E  is  given  : 
HD(1  because  the  ratio  of  B  to  C  is     ^-i — ii. — • '    givi-i.tt  - 

given,  uiil  alio  the  ratio  of  B  to  K ;     q :_  ^     ■  y     ■     , 

the  ratio  of  £  to  C  is  given  ■  :  and  •  9  D«u 

the  ratio  of  C  to  F  is  given  ;  wherefore  the  ratio  of  E  to  F  is 
given  ;  D,  £,  F  have  therefore  given  ratias  tu  one  another. 

PROPOSITION  XI.  (  «.  ) 

Iflj^^ma^HitHiUt  have  each  of  them  a  given  ratio  (o  auoHier 
magnitvde,  both  qf  them  together  thall  have  a  gii'Oi  ratio 
.  ^to  that  other. 

"'•  Let  the  msgnitudN  AB,  BC  have  a  given  mtio  to  the  inig<  '  * 

nitude  D :   AC  has  a  given  ratio  to  the  same  D. 

Because  AB,  BC  have  each  of  them  a       .  B      ( 

given  ratio  to  D,  the  ratio  of  AB  to  Bt;  ia  '"" 

given':  and  by  compoaition,  the  ratio  of      '      '    ■  '       -  •  B  D.t. 

AC  to  CB  IB  given  ' :  but  the  ratio  of  BC  to  D  is  givfeM  i  titer^  *  T  Du, 
fore"  the  ratio  of  AC  to  D  is  given.  ^    -■'•'    •  9  Dat 

PROPOSITION  XII.  (  «»■  ) 

tKe  Khoie  have  to  the  whole  a  ghm  ratio,  and  the  parti  8m  n. 

luive  to  the  part*,  given,  but  not  the  same,  ration;  eecry  '  '  *  * 
'"'  tmt  of  them,  tvhiAt  or  part,  ihall  have  to  every  one  a  given 

I.  ,X^  tbc  whole  AB  have  ft  given  mtio  to  the  whole  CD,  and 
the  parts  AE,  EI)  have  given,  but  not  the  same,  ratios  to  the 
parts  CF,  FD :  every  one  shaU  have  to  every  one,  whole  or 
]>art,  a  given  rutio. 

Because  the  ratio  uf  AE  to  CK  is  given ;  as  AE  to  CF,  ao 
make  AB  to  C(i  ;  the  ratio,  therefore,  of  AB  to  CO  is  given  : 
wiiereforc  the  ratio  of  the  remainder  EB  to  the  remnindcr  FO 
is  given,  because  it  is  the  name  *  with  the  •  1 9.  6. 

ratio  of  AB  to  CG  :   and  the   ratio  of  EB      A, 5 B. 

to  .JD  i»  giveoi  wherefore  Uic  ratio  of  FD     C     jj*        ^    P 
,    Jft  ft*  is^vcn." ;  mid,  by  conversion,  the  *  s  D.i, 

^^B^  o£,  ^D  to  DU  is  given'.i  and  because  AB  has  to  eiich  of  *  e  D>t- 
BlEe  magnitudejs  Cp,  cCj,  a  given  rutio,  the  lutio  of  CD  to  CO 
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BUOLro's  DATA. 

Isgiren',  and  therefore*  tbe  ntia  oF  OD  to  DO  is  given: 
but  the  tMio  «f  6D  to  DP  Is  given,  wherefiwe  *  the  ratio  at 
CD  to  DF  ia  given,  and  oonsequently*  the  niti©  »f  CF  to  Mt 
is  given  ;  but  the  ratio  «f  CF  to  AE  is  given,  as  also  the  ratjt 
of  FD  to  ES  ;  wherefore  "  the  ratio  of  AB  to  BB  is  given;  at 
tlM  the  ratio  of  AB  to  each  of  them  *.  The  ratio,  Iherafoi;, 
of  every  one  to  every  one  is  given. 

PBOPOSITION  SIII.  ti_ 

^'  thejirtt  of  three  proportional  straight  Vines  have  a  gnm 
ratio  to  the  third,  thejirsl  shall  also  have  a  gtven  ratio  » 
the  second.  ^ 

'     Let  A,  B,  C  be  three  proportional  straight  lines  ;  that  ft,  m 
A  to  B,  so  is  B  to  C  :  if  A  has  to  C  a  given  ratio,  A  '  "  ' 
have  to  B  a  given  ratio. 

Because  the  ratio  of  A  to  C  is  given,  a  ratio  whieli  biki 
aame  with  it  may  be  found  *  :  let  this  be  the  ratio  at  tkcglvN 
straight  lines  D,  E  ;  and  between  D  and  E,  find  a* 
mean  proportional  F  ;  therefore  the  rectangle  oon- 
tained  by  D  and  E  is  equal  to  the  square  i^F.aiid 
the  rectangle  D,  E  is  given,  because  its  sides  D, 
E  are  given  ;  wherefore  the  square  of  F,  and  the 
straight  line  F  is  given :  and  because,  as  A  ia  to  C, 
■0  is  D  to  E  ;  but  as  A  to  C,  bo  is  *  the  square  of  I  f  ^ 
A  to  the  square  of  B  ;  and  ae  D  to  E,  so  is*  the  |     ' 

square  of  D  to  the  square  of  F :  therefore  the  ' 
square  •  of  A  is  to  the  square  of  B,  aa  the  square  of 
D  to  the  square  of  F  :  as  therefore  *  the  straight  line  A  to  tk 
straight  line  B,  so  is  the  straight  line  D  to  the  straight  line 
F;  therefore  the  ratio  of  A  to  B  is  given*,  because  the  ratiaof 
the  given  straight  lines  D,  F,  which  is  the  same  with  ft  h« 
been  found. 

PROPOSITION  XIV. 
If  a  magnitude,  logelher  with  a  given  magnitude,  have  aptf 
ratio  to  another  magnilude  ;  the  excess  of  this  other  magni- 
tude above  a  given  magnitude,  has  a  given  ratio  tolht^ni 
magnilude :  and  if  the  excess  of  a  magnilude  ahoee  a  gite* 
magnitude  have  a  given  ratio  lo  another  magnitude;  thii 
other  magnitude,  together  rvith  a  given  ""gritvHtj  Ailg  * 
a.:   given  ratio  lo  ihejirst  magnilude.  ,  >.     ., 


pROPOBiTioN  xr. 

Let  tb«  magnitude  AB,  together  with,  the  given  mBgnitude 
BE,  that  is  AE,  have  a  given  ratio  to  tlie  icagnitude  CD :  tb^ 
uceu  of  CD  abort-  a  given  magnitucle  has  a  given  ratio  M 
AQ. 

Becanse  the  ratio  of  AE  to  CD  is  given;  as  AE  to  CD,  so 
nuke  BE  to  FD  i  therefore  the  ratio  of  BB  to  TV  is  given,  and 
BE  is  given  ;  wherefore  FD  ia  given  "  ;  and  * 

because  as  AE  to  CD,  so  is  BE  to  FD,  the     A Tf     E 

Tcmainder  AB  is*  to  the  remainder  OF,  as     ^  ^    p         • 

AE  to  CD :   but  the  rntio  of  AE  to  CD  is 
gircn;  therefore  the  ratio  AB  to  CF  is  given;  that  ia,  OF, 
the  excess  of  CD  above  the  gi\-en  magnitude  FD,  has  a  given 
ratio  to  AB. 

:  Next,  let  the  excess  of  the  magnitude  AB  above  tbo  given 
augnitude  be,  that  is,  let  AE  have  a  given  ratio  to  the  mng- 
nitade  CD  ;  CD  together  with  a  given  magnitude  has  a  given 
jBtioiaAB. 

r  - 1  Beottue  the  ratio  of  AE  to  CD  is  given  ;  as  AE  to  CD  so 
make  BE  to  FD  ;   therefore  tlie  ratio  of  BE  to  FD  ia  given  ; 
and  BE  is  given ;  wherefore  FD  is  given  •  ; 
•nd  because,  as  AE  to  CD,  so  is  BE  to  FD,     a E     p 


P     f 


AB  is  to  CP,  08  *  AE  to  CD :   but  the  ratio 

of  AB  to  CD  is  given,  therefore  the  ratio 

.of  AS  to  CF  is  given  ;  that  is,  CF,  which  is  equal  to  CD  t»- 

gether  with  the  given  magnitude  DF,  has  a  given  ratio  tu  AB>.,;i  ..'j  f 

PHOPOSITION  XV.  '"  if^*{ 

If  a  magnitude,  together  tvilh  that  to  which  another  magni-  See  N. 
lude  has  a  given  ratio,  be  given  ;    the  sum  of  this  other, 
and  that  to  which  the  first  magnitude  has  a  given  ratio,  i* 

Let  AB,  CD  be  tivo  m^nitudes,  of  which  AB,  together 
with  BE,  to  which  CD  has  a  given  ratio,  is  given:    CD  ia 
9  ^reu,  together  with  that  magnitude  tO'  which  AB  has  a  given 
•  ntio. 

Becsuse  the  ratio  of  CD  to  BE  isgiven  ;      A p      E 

as  BE  to  CD  so  make  AE  to  FD ;  therefore      f  ?     P 

the  ratio  of  AE  to  FD  is  given,  and  AB  is 
■  gbren,  wherefjore  *  FD  is  given :  and  because  as  BE  to  CD,  so    *  ^  Dat. 
|-&  AE  to  FD:  AB  is*  to  FC,  as  BB  to  CD  :  and  the  ratio  of  BE    *Cot.  la.i, 


I 


D»l. 

L 


avci.tu*  VA1A. 

to  CU  is  given  :   wliereforB  tlie  ralin  of  AB  to  FC  is  given 
aiul  Fl>  is  given,  that  Is,  CD  together  with  FC,  to  which  A9^ 
has  a  given  ratio,  is  given. 


PROPOSITION  XVI. 

Iflkt  areesi  of  it  magnitude  nboie  a  given  magmtnde,  Aau  a 
giteu  ratio  to  nnolher  magnitmie,  the  txceti  of  balk  togttka^ 

■■'■  ofimv  a  gtven  magnilMde,  »haU  haor  to  thai  other  m.g 
ratio:  and  ij'lhe  exceta  i^ two  magnituiUs  togtihvr  abaeew' 
given  magnitude,  have  to  one  of  Iheni  a  giren  ratio,  eilit^J 

-I  He  txcett  of  the  other  above  a  given  magnitude  hat  l^Sud' 

'1^  tnw  a  giivn  ratio,  or  He  other  it  givea  logttkernitAt^  m 
nitudt  to  mkick  that  one  has  a  giuen  ratio.  ■  .Ij.  'lA. 

'"Ijct  the  excess  of  the  magnitude  AB  above  s  gtvtM  ilife^Hnj 
tude,  have  a  given  ratio  to  the  magnitude  DC :  the  exceM  K 
AC  both  of  them  together,  above  tlie  given  magnitude,  "'  "* 
given  ratio  to  BC. 

Lrt  AD  be  the  given  magnitude,  tkc  excess  of  AB  nhoU^ 
which,  viz.  DB,  has  a  given  ratio  to  BC:  '8' 

and  because  DB  bos  b  given  ratio  to  BC,     ^ p    w       ''^. 

the  ratio  of  DC  to  CB  is  given  ",  and  '  ■    ■■■* 

AD  is  given  ;  therefore  DC,  the  excesa  of  AC  above  the  giftt 
magnitude  AD,  has  a  given  ratio  to  BC. 

Next,  let  the  excess  of  two  magnitudes,  AB,  BC  tag«Atfj 
above  a  given  magnitude,  have  to  one  of 
them  DC  a  given  ratio ;  either  the  excess      /^        ?     ?    ^^  ^ 
of  tlie  other  of  them  AB  above  the  given  lo 

magnitude,  shall  have  to  BC  a  given  ratio ;  or  AB  is  grvcii,  %f 
gether  with  the  magnitude  to  which  BC  has  a  given  ratio.    <) 

Let  AD  be  the  given  magnitude,  and  (iret  let  it  be  )eK  thU 
AB  1  and  because  DC  the  excesB  of  AC  above  AD  has  a  grMii 
ratio  to  BC,  DB  has  ■  a  given  ratio  to  BC  ;  that  is,  DB  thcM 
cess  of  AB  above  the  given  magnitude  AD  has  a  glvefl  latit 
to  BC.  >* 

But  let  the  given  magnitude  be  greater  than  AB,  and-iniAil 
AE  equal  to  it ;  and  because  EC,  the  cxceiis  of  AC  above  AK, 
has  to  BC  a  given  ratio,  DC  has*  a  given  rati»  to  BB  ;  ao^ 
because  AE  i*  given,  AB  together  with  BE,  to  which  BC  has  s 
given  ratio,  is  given- 


>BITtON   XVII. 


PBOP08ITJON  XVII.,: 


If  the  txcess  of  a  magnilude  above  a  given  magnitude,  have  Sm  N. 
a  given  ratio  to  another  magnitude,  the  exceit  of  the  tame 
Jirft  magnitude  abwe  a  given  magnitude,  shall  have  a  given 
ratio  to  both  the  magniludet  together.     And  if  the  excen  of 
either  o/*  tiro  magnitvdti  above  a  givett  magnitude,  hate  a 

•  given  ratio  to  both  magnitudes  logefher,  the  etcea  of  the 
tame  above  a  given  magnituile,  thall  have  a  given  ratio  to 
Ike  other. 

'  I  .Let  the  excess  uf  the  magnitude  AB  above  a  given  mugiii- 
tsde,  have  a  given  ratio  to  the  oiogoitudc  BC :  the  e&cma  uf 
AB  above  a  given  magnitude,  lias  a  given  ratio  to  AC. 

Let  AD  be  the  given  magnitude ;  and  because  DB,  the  i^x- 
CpH  of  AB  above  AD,  has  a  giren  ratio  to  BC  ;  the  ratio  of  DC 
tg  DB  ia  given  *  ;  make  the  ratio  of  AD  *  7  Dil 

eIrDE  the  •ame  with  this  ratio;  there-      a        "p   y  ^      C 
wSare  the  ratio  of  AD  to  DH  is  given; 

Ipfpd  AD  is  givcD,  ivtierefoTc  *  DE  and  the  remainder  AB  are  *  3  Dd^. 
And  because  as  DC  to  DB,  bo  ij  AD  to  DE,  AC  is  •  to  '  18.  a. 
E ^,  aa  DC  to  DB :  and  the  ratio  of  DC  to  DB  is  givcu ;  nhere- 
^«K  the  ratio  of  AC  to  EB  is  given ;  and  beeauac  the  ratio  of 
I  to  AC  is  given,  and  that  AE  is  given,  tliercfore  EB  tlie 
seas  of  AB  above  the  given  magnitude  AE,  has  a  given  ratio 
I  t*,AC. 

Next,  let  the  excess  of  A  B  above  a  given  magnitude  have  n 
V|BTOn  ratio  to  AB  and  BC  together,  that  is,  to  AC ;  the  excess 
^^  AB  above  a  given  magnitude  has  a  given  ratio  to  BC. 

t  AE  be  the  given  magnitude;  and  because  EB  the  ex- 
cess of  AB  above  AE  has  to  AC  agiven  ratio,  as  AC  to  EB  so 
make  AD  to  DE  ;  therefore  the  ratio  of  AD  to  DE  is  given,  as 
alao*  the  ratio  of  ADtoAE;  and  AE  is  given,  wherefore'   *ODai. 
AD  is  given  :  and  because,  as  the  wliole  AC  to  the  whole  EB,   *  3  Dit. 
MiaADtaDE,  tlie  remainder  DC  is*  to  the  remainder  DB,  aa  *  19,  i. 
AC  to  EB ;  and  the  ratio  of  AC   to  EB  is  given  ;  wherefore 
tlw  ratio  of  DC  to  DB  is  given,  as  also  *  the  ratio  of  DD  to  BC :   *  Cnr.  e. 
asd  AD  is  given ;  therefore  DB,  the  excess  of  AB  above  a   '^*'' 
given  magnitude  AD,  hus  a  yii-cn  ratio  to  BC. 
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PKOPosiTioN  xvin. 

If  lo  each  of  iKo  mngnUudes  tvhich  have  a  given  ratio  to 
one  another,  a  given  magnitude  be  added,  the  niholet  shall 
either  have  a  glecn  ratio  lo  one  attolher,  or  the  excen  e^me 
of  them  above  a  given  magnitude,  shall  have  a  given  ratio  to 

the  other. 

Let  the  two  magnitudes  AB,  CD  hare  a  given  ratio  to  one 
unother.  and  to  AB  let  the  giTcn  magnitude  BE  be  added) 
and  the  given  magnitude  DF  to  CD:  the  wholes  AE,  CF 
either  have  a  given  ratio  to  one  another,  or  the  excess  of  one 
of  them  aLovc  a  given  mngnitude,  has  a  given  ratio  to  tbn 
Other. 

Because  BE,  DF  are  each  of  them  given,  their  ntio  *  i* 
given,  and  if  this  ratio  be  the  same  with  the  Tsdo  of  AB  to 
CD,  the  ratio  of  AE  to  CF,  which  is  the  same  * 
with  the  given  ratio  of  AB  to  CD,  shall  be 
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given. 

But  if  the  ratio  of  BE  to  DF  be  not  the 
same  with  the  ratio  of  AB  to  CD,  either  it  is 
greater  than  the  ratio  of  AB  to  CD,  or,  by  to: 
ratio  of  DF  to  BE  is  greater  than  the  ratio  of  CD  to  AB :  fir»t, 
let  the  ratio  of  BE  to  DF  be  greater  than  the  ratio  of  AB  to 
CD;  and  as  AB  to  CD,  ao  make  BO  to  DF ; 
therefore  the  ratio  of  BG  to  DF  is  given  ;     Ay         ?     B 
and  DF  is  given,  tlierefore  *  BG  is  given  '■     c      Ji  T 

and  because  BE  has  a  greater  ratio  to  DF 
than  (AB  to  CD,  that  is  than)  BO  to  DF,  BE  is  greater*  thaD 
BO :  and  because  as  AB  to  CD,  so  is  BG  to  DP ;  therefore  AO 
is  •  to  CF,  as  AB  to  CD :  but  the  ratio  of  AB  to  CD  is  pi-eo, 
wherefore  the  ratio  of  AQ  to  CF  is  given :  and  because  BE, 
BG  are  each  of  them  given,  GE  is  given :  therefore  AG,  the 
excess  of  AE  above  a  given  magnitude  OE,  has  a  given  mtia 
to  CF.     The  other  case  is  demonstrated  in  the  same  manner. 


PROPOSITION  XIX. 
I/from  each  of  ttro  magnitudes  tvhick  have  a  gi 
one  another,  a  given  magnitude  be  taken,  the 
shall  either  have  a  given  ratio  to  one  another,  o 
of  one  of  them  above  a  given  magnitude,  shall  have  a 
ratio  to  the  other. 


ratio  It 
minjers 
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Let  the  magnitudes  AB,  CD  have  a  given  ratio  to  one  an- 
other, and  from  AB  let  the  given  nukgnitude  AE  be  taken,  and 
from  CD  the  given  magnitude  CF :  the 
remainders  EB,  FD  shall  either  have  ^     a.        E  B 

given  ratio  to  one  another,  or  the  exceea     ~     Z"" 

of  one  of  them  above  a  given  magni-       ■ — __ 

tude  shall  have  a  given  ratio  to  the  other. 

Because  AE,  CF  are  each    of  them    given,  their  ratio  is 
giren  * ;  and  if  this  ratio  be  the  same  with  the  ratio  of  AB  to  *  1  Dii. 
CD,  the  ratio  of  the  remainder  EB  to  the  remainder   FD, 
wiiich  is  the  same  '  with  the  given  ratio  of  AB  to  CD,  shall    *  19.  5. 
be  given. 

But  if  the  ratio  of  AB  to  CD  be  not  the  same  \vith  the  ratio 
•f  AE  to  CF,  cither  it  is  greater  than  the  ratio  of  AE  to  CF  '  '  * 

m,  bf  inversion,  the  ratio  of  CD  to  AB  is  greater  than  the 
ntio  of  CF  to  AE :  first,  let  the  ratio  of  AB  to  CD  be  greater  ■ '  " 

tbe  ratio  of  AE  to  CF,  and  as  AB  to  CD,  so  make  AG  to 
therefore  the  ratio  of  AO  to  CF  is 

given,  and  CF  is  given,  wherefore  •     A E QS    '  *  ^"■ 

AG  is  given  ;  and  because  the  ratio  of     c         F      D 
AB  to  CD,  that  is,  the  ratio  of  AO  to 

CF,  is  greater  than  the  ratio  of  AE  to  CF ;  AO  is  greater*  •  10.  8. 
tbau  AE  :  and  AG,  AE  arc  given,  therefore  the  remainder  ECt 
ji  pven  ;  and  as  AB  to  CD,  so  is  AG  to  CF,  and  so  is  *  the  •  19.6. 
■emainder  GB  to  the  remainder  FD  ;  and  the  ratio  of  AB  to 
CD  is  given ;  wherefore  the  ratio  of  QB  to  FD  is  given  ;  there-  '  _'  E  ■ 

,  fivre  GB,  the  excess  of  EB  above  a  given  magnitude  EG,  has 
agiven  ratio  to  FD.     In  the  same  uiunner  the  other  case  i|         .i,n  * 
f^onatrated.  1 

PROPOSITION  XX.  t  '<•■  ) 

^  lo  one  of  two  magnitudes  tehk-h  have  a  given  ratio  lo  one 
another,  a  given  magnitude  he  added,  andjrom  the  other  a 
given  magnilitde  he  taken  ;  the  excest  of  the  sum  above  a 
given  magnitude,  tkall  have  a  given  ratio  to  the  remainder. 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to  one 
Another,  and  to  AB  let  the  given  magnitude  EA  be  added, 
,'^d  from  CD  let  the  given  magnitude  CF  be  taken :  the  excess 
>  ^  the  sum  EB  above  a  given  magnitude  baa  a  given  ratio  to 
,  the  remainder  FD. 
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BcoaiiBC  tlic  ratio  of  AB  to  CD  is  given,  make  u  AB  to  CD, 
so  AO  to  CF :  therefore  tlie  ratio  of  AG  to  CP  ia  given,  ud 
CFisgivon,  wherefore  •  AOiagiwn:  and 

EA  is  given,  therefore  the  whole  EO  is      i — J^ if-   9 

given;  and  because  as  AB  to  CD,  so  is     C  y       D 

AO  to  CF,  Rnd  so  IB  *  the  remainder  OB 
to  the  remainder  FD  ;  the  ratio  of  GB  to  FD  is  given.    Aai 
EQ  is  given,  therefore  OB,  the  excess  of  thr  sunt  EB  aheve 
the  given  magnitude  EG,  has  a  given  ratio  to  the  remaJodfr 


PROPOSITION  SXI. 

If  two  magni/udcs  have  a  given  ratio  lo  uiic  another,  '/a  give* 
magnitude  he  added  to  one  of  them,  and  the  other  be  Ifilxn 
from  a  given  magnitude;  Ike  sum,  together  teiih  fAcm^i-- 
tude  to  which  the  remainder  hat  a  given  ratio,  it  given: 
and  the  remainder  is  giiien  together  mtk  the  jHagnihide  W 
tvhich  the  mm  hat  a  given  ratio. 

Let  the  two  magnitudes  AB,  CD  have  a  given  istiol*  <m^ 
another;  and  to  AB  let  the  given  magnitude  B£  be  added, 
and  let  CD  L>c  taken  from  the  given  magnitude  FD:  the  min 
AG  is  given,  ti^ether  with  the  magnitude  to  which  th«  re- 
mainder FC  has  a  given  ratio. 

Because  the  ratio  of  AB  to  CD  is  given,  make  as  AD  to  CD. 
so  OB  to  FD :  therefore  the  ratio  of  GB  to  FD  is  given,  and  FD 
is  given,  wherefore  GB  is  given  "  ;  and 
BE  IB  given,  the  whole  GE  is  therefore     G — 4 — — ?  J  ' 

given:  and  because  as  AB  to  CD,  so  ia      F         <^ S' 

OB  to  FD,  and  so  ia"  GA  to  FC ;  the  *1 

ratio  of  GA  to  FC  is  given:    and  AE  tf^thcr  \rith  OA  b 
given,  because  GE  is  given  ;  therefore,  the  sum  AE,  tegetW'  J 
with  OA,  to  which  the  remainder  FC  has  a  given  ratio,  S~ 
given.     The  second  part  is  manifest  from  Prop.  15. 

PROPOSITION  XXII. 

Iftnv  magnitudes  have  a  given  ratio  to  one  another,  if  Jra>fgi  | 

one  <f  them  a  given  magnitude  lie  taken,  and  tht  other  ih^l  | 

taken  from  a  given  magnitude  ;  taeh  t^'  the  rtmaind^t  if3  I 

given,  together  milk  the  magnitude  to  which  the,  vthir^Jf^  I 

•     moinder  has  a  given  ratio.  .    . 


PROPOSITtltM'  XXttl. 

Lcttlie  two  tnagnitadn  ABi  CD  )i&ve  a  given  ratio  to  one 
■mother,  aud  fnnn  AB  l4jt  the  given  magnitude  A£  be  Cukeiii 
and  let  CD  be  taken  from  ibe  given  magnitude  CF :  the  re- 
tatioioi  EB  is  given,  together  with  the  magnitude  to  which 
the  other  remainder  DF  has  a  given  ratio. 

Because  the  ratio  of  AD  to  CD  in  given,  make  as  AB  to  CD, 
UAO  toCF:  the  ratio  of  AO  to  CF  is  therefore  given,  and 
OF  M  given,  wherefore  *  AG  ia  given ;  and 
AB  is  given,  and  therefore  the  remainder     A        y.  y         a 


:  and  because  as  AB  to  CD,  c 


-]?- 


I 


is  AG  to  CF :  and  !iu  is  •  the  remainder  BG 
to  the  remainder  DF ;  l)ie  ratio  of  BG  to  DF  is  given :  and  EB  -* 

together  with  BG  is  given,  because  EG  is  given  :  therefore  the  ;^ 

reiiiainder  EB,  tt^ether  with  BG,  to  which  DF,  the  other  re- 
mainder has  a  given  ratio,  is  given.  The  second  port  is  plahi 
from  this  and  Prop.  15. 

PROPOSITION  XXIII.  (  so. 

1^m^M*o  giptH  vutgiuludet  l/iere  be  taken  iiuigniiudes  H'hio/i    Set  K. 
L      fimm  a  givm  ratio  to  one  another,  the  remaindert  tkalleiihtr 
I     ,iave  a  givra  ratio  to  one  atiother,  or  the  exceit  of  one  of 
^        tMeviabovt  a  givcnmagnilude  s/ialt  have  a  gieen  ratio  to  iht 
other. 

Ijet  AB,  CD  be  two  given  magnitudes,  and  from  them  let 
the  magnitudes  AE,  CF  which  have  a  given  ratio  to  one  an-.,  „ 

other,  be  taken  :  the  remainders  EB,  FD,  either  have  a  givet^y 
ratio  to  one  another,  or  the  excess  of  one  of  them  above  1^ 
given  magnitude  has  a  given  ratio  to  the  other.  . .,  .; 

Because  AB,  CD  are  each  of  them  given,  the  ratio  of  AB 
to  CO  is  given ;  and  if  this  ratio  be  the 

with  the  ratio  of  AE  to  CF,  then      A 5 B 

the  remainder  EB  has*  the  same  given      €     f  D  '  '*■*• 

ratio  to  the  remainder  FD. 

But  if  the  ratio  of  AB  to  CD  be  not  the  same  with  the  ratio 
of  AE  to  CF,  it  is  either  greater  than  it,  or,  by  inversion,  the 
rstio  of  CD  to  AB  is  greater  than  the  ratio  of  CF  to  AE :  first, 
let  the  ratio  of  AB  to  CD  be  greater  than  the  ratio  of  AE  to 
CF;'  aoi  as  AE  to  CF,  so  make  AO  to  CD  ;  therefore  the  ratio 
ofXO  tdCD  Isgiven,  because  the  ratio  of  AE  to  cr  is  given; 
mad  CD  is  given  j  wherefore  •  AO  is  p'ven  ;  and  because  the    •  i  On 


KUCLIDB   DATA. 

ratio  of  AB  to  CD  is  greater  than  tiie  ratio  of  (AE  to  CF  tligt 
in,  than  the  ratio  of)  AO  to  CD  ;  AB  is  greater  •  than  AG ; 
AB,  AO,  are  girea;    therefore    the  re- 

maiatler  BG  is  given :  and  because  as  AE     -^ )?■  9  - 

to  CF,  80  ia  AG  to  CD.  and  m  ia  •  EG  to     C  f     D 

FD  i  the  ratio  of  £0  to  FD  is  given :  and 
GB  is  given ;  therefore  EG,  the  exceu  of  EB  above  a  p*m 
magnitude  GB,  has  a  given  ratio  to  FD.  The  otlier  caieil 
shewn  in  the  same  way. 

PROPOSITION  XXIV. 

If  there  be  three  taagnUude*,  ihe  Jrtt  <^n>hich  katagim- 
ratio  to  the  second,  and  the  except  ^  the  aecomd  ajai^y 
gtcen  vmgniiude  hai  a  given  ratio  to  the  third  ;  Ike  a 
oflhejirtt  above  a  giuen  magnitude  thall  alto  havt »  gi^ 

_   ratio  to  the  third. 

'  :' '  Let  AD,  CD,  E  be  the  three  magnitudes  of  which  AB  hi 
given  ratio  to  CD,  and  the  excess  of  CD  above  a  given  nag 
mde  has  a  given  ratio  to  E  :  the  esccss  of  AB  above  «  gr 
magnitude  has  a  given  ratio  to  £. 

Let  CF  be  the  given  magnitude,  the  excess  of  CD  ab 
which,  vis.  FD  has  a  given  ratio  to  G :  and  because  Um  a 
of  AB  to  CD  is  given,  as  AB  to  CD,  so  make  AG  toCF;  th< 
fore  the  ratio  of  AG  to  CF,  is  given:  and  CF  is  given,  wh« 
fore*  AG  is  given:  and  because  as  AB  to  CD,  so 
is  AOto  CF,  and  so  is"  GB  toFD;  the  ratio  of  GB 
to  FD  is  given.  And  the  ratio  of  FD  to  E  is  given, 
wherefore  "  the  ratio  of  GB  to  E  is  given,  and  AO 
is  given ;  therefore  GB  the  excess  of  AB  above  a 
given  magnitude  AG  has  a  given  ratio  to  E. 

Cos.  1.  And  if  the  first  have  a  given  ratio  to 
the  second,  and  the  excess  of  the  first  above  a  given  ma 
tude,  have  a  given  ratio  to  the  third;  the  excess  of  the  aei 
above  B  given  magnitude,  shall  have  a  given  ratio  to  the  tl 
For,  if  the  second  be  called  the  first,  and  the  first  the  sac 
this  corollary  will  be  the  same  with  the  progxisition. 

Cob.  2.  Also,  if  the  first  have  a  given  ratio  to  the  aecant 
and  the  excess  of  the  third  above  a  given  magnitude,  have  ti^ 
a  givsn  ratio  to  the  second,  the  same  excess  shull  have  a  giM9 
ratio  to  the  first ;  as  ia  evident  from  the  9th  Dat. 
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PROPOSITION  XXV. 


[f  there  be  three  magniludcx,  the  excest  of  Ihejirnl  whereof 

^"tlbove  a  given  magtiilude  hat  a  given  ratio  le  the  tecond,  and 

the  eaeest  oflhe  third  above  a  gieen  magnilnde  hat  a  given 

ratio  to  the  same  tecoiid  ;  thejirst  shall  either  have  a  given 

J*ivtio  to  the  third,  or  the  excest  of  one  of  them  above  a  given 

'  ^agnitnde  shall  have  a  given  ratio  to  the  other. 

Ziet  AB,  C,  DE  be  three  magnitudes,  and  let  the  excesses 
of  each  of  the  two  AB,  DE,  above  given  magnitudes,  have  given 
ratios  to  C :  AB,  DE,  either  have  a  given  ratio  to  one  another, 
or  the  excess  of  one  of  them  above  a  given  magnitude,  has  a 
fhnn  ratio  to  the  other. 

FB  the  excess  of  AB  above  the  given  magnitude  AF, 
B  a  given  ratio  to  C ;  and  let  OE,  the  excess  of 
above  the  given  magnitude  DG,  have  a  given 
B  to  C ;  and  because  FB,  GE  have  each  of  them 
tren  ratio  to  C,  they  have  a  given  *  ratio  to  one 
.  But  to  FB,  GE  the  given  magnitudes 
^  DO  are  added ;  therefore  *  the  whole  magni- 
les  AB,  DE  have  either  a  given  ratio  to  one  another,  or  the 
Ma  of  one  of  tliem  above  a  given  magnitude,  hnn  a  given 
to  to  the  other. 

PROPOSITION  XXVI. 

there  be  three  magnitudes,  the  excesses  of  ouc  of  which 
piove  given  magnitudes,  have  given  ratios  to  the  other  Itvo 
Magnitudes  ;  these  tivo  shall  either  have  a  given  ratio  to  one 

mother,  or  lite  excess  of  one  oflkcin  above  a  given  magni- 

ude,  shall  have  a  given  ratio  to  the  other. 

Xet  AB,  CD,  EF  be  three  magnitudes,  and  tet  GD,  the  ex- 

i  of  one  of  them  CD  above  the  given  magnitude  CO,  have 

fFen  ratio  to  AB  :   and  also  let  KD,  the  esiceas  of  the  same 

above  the  given  magnitude  CK,  have  a  given  ratio  to  EF: 

r  AB  has  a  given  ratio  to  EF,  or  the  excess  of  one  of 

ni  above  a  given  magnitude  has  a  given  ratio  to  the  other. 
ke$ause  GD  has  a  given  ratio  to  AB,  as  GD  to  AB,  so  make 
to.UA;  therefore  the  ratio  of  CO  to  HA  is  given  ;  and  CO 
pffren,  wicreibre  •  HA  is  given:  and  because  as  OD  to  AB,    ■ 


I 


B  EUCLIDS  DATA. 

».  6.        ao  is  CO  to  HA,  and  so  ia  *  CD  to  tIB  ;  ihc  ratio  of  CD  to  1^ 
in  given :  ntso  because  KD  hat  a  given  ntio  to  BF, 
aa  KD  to  EF,  so  make  CK  to  LE  :  therefore  the 
ratio  of  CK  to  1-B  is  given  ;  aiid  CK  ts  given, 

Dat,        wherefore  LE  •  is  given ;  and  becnuec  as  KD  to 

«.  6.  EF,  so  is  CK  to  LE,  and  ao  •  is  CD  to  LF  ;  the 
ratio  of  CD  to  LF  is  given :  but  the  ratio  of  CD 

Dsi-         to   UB  IB  given  ;  wherefore  ■  the  mlio  of  IID  to 

LF  is  given  ;  and  from  DD,  LF  the  given  magnitudes  B A,  I^ 
being  taken,  the  remainders  AB,  EF  shall  either  have  a  ffttti 
ratio  to  one  another,  or  the  excess  of  one  of  them  above  8  ginft 

9  DiL  magnitude  hu  a  given  ratio  to  the  other  *. 
Anal  Act  Demonslral'ion. 
Let  Alt,  C,  DE  be  three  magiiltudcB,  and  let  the  excesses  •( 
one  of  them  C  above  given  magnitudes,  have  given 
AB.  and  DE;  cither  AB.  DE  have  a  given  ratio  to  oneBnoQid&^ 
or  the  excess  of  one  of  them  above  a  given  mogmtude, 
given  ratio  to  the  other. 

Because  the  excess  of  C  above  a  given  magnitude  has  n  giwfe 

4  Dit.      ratio  to  AB:  therefore*  AB  tc^ther  with  a  given  mi^iiitnd)! 
has  a  given  ratio  to  C  :   let  this  given  magnitude 
be  AF,  wherefore  FD  has  a  given  ratio  to  C ;  also 
because  the  excess  of  C  above  a  given  magnitude 

4  Dal,  has  a  given  ratio  to  DE  ;  therefore^  DE  together 
with  a  given  magnitude  has  a  given  ratio  to  C :  let 
this  given  magnitude  be  DO,  wherefore  OE  has  a 

■  D»i.        given  ratio  to  C  ;  and  FB  has  a  given  ratio  to  C,  thenAie*! 
the  ratio  of  FB  to  OE  is  given :  and  from  FB,  G  E,  thi 
magnitudes  AF,  DG  being  taken,  the  remainders  AB,  Dl 
Mtlier  have  a  given  ratio  to  one  another,  or  the  excess  of 
of  them  above  a  given  magnitude,  has  a  given  ratio  to 

0  Dm,      other  ", 

;  19.  )  PROPOSITION  XXVII. 

If  there  be  three  magnitudes,  the  fxcets  of  ihefirtt  of  kJU 

above  a  given  magmlHde  has  a  given  ratio  to  the  second, 

the  excess  of  the  second  above  a  given  magnitude  hat  i 

given  ratio  to  the  third  ;   the  excess  ofthejirst  above  a 

magnitude  shall  have  a  given  ratio  to  the  third. 

Let  AB,  CD,  E  be  three  mi^nitudes,  the  exoesa  uf  Lbefift' 
of  which  Alt  above  the  given  magnitude  AO,  vie.  QRithakt 


J 


PROPOSITIONS    XKVII.     XXVIII. 

given  ratio  to  CD ;  and  FD  the  excess  of  CD  above  the  given 
magnitude  CF,  has  it  given  ratio  to  E  :  the  excess  of  AB  above 
a  given  magnitude  has  a  given  ratio  to  E. 

Because  the  ratio  of  GB  to  UD  is  given,  as  UB  to  CD,  so 
make  OH,  to  CP  ;  therefore  the  ratio  of  GU  to  CF  is  given  ; 
and  CF  is  given,  wherefore  •  QH  is  given  ;  and  AG 
ia  given,  wherefore  the  whole  AH  is  given:  and     / 
because  as  OB  to  CD,  so  is  OH  to  CF,  and  so  is  •      c 
the  remainder  HB  to  the  remainder  FD  ;  the  ratio 
of  HB  to  FD  is  given  :  and  the  ratio  of  FD  to  E     ' 
is  given,  wherefore*  the  ratioof  HBtoE  is  given:      j 
and  AH  is  given  ;  therefore  HB  the  excess  of  AB 
above  a  given  magnitude  AH,  has  a  given  ratio  to  E. 
"  Olhermise, 

"  Let  AB,  C,  D  be  three  magnitudes,  the  excess  EB  of  the 
"  first  of  which  AB  above  the  given  magnitude  AE  has  a  given 
"  ratio  toC, and  the  excessofCabove  agivcnmagni- 
"  tnde  has  a  given  ratio  to  D  ;  the  excess  of  AB 
"  above  a  given  magnitude  has  a  given  ratio  to  D. 

"  Because  EB  has  a  given  ratio  to  C,  and  the 
"  excess  of  C  above  a  given  magnitude  has  a  given 
"  ratio  to  D,  therefore  '   the  excess  of  EB  above 
"  a  given  magnitude  has  a  given  ratio  to  D :    let 
"  this  given  magnitude  be  EF ;  therefore  FB  the  cxc 
"  above  EF  has  a  given  ratio  to  D :  and  AF  is  given, 
"  AE,  EF  are  given :  therefore  FB  the  excess  of  AB  above  a 
"  given  magnitude  AF,  has  a  given  ratio  to  D. 


5  of  EB 


PROPOSITION  XXVIII.  (  S5.  ) 

one  another,  Ike  point  or  See  N, 
anoiker  are  given. 


JJ'ttBO  lines  given  in   position 
pointt  in  fc/iich  (key  ait 
Let  two  lines  AB,  CD,  given  in  poaitio 
in  the  point  E :  the  point  E  Is  given. 

Because  the  lines  AB,  CD  are  given  in 
position,  they  have  always  the  same  situa- 
tion *,  and  therefore  the  point,  or  points, 
in  which  they  cut  one  another  have  always 
the  same  situation :  and  because  the  lines 
AB,  CD  can  be  found*,  the  point,  or 
F  j]»intfl,  ia  which  they  cut  one  another,  are 


kY     ^b 


H  ijmiHa,  II 
■■dikewUe 


found  ;  and  therefore  are  given  in  position  *. 


3<I0  Euclid's  data. 

(  ««.  )  PROPOSITION  XXIX. 

Jf  the  extremities  of  a  Araight  line  be  givem^  in  pmiium,  tke 
straight  line  is  given  in  position  nnd  mmgnkude, 

■  ■  i 

Because  the  extremities  of  the  straight  line  are  givsen, 

*  4  Def.        they  can  be  found  * :  let  these  be  the  points  A,  Bj  belireeB 

*  1  Postu-     which  a  straight  line  AB  can  be  drawn  *  ; 

^^  this  has  an  invariable  position,  because     a B 

between  two  given  points  there  can  be 

drawn  but  one  straight  line :  and  when  the  stra^l^t  Une  AB 

is  drawn,  its  magnitude  is  at  the  same  time  exbibilei^  or 

given :  therefore  the  straight  line  AB  is  given  ia  poBStjo^and 

magnitude. 


(  «7.  )  PROPOSITION  XXX. 


'.f  -I, < 


If  one  of  the  extremities  of  a  straight  Une  given  in  pimtionwkd 
magnitude  be  given,  the  other  extremity  shaU aUohi'mi^ 

Let  the  point  A  be  gxven^  to  wit,  one  of  the  extrtaiths  'ti 
a  straight  line  given  in  magnitude,  and  whidi '  UeS  ia  Ur 
straight  line  AC  given  in  position :  the  other  extrettiity  is  tbo 
given.  ■' 

Because  the  straight  line  is  given  in  magmtiide,  onee^Ml 
*  1  Def.        to  it  can  be  found  * :  let  this  be  the  straight  line  B :  h&A 
the  greater  straight  line  AC,  cut  off  AB  equal 

to  the  lesser  D :  therefore  the  other  extremity     A 9    C 

B  of  the  straight  line  AB  is  found :  and  the     jy 
point  B  has  always  the  same  situation ;  be- 


cause any  other  point  in  AC,  upon  the  same  side  of  A,  cuts 
between  it  and  the  point  A,  a  greater  or  less  straight  line 
•  4 Def.  than  AB,  that  is,  than  D:  therefore  the  point  B  is  given*: 
and  it  is  plain  another  such  point  can  be  found  in  AC,  pro- 
duced upon  the  other  side  of  the  point  A. 

(  «8-  )  PROPOSITION  XXXI. 

If  a  straight  line  be  drawn  through  a  given  point,  paralldio 
a  straight  line  given  in  position,  that  straight  line  is  gim 
in  position. 

Let  A  be  a  given  point,  and  BC  a  straight  line  given  in  po- 


PROPOSITIONS   XXXII.    XXXIll. 

■Hiim :  the  straight  Lne  drawn  through  A,  panUld  to  BC,  in 
given  in  position. 

Through  A,  draw  •  the  straight  line  DAE  parallel  to  BC  ;   ' 
the  straight  line  DAE  has  ulways  the  same 

position,  because  no  other  straight  line  can  be  C ■ E 

draivTi  through  A  parallel  to  BC :  therefore,  E ^ 

the  Btrnight    line    DAE,    which   has    been 
finind,  in  given  *  in  position. 


PROPOSITION   XXXH. 

/fa  straight  line  be  drarvii  In  a  given  point  in  a  tlraighl  line 
given  in  position,  and  mute  a  given  angle  with  it,  that 
alraighl  line  is  given  in  posHion. 

Let  AB  be  a  straight  line  given  in  position,  and  C  a  givL'n 
point  in  it :  the  straight  line  drawn  to  C,  which  makes  a  given 
angle  with  CB,  is  given  in  position. 

Because  the  angle  is  given,  one  equal 
to  it  can  be  found  * ;  let  this  be  the  angle 
at  D.  At  the  given  point  C,  in  the  given 
Htraight  line  AB,  make  *  the  angle  ECB 
equal  to  the  angle  at  D :  therefore  the 
straight  line  EC  has  always  the  same  si- 
tuation, because  any  other  straight  line 
FC,  drawn  to  the  point  C,  makes  with  CB  a  greater  or  less 
angle  than  tlie  angle  EBC,  or  the  angle  at  D :  therefore  the 
straight  line  EC,  which  has  been  found,  is  given  in  position. 

It  is  to  be  observed,  that  tticre  are  two  straight  lines  EC, 
GC,  upon  one  side  of  AB,  that  make  equal  angles  with  it,  and 
which  make  equal  angles  with  it  when  produced  to  the  other 
side. 


PROPOSITION  SXXIII. 

ffa  straight  line  be  drnwnfrom  a  givea  pmul  lo  a  MraiglU  line 
given  in  position,  and  make  a  given  angle  with  it,  that 
straight  line  is  given  in  position. 

From  the  given  point  A,  let  the  straight  line  AD  be  drawn 
to  the  straight  line  BC  given  in  position,  and  make  with  it  a 
given  ouglc  ADC:  AD  is  given  in  position. 


i 


4: 


BDCLlD's  DATA. 

'  Tliroiigh  tfce  point  A,  draw  •  the  straight  line  EAF  porulh^ 
to  BC  ;  and  Wause  through  the  given  point  A,  the  straigii^ 
line  EAF  is  drawn  pantile!  to  BC,  which 
is  given  in  position,  EAF  is  therefore  given 
in  position  ".  And  becaVNC  the  straight 
line  AD  mcetM  the  pRrnllels  BC,  EP,  the 
angle  EAD  is  equal  ■  to  the  angle  ADC; 
and  ADC  is  giTtn,  wherefure  also  the  angle  EAD  is  given: 
therefore,  hecnuse  the  straight  line  DA  is  drawn  to  the  givn 
poiot  A,  in  the  straight  line  EF  given  in  position,  and  mcJM- 
with  ft  given  angle  EAD,  AD  is  given  *  in  poHilioa. 

PROPOSITION   XXXIV. 

If  from  a  givtit  point  to  a  straight  line  given  it*  potiHon,^ 

straight  line  be  dratvn  which  it  given  in  tnagmltide,  tkt 

same  it  alto  given  in  position. 

t 

Let  A  be  u  given  point,  and  BG  a  straight  line  ^vea  it 
position :    a  straight   line  given  in  niagnimde,  drawn 
the  point  A  to  BC,  is  given  in  position. 

Because  the  straight  line  is  given  in  magnitude,  one  eqol 
to  it  can  be  found  *  ;  let  this  be  the  stmight  line  D :  hm 
the  point  A,  draw  AE  perpendicular  to  BC :  and  < 

becuuse  AE  is  the  shortest  of  all  the  straight 
lines  which  can  be  drawn  from  the  point  A  to 
BC,  the  straight  line  D,  to  which  one  equal  is 
to  be  drawn  from  the  point  A  to  BC,  cannot 
be  less  than  AE.  If  therefore  D  be  equal  to 
AE,  AE  is  the  straight  line  given  in  magnitude  drawn  tnM 
the  given  p«iint  A  to  BC :  and  it  is  evident  that  AE  is  givtf 
in  position  **,  because  it  is  drawn  from  the  given  point  A  H' 
BC,  which  is  given  iu  position,  and  makes  with  BC  the  gin» 
angle  AEC. 

But  if  the  straight  line  D  be  not  equal  to  AE.  it  mosth 
greater  than  it :  produce  AE,  and  make  AP  equal  to  D;  and 
from  the  centre  A,  at  the  dista 
describe  the  circle  OEH,  and  y 
AH:  because  the  circle  GFH  is  given  B  G, 
in  position  ',  and  the  strniglit  line  BC 
o  given  in  position ;  therefore  their 


U 


*^^ 


•  88  DaL      intersection  G  is  given  •  ;  and  the  point  A  is  given ; 


PROPOSITIONS   XXXr.   XXIV I. 


iore  AO  is  given  in  pmiti 
fpvta  in  mBgnitade,  (fbi 


^ 


}  that  ia,  the  straight  line  AD  * 
equal  tuD,)  and  drawn  from  the 
given  point  A,  tu  the  straight  line  DC  given  to  position,  is  also 
given  in  position;  and  in  like  manner  AH  is  given  in  position: 
therefore  in  this  case  there  are  two  straight  lines  AG,  AH,  of 
Ae  same  given  magnitude  which  can  bu  drawn  from  a  given 
p<Hnt  A,  to  a  straight  line  BC  given  in  position. 

PBOPOSITION  XXXV. 

If  a  tlraighC  lijie  be  drama  belreeen  lr»o  parallel  straight  Una 
given  in  position,  and  make  given  angles  with  them,  the 
ttraight  line  it  given  in  magnitude. 

Let  the  straight  line  EF  be  drawn  between  the  parallels 
AB,  CD,  which  ore  given  in  position,  and  make  the  given 
angles  BEF,  EFD :  EF  is  given  in  magnitude. 

In  CD  take  the  given  point  G  ;  and  through  G,  draw  *  GU  ■ 
parallel  to  EF:  and  because  CD  meets  the  parallels  Gli,  EF,  the 
angle  EFD  ia  equal  *  to  the  angle  HGD :  and 
BFD  is  a  given  angle :  wherefore  the  ungle 
UGD  is  given :  and  because  HO  is  drawn  to 
the  given  point  O,  in  the  straight  line  CD, 
gjrea  in  position,  and  makes  a  given  n 
HOD,  the  straight  line  HO  is  given  in  position  *  :  and  AD  is  ' 
given  in  position ;  therefore  the  point  H  is  given  *  :  and  the  ' 
point  G  is  also  given,  wherefore  GH  is  given  in  magnitude*:  ' 
and  EF  is  equal  to  it,  therefore  EF  is  given  in  magnitude. 

PROPOSITION  XXXVI. 


litude,  be  drawn  bctfeeeu  ttao  Sm  n. 
1  position,  it  shall  make  given 


ffa  xtraight  line  giuen  in  tn 
parallel  straight  lines  give 
angles  mth  the  parallels. 

Let  the  straight  line  EF  given  in  magnitude  be  drawn  be 
tiveen  the  parallel  straight  lines  AB,  CD,  which  are  given  ii 
position:  the  angles  AEF,  EFC  shall  bo  ^ven. 

Because  EF  is  given  in  magnitude,  a 
straight  line  equal  to  it  can  be  found  "  ;  let 
this  be  G  :  in  AB  take  a  given  point  II,  and 
from  it  draw*  UK  pcrjiendicnlar  to  CD: 
therefore  the  straight  bno  o,  that  is,  EF 

t  be  less  ihuu  UK  :  and  if  U  be  ei^ual  to  UK 


KltT"""*  he  less 


mi- 


saCtAD'n  DATA. 


.'a'-Ii  .  ■  equal  to  it;  whereftiM  BK  is  at  r^ht  angles  to  CD;  for  if  ih  " 
be  not,  BF  wmiW   he  greater    tl.an    HK,  which  is  abawJL 
Therefore  the  angl«i  ESD  ii  a  right,  and  consequently  ft  giwn, 
angle. 

But  if  the  straight  line  O  be  nst  eqtul  to  HK,  it  must  be 
greater  than  it ;  produce  UK,  and  take  HL  eqaal  to  G  ;  and 
from  the  centre  U,  nt  tlie  distance  HL,  describe  the  eirele 

•6Det.         MLN,  and  join  HM,  HN:  and  because  the  circle"  MLN,  Mi 
the  Btraiglit  line  CD,  are  given  in  position,  the  pointa  Myl 

•S8D«1.       are*  given:  and  the  paint  His  given,  ^ 

wherefore  the  straight  lines  UM,  HN 

•  89  D»i.       are  given  in  position  • :   and   CD  is 

pven  in  position ;  therefore  the  an- 
gles HMN,  HNM  are  given  in  posi- 

•  A.  Dtf.       tion  ■ :  of  the  straight  lines  HM,  HN, 

let  UN  be  that  which  is  not  parallel  to  EF,  fur  EF  cannotfi 
parallel  to  both  of  them  ;  and  draw  EO  parallel  to  HTI ; 

•  S«.  I.         therefore  is  equal  *  to  HN,  that  is,  to  O ;   and  KF  is  equal  ti 

wherefore  £U  is  equal  to  EF,  and  the  angle  EFO  to  tbe  a: 
■!0.  1.        EOF,  that  is*,  to  the  given  angle  HNM,  and  because  the  Bi 
HNM,  which  is  equal  to  the  angle  EFO,  or  EFD,  hasb 
found;  therefore  the  angle  EFD,  that  is,  the  angle' ABP^'I 
■  1  Def.       given  in  magnitude  *  (  and  consequently  the  angle  ETC. 

(  E.  )  PROPOSITION  XXXVII. 

BtcN.  If  a  straight  line  given  in  magnitude  be  dranti  Jrom  a  point 

to  a  straight  lint  giten  in  position,  in  a  giren  angle,  Iht 
Miraighl   line   drawn    through   that    point   paralUt  to   tM    I 
straight  line  given  in  poiition,  m  given  in  position. 

Let  the  straight  line  AD  given  in  magnitude  be  drawn  froD  1 
the  point  A,  to  the  straight  line  BC  given  in  position, 
given  angle  ADC:   the  straight  line  EAF  drawn 
through  A,  parallel  to  BC,  is  given  in  position.      jE       > 

In  BC  take  a  giver  point  (!,  and  draw  OH  jj       J 

parallel  to  AD :   and  because  HO  is  drawn  to  a      -^ — Ti  c  'K 
given  point  G  in  the  straight  line  BC  given  j 

•  B9. 1.  in  position,  in  a  given  angle  HOC,  for  it  is  equal*  to  tia    i 

•  32  Dal.      given  angle  ADC>  HO  is  given  in  position  '  ;  but  it  is  girea 

•  S4.  I.        also  in  magnitude,  because  it  is  equal  to  *  AD,  which  is  given 

in  magnitude :  therefore  because  G,  one  of  the  cxtreoaitiM  it 
the  straight  Unc  OU,  given  in  puttition  and  magnitude,  is  ginttn  J 


I 


PKopoeiTioNs  XXX7I1I.  XXX IX. 

die  Dtber  estrcDiitr  B  is  given  *  ;  and  tiio  strught  line  EAF,   * 
«4uol)  IB  drawn  through  the  given  point  B,  parallel  to  BC 
given  in  poaitian,  is  therefore  given  "  in  position.  ' 

PROPOSITION  xxxvin. 

I/a  glraighl  line  he  dra/rn  Jroni  a  given  point  (o  Inio  parailel 
..Mraigkt  linet  given  in  position,  l/ie  ratio  of  the  segment* 
KbttmiXH  the  given  jxniit  and  ihe  parallels  shaU  be  given.    ,, 

i^jet  the  straight  line  EFG  be  drawn  from  the  given  point 
"^  to  the  parallels  AB,  CD :  the  ratio  of  EF  to  EG  is  given. 
~       I  the  point   E,  draw  EUK  perpendicular  to  CD  ;  and 
e  From  a  given  point  £,  the  straight  line  EK  is  drawn 
'  to  CD  which  is  ^ven  in 
position,  in  a  given  an- 
gle EEC,  EK   Is  given 
in  position  *;  and  AB,     ' 
CD  are  given  in  posi- 
tion ;    therefore  *    the 
points  H,  K  are  given  : 
and  the  point  E  is  given ; 
magnitude,  and  the  ratio 
OS  £B  to  EK, 
therefore  the  i 


__ELIi 


wherefore*  EH,  EK 
•  of  them  is  therefor* 
i  EF  to  EO,  hecuuse  AB,  CD  : 
of  EF  to  EO  is  given. 


are  given  in  * 
given.  But  ' 
re  parallels; 


PROPOSITIONS  XXXIX. 


^Ihe  ratio  of  the  xegmenU  of  a  straight  line  hetaeen  a  given    S 
point  in  il  and  two  parnUel  straight  tines  be  given  ;  if  one 
of  the  parallels  be  given  in  position,  the  other  is  also  given 
in  position. 

From  the  given  point  A,  let  the  straight  line  AED  be  drawn 
to  the  two  parallel  straight  lines  FO,  BC,  and  let  the  ratio  of 


.■4.>i 


Z 


Ae  Moments  AE,  AD,  be  given:  if  one  of  the  parallels  BC  be 
1  podition,  the  other  FG  is  also  given  in  position. 


t; 


Prom  the  point  A,  draw  AH  perpcn(Mcular  to  BC.  ond  li* 
it  meet  Ft)  in  K  ;  and  becaose  AH  ia  drawn  (n»m  th«  girea 
point  A,  to  the  straight  line  DC  given  in  position,  and  mukn 
a  given  -ongle  AUD,  AH  is  givun  *  in  position ;  and  BC  is  like- 
wise giveu  in  position,  therefore  the  point  n  is  given  ■ :  the 
point  A  is  also  given  ;  wherefore  AH  is  given  in  mognitade  *, 
and  because  FO,  BC  ore  parallels,  as  AE  to  AD,  ao  is  AE  to 
AB  ;  and  the  ratio  of  AE  to  AD  i«  given,  wherefore  the  ratio 
of  AK  to  AH  is  given  ;  but  AH  ia  given  in  magnitude,  there> 
fore  *  AK  ia  given  in  magnitude ;  and  it  is  also  given  in  pon- 
tion,  and  the  point  A  is  given :  wherefore  *  the  point  E  a 
given.  And  becnusc  the  straight  line  FG  is  drawn  thnmgli 
the  given  point  K.  parallel  to  BC  which  is  given  in  p  '  ' 
tliorefbre  "  FO  is  given  in  position. 

I  PROPOSITION   XL. 

If  the  ratio  of  Ihe  stgmenlt  of  a  ttraiglil  line  into  whkh  ^^ 
cvl  by  three  parallel  tiraighl  Una  be  given;  if  Iteuif  t 
pariiUeU  be  given  itiposilion,  the  third  is  edsa  given  m  f 


Let  AB,  CD,  HE  be  three  parallel  straight  linea,  of  whid 
AB,  CD  are  given  in  position;  and  let  the  ratio  of  the  seg> 
mcnts  OE,  OF,  into  which  the  stmiglit  line  OEF  is  cut  hj 
the  three  parallels,  be  given  :  the  third  parallel  HK  is  given 

In  AD  take  a  given  point  L,  and  draw  LM  perpendicular 
to  CD,  meeting  HK  in  N  :  because  LM  is  drawn  from  the  giva 
point  L,  to  CD  which  " 
_L_J 


'u.gle 


•  33  Dot. 


7  Dm, 


H 

O    N 

K 

; 

V  1 

Lu'b 


7  n. 


LAID,  LM  ia  given 
position  ■  ;  and  CD 
given  iu  positic 

fore  the  point  M  is  given  *  ;  and  the  point  L  is  given 
therefore  given  in  mikgnitude  "  ;  and  because  tUc  ratio  of  &>■ 
to  QF  is  given,  and  as  G£  to  GP,  so  is  NL  to  NM  ;  the  nlit 
of  NL  to  NM  is  given ;  and  therefore  "  the  ratio  of  UhM- 
LN  is  given ;  but  M  L  is  given  in  magnitude  •.  where&ra* 
LN  is  given  in  magnitude  :  and  it  is  also  given  in  putitigit' 
S  I)ai.         and  the  point  L  is  given,  wherefore  *  the  point  N  is  giveD :  trf 


•30Di 


the  straight  line  UK  is  drawn  through  the  (jivcn  point 


PROPOSITION   XLI.    XIII.  347 

Nj  parallel  to  CD  which  is  given  in  pmition,  Uicrcforc  HK  it 


PROPOSITION  XLI. 


•  SI  Dat. 

(  F-  ) 


If  a  straight  line  meet  three  parallel  slraiglil  lines  which  are  i 
given  in  position,  the  segments  into  which  they  cut  it  have  a 
given  ratio. 

I.«t  tbe  parallel  straight  lines  AB,  CD,  EF,  given  in  posi- 
tion, be  cut  by  tbe  straight  line  OHK :  the  ratio  uf  OH  to  UK 
is  given. 

In  AB  take  a  given  point  L,  end  draw 
IM  perpendicular  to  CD,  meeting  EF  in  N ; 
therefore '  LM  is  given  in  position :  and 
CD,  EF  are  given  in  position,  wherefore  the 
paints  M,  N  are  given :  and  the  point  L  is 
^ven  ;  therefore  •  the  straight  lines  LM, 
MN  are  given  in  mugnitudc  ;  and  the  ratio  of  LM  to  MN  is 
therefore  given  '  :  but  as  LM  to  MN,  so  is  QU  to  HK  j  where-  ' 
fore  the  ratio  of  Gil  to  UK  is  given. 


I 


PROPOSITION   XLII, 


If  each  of  the  sides  g/"  n  triangle  be  given  it 
'  triangle  is  given  in  species. 


nagnitiide,  the    See  N. 


a  mag- 


D 


I '  Let  each  of  the  sides  of  the  triangle  ABC  be  give 
Ipdtnde  :  the  triangle  ABC  is  given  in  species. 

Make  a  triangle  *  DEF,  tbe  aides  of  which  are  equal,  each   < 
rftocBch,  to  the  given  straight  lines  AB,  BC,  CA  ;  which  can 
jfe  done,  because  any  two  of  them  most  be  greater  than  tbe 
third;  and  let  DE  be  equal  to  AB, 
EF  to  BC,  and  FD  to  CA  ;  and  be- 
cause the  two  sides  ED,  DF  are  equal 
to   the   two   BA,   AC,   each  to  each,      ^ 
and  the  base   EF  equal  to  the  base      " 
BC  ;  the  angle  EDF  is  equal  "  to  the  angle  BAC  ;  therefore,   ' 
because  the  angle  EDF,  which  is  equal  to  the  angle  llAC,  haa 
been  found,  the  angle  BAG  is  given  • ;  in  like  manner  the    ' 
angles  at  B,  C,  are  given.     And  bccousc  the  sides  AB,  BC, 
CA  ore  given,  their  ratios  to  one  another  are  given  "  ;  there-   ' 
I    '4bre  the  triangle  ABC  is  given  '  in  species. 


EUCLIO'S    DATA. 


.givl 


}  PBOPOSITION  XLIII. 

.    7f  each  g/"  the  angtet  qf  a  triangle  he  given  i 
J  ,  triangle  it  given  in  tpecief. 

Let  each  of  the  angles  of  the  triaiigle  ADC  be  givenji 
magnitude ;  the  triangle  ABC  is  given  io  s^ies.  "T 

Take  q  straight  line  DE  given  in  poHitiun  and  magmiid 
and  at  the  points  D,  E,  make  •  the  ungle  BDF  equal  to  4i 
angle  BAC,  and  the  angle  DEF  equal  to 
ABC ;   therefore  the  otht-r  angles   EFD, 
BCA  arc  equal,  and  each  of  the  tingles  at 
the  points  A,  B,  C,  is  given,  wherefore 
each  of  those  at  the  points  DEF  is  given. 
And  because  the  straight  line  FD  is  drawn  to  the  ^ven  pdi 
D,  in  DE  which  is  given  io  position,  making  the  gir«n  u| 

EDF,  therefore  DF  is  given  in  ptosition 

also  b  given  in  position ;  wherefore  the  point  F 
and  the  points  D,  E  are  ^Ten ;  therefore  each  of  the  cti 
"  Irnes  DB,  EF,  FD,  is  given"  in  magnitude ;  wherefore  t 
triangle  DEF  is  given  insprcies*;  anditia  dmilar*  t»i 
triangle  ABC ;  which  therefore  is  given  in  species.  ,  i 

PROPOSITION  XLIV.  ^,, 

If  one  rf  the  angles  o/'  n  triangle  be  given,  and  if  the  ti4 
alnrnt  it  have  a  given  ratio  to  one  another,  the  trian^ 
given  in  tpecies. 

Let  the  triangle  ABC  have  one  of  its  angles  BAC  givCi 
and  Jet  the  sides  BA,  AC,  about  it,  have  a  given  ratio  to  oi 
another:   the  triangle  ABC  is  given  in  species. 

Take  a  straight  line  DE  given  in  positioi 
and  at  the  point  D,  in  the  given  straight  line  UB,  miBce 
angle  EDF  equal  to  the  given  angle  BAC: 
wherefore  the  angle  EDF  is  given  ;   and 
because  the  straight  line  FD  is  drawn  to 
the  given  point  D  in  ED,  which  is  given 
in  position,  making  the  given  angle  ED?  t 
therefore  FD  is  given  in  jwsition  ".     And  beeansc  the  ratio 
ISA  to  AC  is  given,  make  the  ratio  of  ED  to  DF  the  samo  wil 
itj  and  join  EF ;  and  because  the  mtio  of  ED  to  DF  is  gji 


and  KD  is  given,  therefore*  DF  is  given  in  magnitude :  and   ■  S  Dai. 
it  ia  given  also  in  poflition,  and  the  point  D  is  given,  where- 
fore the  point  F  is  given  •  ;  and  the  points  D,  E  are  given,  *  so  Vnt. 
wherefore  DE,  EF,  FD  are  given  •  in  magnitude ;  and  the  *  S"  fai. 
triangle  DEF  is  therefore  given  "  in  apeeiea ;  and  because  the   *  **  ^'^ 
triangles  ABC,  DEF  have  one  angle  JBAC  equal  to  one  angle 
EDF,    and  the  sides  ahout  thcae  angles  proportionaU ;    the 
triongkn  src  *   similar,    but   the  triaugle    DEF   is  given  in  ■  G.  c. 
tptein,  and  thcieforc  also  tlie  triangle  ABC. 

PROPOSITION   XLV.  (  «.  ) 

1^  the  x'ltles  of  a  triangle  have  to  one  another  given  ratio),  the  See  N. 
triangle  is  gken  in  species. 

liet  the  sides  of  the  triangle  ABC  have  given  rutios  to  one 
obether :  the  triangle  ABC  is  given  in  species.  .  .0  i%  ■ 

Take  a  straight  line  D  given  in  magnitude ;  and  because 
the  ratio  of  AB  to  IIC  is  given,  make  the  ratio  of  D  to  E  the 
same  ivith  it ;  and  D  ia  given,  therefore"  E  is  given.     And   ■aDM.,..j» 
becaosc  the  ratio  of  DC  to  CA  is  given,  to  this  make  the  ratio  <  * 

of  E  to  F  the  same ;  and  E  is  given,  and  therefore  *  F,  And  '  ^  D«.  ^ 
because  as  AB  to  liC,  so  ia  D  to  E  ;  by 
composition  AB  and  BC  ti^ether  arc  to 
BC,  as  D  and  E  to  F :  but  as  BC  to  CA, 
so  is  E  to  F ;  therefore,  ex  aiquali  *,  as 
AB  and  BC  are  to  CA,  so  are  D  and  E  ^     "  "^  ' 

to  F,  and  AB  and  BC  are  greater  "  than  H'^K  ' 

CA ;  therefore  D  and  E  are  greater  •  ' 

tbsn  F.     In  the  same  manner,  any  two  of  the  three  D,  E,  F 
are  greater  than  the  third.     Make  *  the  triangle  QHK,  wliose   ' 
sides  are  equal  to  D,  K,  F,  so  that  OH  be  equal  to  D,  UK  to 
E,  and  KO-  to  F  ;  and  because  D,  E,  F  are  each  of  them  given, 
therefore  OH,  HE,  KG  are  each  of  them  given  in  magnitude ; 
therefore  the  triangle  GBE  is  given*  in  species  :   but  as  AB    * 
toBC,  so  is  (D  to  E,  that  is)  «U  toHK;  and  as  BC  to  CA,  so 
is  (E  to  F,  that  is)  HE  to  KO  ;  therefore,  ex  wquali,  as  AB 
to  AC,  so  is  GHtoHK.     Wherefore*,   the  triangle  ABC  is    • 
equiangular  and  similar  to  the  triangle  OilK;  and  the  triangle 
GHK  is  given  in  species;  therefore  also  the  triangle  ABC  ts 
given  Jn  species. 

Cor.     If  a  triangle  be  required  to  be  made,  the  sides  of 


XDCL1D3   DATA. 

which  shall  have  the  some  ratiiw  which  three  given  strnighi 
lines  D,  E,  F  have  to  one  another  ;  it  is  necessary  that  evtrj' 
two  of  them  b«  greater  tliaii  the  third- 

PEOPOSITION  XLVI. 

If  the  tide*  of  a  rigU-angled  triangle  about  one  of  the  anU 
angUi,  have  a  giant  ratio  to  one  another,  the  triangU  it 
ginen  in  tpcciei. 

Let  the  udcB  AD,  DC  about  the  acute  angle  ABO  of 
the  triangle  ABC,  which  has  a  right  angle  at  A,  hmai 
given  ratio  to  one  another:    the  triangle  ADC    U  given  ii 

Tnkc  a  straight  line  DG  given  in  position  and  magnitudii 
and  becitusc  the  ratio  of  AB  to  BC  is  given,  make  as  AB  ta 
DC,  BO  DE  to  Ef  ;  and  because  DB  has  a  given  ratio  to  Kf, 
and  DE  is  given,  therefore  "  EF  is  given  ;  and  because  as  AB 
to  BC,  so  is  DE  to  EF  ;  and  AH  is  less  *  than  DC.  thcTefoK 
DE  is  less  *  than  EF.  From  the  point  D,  draw  DQ  at  rigiu 
angles  to  DE,  and  from  the  centre 
E,  at  the  distoiiCG  EF,  describe  a 
circle  which  shall  meet  DG  in  two 
points ;  let  O  be  cither  of  them,  and  S' 
join  EG :  therefore  the  circumference 
uf  the  circle  is  given'  in  position; 

and  the  straight  line  DO  is  given  *  in  position,  becaqse  it  p 
drawn  to  the  given  point  D  in  DE  given  in  poeitioii,  uil 
given  angle ;  therefore  "  the  point  O  is  ^vcn,  and  the  p  '  ~ 
D,  E  are  given,  wherefore  DE,  EG,  GD  a  " 
tudc,  and  the  triangle  DEG  in  species*.  And  because  s 
triangles  ABC,  DEO  have  the  angle  BAG  equal  to  the  an^ 
EDG,  and  the  sides  about  the  angles  ABC,  DEG  proportiunali. 
and  each  of  the  other  angles  BCA,  EGD,  less  than  a  riglil 
angle  ;  the  triangle  ABC  is  equiangnlor  *  and  similar  to  tbr 
triangle  DEG ;  but  DEO  is  given  iu  species ;  therefore  tht 
triangle  ADC  is  given  in  species:  and  in  the  same  nnaniur.  thf 
triangle  made  by  draiving  a  straight  line  from  E  to  the  01 
]H)int  in  which  the  circle  meets  DO,  is  given  in  species. 


PBOPOsmoN  XLvir. 


A 


PROPOSITION  XLVir.      '        '" {  **. 

If  a  triangle  have  one  of  ill  anglex  which  is  noi  a  right  angle   See  N. 
givtm,  and  if  the  sides  about  another  angle  have  a  given 
ratio  to  one  another,  the  triangle  is  given  in  species. 

L*t  the  trinngle  ABC  have  one  of  its  angles  ABC  a  gi»en, 
but  not  It  rigiit  angle,  and  let  the  Bides  QA,  AC,  alxiut  an- 
other angle  BAG,  have  a  given  ratio  to  one  another :  the  tri- 
angle ABC  is  given  in  speciea. 

First,  let  the  given  ratie  be  the  ratio  of  equality,  tbat  is, 
let  the  sides  BA,  AC,  and  consequently  tLe  angles  ABC,  ACB, 
be  eqnal ;  and  because  the  angle  ADC  is  given, 
the  angle  ACB,  and  also  the  remaining  *  angle 
BAC  is  given  ;  therefore  the  triangle  ABC  is 
given  *  in  species ;  and  it  is  evident  that  in 
case  the  given  angle  ABC  must  be  acute- 
Next,  let  the  given  ratio  be  the  ratio  of  a 
to  a  greater,  that  is,  let  the  side  AB  adjacent  to  the  given 
angle  be  less  than  the  side  AC  :  take  a  straiglit  line  DE  given 
in  position  and  magnitude,  and  make  the  angle  DEF  equal 
to  the  given  angle  ABC :  therefore  EF 
is  given  •  in  position  ;  and  because  the 
ratio  of  BA  to  AC  is  given,  as  BA  to  AC, 
so  make  ED  to  DC ;  and  because  the 
ratio  of  ED  to  DO  is  given,  and  ED  is 
given,  the  straight  line  DG  is  given  ", 
and  BA  is  less  than  AC,  therefore  ED  is 
less  •  than  DG.  From  the  centre  D,  at 
tbe  distance  DG,  describe  the  circle  GF 
meeting  EF  in  F,  and  join  DF  ;  and  be- 

caose  the  circle  is  ^ven  *  in  position,  as  also  the  straight  line   ' 
EF,  the  point  F  is  given  •  ;  and  the  points  D,  E  are  given  ;   ' 
wherefore  the  straight  tines  DE,  EF,  FD  are  given  "  in  mag-   ' 
nitudc,  and  the  triangle  DEF  in  species  '.     And  because  BA   ' 
is  less  than  AC,  the  angle  ACB  is  less  •  than  the  angle  ABC,   ' 
and  therefore  ACB  is  less  ■  than  a  right  angle.     In  the  same  ' 
manner  because  ED  is  less  than  DO  or  DF,  the  angle  DFE  k 
less  than  a  right  angle ;  and  because  the  triangles  ABC,  DEF 
have  the  angle  ABC  equal  to  the  angle  DEF,  and  the  sides 
altout  the  angles  BAC,  EDF,  proportionals,  and  each  of  the 
other  angles  AQB,  DFE,  less  than  a  right  angle ;  the  triangljp 


EVCI.IDB    IMTA. 


and  ENF  leas,  limn  a  right  angle. 
because  H  is  greater  than  K,  EF  i: 
than  EN,  and  therefore  the  Bugle  EPN,  that  is,  tli«  m^  >T0, 
is  hsB  *  than  the  angle  ENP.  To  each  of  these  add  the  oi^let 
NBF,  EFN  i  Iberefure  the  angles  NEF,  EFa  are  lew  tban  (he 
angles  NEP,  EFN,FNE,  that  is,  than  two  right  angles;  tbeftfm 
tiie  straight  linra,  EN,  FO,  must  meet  together  when  produced; 
I«t  them  meet  in  O,  and  produce  £M  to  O,  Each  of  the  triai^ 
EFG,  EFO,  has  the  things  mentiuned  to  be  glvea  in  the  pro- 
pOKition .-  for  each  of  them  has  the  g;iven  angle  EFO ;  mi 
because  this  angle  is  hisccted  by  the  straight  tine  FMX,  t)ie 
sides  EF,  FO  together,  have  to  EU  the  third  side,  the  ratio  of 
FE  to  EM,  that  is,  of  H  to  K.  In  like  manner,  the  side*  EF, 
FO  together,  hare  to  BO,  the  ratio  which  H  has  to  K, 


PROPOSITION  XLIX. 

ff  a  triangle  hate  one  arigle  given,  and  if  the  tidet  ahoat  an- 
Other  angle  both  together  haee  a  given   ratio  to  the  I 
fide,  the  triangle  is  given  in  specieg. 

Let  the  triangle  ABC  have  one  angle  ABC  given,  ondlcl 
the  two  Ktdes  BA,  AC,  about  another  angle  BAC  have  a  gi 
ratio  to  BC  :   the  triangle  ABC  is  given  in  species. 

Suppose  the  angle  BAC  to  be  bisected  by  the  straight  tt 
AD ;  BA  and  AC  together  are  to  BC,  m  AB  tn  BD 
shewn  in  the  preceding  proposition.     But  the  ratii 
and  AC  ti^ether  to  BC  is  given  ;  therefore,  also,   the  ratio  4 
AB  to  BD  is  given.     And  the  angle  ABD  is  given,  wbctlAat*~^ 
the  triangle  ABD  is  given  in  ^wdes ;  and  consequently  the  aiv- 


PIMHHMIT10!*   KtT 


««to  the  tmngle  DEF.  In  the  wmc  innnner  the  trinnglc  ABI. 
b  aitniUr  to  DEK.  And  the  triangleti  DEF,  D£K  arc  given 
!■  «p«ctM  :  thnrefbre  also  the  triangles  ABC,  ABL  are  given 
•pectin-  And  from  this  it  i«  evident,  tlint  in  tluK  thiid 
case,  there  are  aJwaya  t\TO  trianglea  of  a  Jiflcreiit  gpeeies,  lo 
which  the  thin^  meotinneil  as  given  in  the  proposition  can 
■gree. 

PROPOSITION   XLVIII. 

^  a  triangle  have  one  angle  git'en,  nnd  if  lioth  the  ndet  to- 
gether about  thai  angle  have  a  gii-en  ratio  lo  the  remaining 
Me,  the  triangle  w  given  in  upeciet. 

I  Let  the  triangle  ABC  have  the  angle  BAC  given,  and  let 
ike  sides  BA,  AC  together,  about  that  angle,  hare  a  given 

» to  BC :  the  triangle  ABC  is  given  in  species. 
p  Bimxt  '  the  angle  BAC  by  the  straight  line  A  D ;  therefiMv   • 
t  angle  BAD  is  given.      And  because  at  BA  to  AC,  so  k*    ■ 
l>  to  DC,  by  pennutation,  as  Alt  to 
i^  to  CD ;  Eind  as  BA  and  AC  together  to  BC, 
p  »  *  AB  to  Bl>.     But  the  ratio  of  BA  and 
AC  together  to  BC    is    given,  wherefore    ihe 
intio  of  AB  to  BD  is  given,  and  the  angle  BAD 
*B  given  ;  therefore  *  the  triangle  ABD  is  given  in  species,  nnd    ' 
B  BDgle  ABD  is  therefore    given;    the  angle  BAC  is  also 

I,  wherefore  the  triangle  ABC  is  given  in  species  *.  ' 

A  triangle  ivhich  shall  have  the  things  that  arc  mentioned 

n  tfce  propoBition  tu  he  given,  can  be  found  in  the  foUowing 

huHier.     Let   EFO  be  the  given  angle,  and  let  the  ratio  of 

B  to  K  be  the  given  ratio  which  the  two  sides  about  the  angle 

t  have  to  the  third  side  of  the  triangle ;  therefore, 

e  two  sides  of  a  triangle  are  greater   than  the  third 

i,  the  ratio  of  H  to  K  must  be  the  ratio  of  a  greater  to  a 

Bisect  *  tiic  angle  EFti  by  tlie  straight  line  Th,  and  by    • 
^th  Prop,  find  a  triangle  of  which   EPL  is  one  of  the 

Vend  in  which  the  ratio  of  the  sides  about  the  angle 
to  PL  is  the  same  with  the  ratio  of  H  to  K :  to  do 
^take  FB  gireji  in  position  and  magnitude,  nnd  draw 
^ndicnlsr  to  FL :  then  if  the  ratio  nf  H  to  K  be  the 
l|h  the  ratio  of  FE  to  EI„  pmdiiee  El.,  and  let  it  meet 
*  triangle  FEP  is  that  which  ivas  to  he  found  : 
l-licctiusp  this  angle  ia 
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KUCLIDS   DATA. 

sectfid  hy  FL,  the  aides  EF,  EP,  together  are  to  EP  ai  *  FB.(|A 
EL,  that  )■,  w  H  to  K. 

But  if  the  ratio  of  H  to  K  be  not  the  cftmo  with  the 
of  FE  to  EL,  it  muHt  be  Il'ss  than  it>  as  waa  shewn  iu  J 
47;  and  in  this  caae  there  are  two  triangle*,  each  of  wl 
baa  the  given  angle  Ef  I.,  and  the  ratio  of  the  sides  abont 
angle  opposite  to  FL  the  same  with  the  ratio  of  II  to  E. 
Prop.  47.  find  these  triangleii  EFAf,  EFN, 
each  of  which  has  the  angle  EFL  for  one  of 
its  angles,  and  the  ratio  of  the  side  FE  to 
EM  or  EN  the  same  with  the  ratio  of  H 
to  K ;  and  let  the  angle  EMF  be  greater, 
and  ENF  Ivsn,  thun  a  right  angle.  And 
because  U  Jh  greater  than  K,  EF  ie  f^enter 
thtm  EN,  ond  therefore  the  angle  EFN,  that  is,  the  o^  fl 
is  less  *  than  the  angle  ENF.  To  each  uf  these  odd  tb«  u 
NEF,  EFN;  therefor«  the  angles  NEF,  EFO  are  leu  tban W^ 
anglcsNEF,EFN,FNE,thBtis,tbBntworight  angles;  tbeKfoR  ' 
the  Biraight  lines,  EN,  Fti,  must  meet  together  when  pntduccd: 
let  thecfi  meet  in  O,  and  produce  EM  to  O.  Each  of  the  triai^ 
EFO,  EFO,  has  the  things  mentioned  to  be  girea  in  the  pm- 
pocitien:  fur  each  of  them  has  the  given  angle  EFQj  ai 
because  this  angle  ia  bisected  by  the  straight  line  FAIH,  tix 
sides  EF,  FO  together,  have  to  EG  the  third  side,  the  ratio  of 
FE  to  EM,  that  is,  of  II  to  E.  In  like  manner,  the  aides  EF, 
FO  together,  have  to  EO,  the  ratio  which  U  has  to  K. 


PROPOSITION  XLIX. 

If  a  triangle  have  one  angle  given,  and  if  the  aiftet  abeat  an- 
other angle  both  together  hnee  a  given  ratio  to  Ike  lUri 
side,  the  triangle  is  given  in  specie*. 

Let  the  triangle  ABC  have  one  angle  ABC  ^iren,  aadlll 
the  two  sides  BA,  AG,  about  another  angle  BAC  have  a  ^am 
ratio  to  BC  :  the  triangle  ABC  is  given  in  species. 

Suppose  the  angle  BAG  to  be  bisected  by  the  strai^lilt 
AD ;  BA  and  AC  together  are  to  BC,  m  AB  tn  BD,  a  «• 
shewn  in  the  preceding  proposition.  But  the  rmtio  of  B* 
and  AC  together  to  BC  is  given  ;  therefore,  also,  the  Mio  of 
AB  to  BD  is  given.  And  the  angle  ABD  is  given,  wlMMfoK* 
the  triangle  ABD  is  given  in  ^)ecies ;  and  consequently  the  an- 


^ 


TI0N8   t,    LI. 

gle  BAD, and  its  donble  the  aiigIeBAC,are  given;  and  the  angle 
ABC  is  given;  therefiire  the  triangle  ABC  is  given  in  species".  ' 

A  triangle  whirfi  ahull  have  the  things  tnentioned  in  the 
proposition  to  be  given  may  be  thus  founil.  Let  EFO  be  the 
g)v«n  angle,  and  the  ratio  of  H  to  K  the 
giren  ratio;  and  by  Prop.  44.  find  the  tri- 
angle EFL,  which  has  the  angle  EFG  for 
one  of  its  angles,  and  the  ratio  of  the  sides 
EF,  FL,  about  this  angle  the  same  with  the 
ratio  of  II  to  K ;  and  make  the  angle  LBM 
equal  to  the  angle  FEI..  And  because  the 
ratio  of  H  to  E  is  the  ratio  which  two  sides 
of  a  triangle  hare  to  the  third,  H  must  be 
greater  than  E.  And  because  EF  k  to  FI>,  as  H  to  E,  then- 
f<m  EF  is  greater  than  FL,  and  the  angle  PEL,  that  is,  LEH, 
is  therefore  less  than  the  angle  EI.F,  Wherefore  the  angles 
LFE,  FEM  arc  less  than  two  right  angles,  as  was  ahesvn  in 
the  foregoing  proposition,  and  the  straight  lines  FL,  EM  must 
meet  if  produced;  let  them  meet  in  O,  EFG  is  the  triangle 
wbich  was  to  be  found :  for  EFG  is  one  of  its  angles,  and  be- 
cause the  angle  TEn  is  bisected  by  EL,  the  two  sidca  FB,  EO 
together,  have  to  the  third  side  FG,  the  ratio  of  EF  to  PL, 
that  is,  the  given  ratio  of  H  to  K. 

PROPOSITION  L. 
If  from  the  verlez  of  a  triangle  given  in  tpecies,  a  ttraigkl 
line  be  drawn   lo  the   base  in  a  given  tingle,  it  thali  have  a 
t  ratio  to  the  base. 

a  the  vertex  A,  of  the  triangle  ABC  which  is  given  in 
,  let  AD  be  drawn  to  the  base  BC  in  a  given  angle 

ADD :   the  ratio  of  AD  to  BC  is  given. 

Because  the  triangle  ABC  is  given  in  species, 

the  angle  ABD  is  given,  und  the  angle  ABB  is 

given,  therefore  the  triangle  ABD  is  given* 

in  species:  wherefiwc  the  ratioof  AD  tu  AB  is 

^ven.     And  the  ratio  uf  AB  to  BC  is  given  ;  and  therefore  * 

»be  ratio  of  AD  to  BC  is  given. 


PROPOSITION   LI, 
gieen  in  species,  are  divided  into  triangle* 
vhich  are  given  in  speciei. 


A 
BBC    'WD 


Rectilineal  Jigu  n 


Let  ite  rectilineal   figure   ABCDE  be  given  in  spet^ct 
ABCDE  tnav  be  divided  into  triangles  g*         ' 

Join  BE,  BD:  and  liecause  ABCDE  is  given  in  species,! 
angle   BAE  is  given  •,  and  tlie  ratio  of  BA  to  AE  is  givell* 
wherefore  the  triangle  BAE  is  given  in  spe- 
cies *,  and  the  angle  AEB  is  therefore  given  *. 
But  the  whole  angle  AED  is  given,  and  there- 
fore the  remaining  angli.-  BED  is  given,  and 
the  ratio  of  AE   to  EB  is  given,  as  also  the 
ratio  of  AE  to  ED  ;   therefore  the  ratio  of  BE 
to  ED  is  given  *.    And  the  angle  BED  is  given, 
triangle  BED  is  given  *  in  species.     In  the  same  manne 
triangle  BDC  is  given  in  species ;  therefore  rcctilinecti  li, 
which  are  given  in  species,  are  divided  into  triangles  gi'veir 

PROPOSITION  LIl. 

1/  two   triangtex  given  in  ipeciea  be  described  upon  the  — _ 
tlTaiglU  line,  they  shall  fiave  a  given  ratio  to  onr  onolArtC^ 


■^ 


where&re 


Let  the  triitnglcs  ABC,  ABD,  given  in  species, 
upon  the  same  straight  line  AB ;    the  ratio  of  tlie, 
ABC  to  the  triangle  ABD  is  given. 

Through  tlie  point  C,  draw  CE  parallel  to  AB.  and  W 
meet  DA  produced  in  E,  and  join  BE.  Because  the 
ABC  is  given  in  species,  the 
angle  BAG,  that  is,  the  angle 
ACE,  is  given ;  and  because  the 
triangle  ABD  is  given  in  species, 
the  angle  DAB,  that  is,  the  an- 
gle AEC,  is  given.  Therefore 
the  triangle   ACE    is   given  in 

species ;  ivherefore  the  ratio  of  EA  to  AC  is  given  *,  and  itc 
ratio  of  CA  to  AB  is  given,  us  also  the  ratio  of  BA  to  AD; 
therefore  the  ratio  of*  EA  to  AD  is  given,  and  the  tritaglt 
ACB  is  equal  "  to  the  triangle  AEB,and  na  the  triangle  AEB. 
or  ACB,  is  to  the  triangle  ADB,  so  is  •  the  straight  line  W 
to  AD :  but  the  ratio  of  £A  to  AD  is  given  ;  thercf«n}  tbc 
ratio  of  the  triangle  ACB  to  the  triangle  ADB  is  given. 

Peoblem.  — 7o>.irf  the  ratio  of  tiro  triangles  ABC,  ABP. 
given  in  sjjccics,  and  nhick  arc  described  upon  the  »o"f 
ttraighl  line  AB. 


PROFOIITION    Llll. 

^ake  a  atraight  line  FO  given  in  position  and  magoitude, 
mud  becauHC  the  nnglea  of  thu  trtanglei  ABC,  ABD  are  givenj 
at  the  points  F,  O,  of  the  straight  line  FO,  make  the  angles 
GfH,  GFK'  equal  to  the  angles  BAC,  BAD,  and  the  angles  ' 
FGU,  FCE,  equal  to  the  angles  ABC,  ABl),  each  to  each. 
Therefore  the  triangles  ABC,  ABD  are  equiangular  to  the 
triangles  FOH,  FGK,  each  to  each.  Through  the  point  H, 
draw  HL  parallel  to  FG,  meeting  KF  produced  in  !■.  And 
because  the  angles  BAC,  BAD  are  equal  to  the  angles  GFH, 
GPK,  each  to  each  ;  therefore  the  angles  ACE,  AEC  are  equal 
to  FHL,  FLH,  each  to  each,  and  the  triangle  AEC  equiangu- 
lar to  the  triangle  FLU.  Therefore  as  EA  to  AC,  so  is  LP  to 
FB,  and  as  CA  to  AB,  so  is  HF  to  FG  ;  and  as  BA  to  AD,  so  is 
GF  to  FK  ;  wherefore,  ei  a;quali,  as  EA  to  AD,  so  is  LF  to 
FK.  But,  OS  was  shewn,  the  triangle  AUC  is  to  the  triangle 
ABD,  as  the  straight  line  EA  to  AD,  that  is,  as  LF  to  FK. 
The  ratio,  therefore,  of  LF  to  FK  has  been  found,  which  is 
tbe  same  with  the  ratio  of  the  triangle  ADC  to  the  triangle 
ABD. 


Vf  tmolher 


PROPOSITION   LIII.  (  "■  ) 

rectilineal  figures  givm  in  species  be  described  upon  Sf  H. 

straight  line,  they  shall  have  a  given  ratio  to  one 


Let  any  two  rectilineal  figures  ABODE,  ABFO,  which  are 
giren  in  species,  be  described  upon  the  same  straight  line  AB: 
the  ratio  of  them  to  one  another  is  given. 

Join  AC,  AD,  AF  ;  each  of  the  triangles  AED.  ADC,  ACE, 
AGF,  ABF  is  given  *  in  species.     And  because  the  triangles  ' 
ADE,  ADC,  given  in  species,  are  described 
Upon  the  same  straight  line  AD,  the  ratio 
of  BAD  to  DAC  is  given  "  ;  and  by  compo- 
ntioa,  the  ratio  of  EACD  to  DAC  is  given  *. 
And  the  ratio  of  DAC  to  CAB  is  given  *, 
beCAuse  tfaey  are  described  upon  the  same 
straight  line  AC  ;     therefore   the   ratio  nf 
BACIHoACBis given*;  and,  by  composi- 
tion, the  ratio  of  ABCDE  to  ABC  is  given.  In  the  same  manner, 
t^e  ratio  of  ABFG  to  A  BF  is  given.   But  tlic  ratio  of  the  triangle 
ABC  to  the  triangle  ABF  is  given;  wherefore*  because  the  * 
ratio  of  ABCDE  lo  ABC  is  given,  as  also  the  ratio  of  ABC  to 


y  L^ 


ABF,  an<!  the  ratio  of  ABF  to  ABFO ;  the  ratio  of  the  reci 
lineftl  ABCDE  to  the  rectilineal  ABFG  is  i 

Pbob.~To  Jnd  the  ratio  of  tno  rectituiraljigarei  given  m 
tpeciea,  and  described  upon  llie  laiae  ttraight  Vi 

Let  ABCDE,  ABFO  be  two  rectilineal  figure*  givea  if 
species,  and  described  upon  the  same  straight  line  AB,  uj^ 
join  AC,  AD,  AF.  Take  a  straiglit  line  HK 
given  in  position  and  magnitude,  and  by  the 
fi2d  Dat.  liiid  the  ratio  of  the  triangle  ADC 
to  the  triangle  ADC,  and  make  the  ratio  of 
HK  to  KL  the  same  with  it.  Fiod  also  the 
ratio  of  the  triangle  ACD  to  the  triangle 
ACB,  and  make  the  ratio  KL  to  LM  the  H — '^i-ffc 
same.  Also,  find  the  ratio  of  the  triangle 
ABC  to  the  triangle  ABF,  and  make  the  ratio  of  LM  to  uA 
the  same.  And,  lastly,  find  the  ratio  of  the  triangle  aM 
to  the  triangle  AFG,  and  make  the  ratio  of  MN  tO  NO  ttt 
same.  Then  the  ratio  of  ABCDE  to  ABFG  is  the  saine«i& 
the  ratio  of  HM  to  MO. 

Becaune  the  triangle  EAD  is  to  the  triangle  DAC, 
straight  line  UK  to  KL  ;  and  as  the  triangle  DAC  to  CAB, ill 
is  the  straight  line  KL  to  LH ;  therefore  by  using  i 
sition  as  often  as  the  number  of  triangles  requires,  thi 
lineal  ABCDE  is  to  the  triangle  ABC,  as  the  straight  line  Bh 
to  ML.  In  like  manner,  because  the  triangle  GAF  is  to  FAl 
as  ON  to  NM,  by  composition,  the  rectilineal  ABFO  is  to  lb* 
triangle  ABF  as  MO  to  NM,  and  by  inversion,  as  ABF  to  ABFB 
so  is  NM  to  HO.  And  the  triangle  ABC  is  to  ABF,  as  L1CI» 
MN.  Wherefore,  because  as  ABCDE  to  ABC,  so  is  HM  to  Ulii 
and  Bs  ABC  to  ABF,  so  is  LM  to  MN  ;  and  as  ABF  to  ABFfl^ 
so  is  MN  to  MO  ;  ex  Kquali,  as  the  rectilineal  ABCDE  |l 
ABFO,  so  is  the  straight  line  HM  to  MO. 

PROPOSITION  LIV. 


If  two  straight  lines  have  a 
timilar  rectilineal  Jtgiires 
'  thall  have  a  given  ratio  to 


given  ratio  to  One  an6theK'K^ 
described  upon  them  inmitmL 

me  n-nnffu-r  " 


Let  the  straight  lines  AB,  CD  have  a  girea  ratio  toMt, 
another,  and  let  tho  similar  and  similarly  ploeed  'i«vtJliMd' 


FBOrosiTiuN  I.V. 
gguies  E,  F,  be  described  upon  them  :  the  ratio  tt£  E  to  r  is 

To  AB,  CD,  let  G  be  a  third  proportional ;  a  ___ 

therefore  as  AB  to  CD,  80  is  CD  to  O.    An*  'f'VA     ,^^1 

the  ratio  of  AB  to  CD  is  given ;  whereforo      X. B  C — D 

the  ratio  of  CD  to  O  is  given;  and  conse-  ^         jf         t 

qucntly  the  ratio  of  AB  to  O  is  also  given".  •9D»L 
But  as  AB  to  G,  so  is  the  figure  E  to  the  ilgure  ■  F.  There-  '  *■  Co'- 
fore  the  ratio  of  E  to  F  is  {jiven. 

Pbob, —  To  find  the  ratio  of  two  similar  rectiUneat  figure*  B, 
r,  timilarlf)  described  upon  straight  line)  AB,  CD,  rvhich 
have  a  givfu  ratio  lo  one  another. 

Let  U  he  a  third  proportioiiul  to  AB,  CD. 
Take  a  straight  line  H  given  in  magnitude ;  and  because 
the  ratio  of  AB  to  CD  is  given,  miike  the  ratio  of  U  tu  K  the 
Sfune  with  it ;  and  because  B  ii  given,  K  is  given.  As  U  is 
t«  E,  so  make  K  to  L ;  then  the  ratio  of  E  to  F  is  the  same 
with  the  ratio  of  H  to  L :  for  AB  is  to  CD,  as  H  lo  K,  where- 
fore CD  is  to  C,  as  K  to  L ;  and,  ex  equali,  as  AB  tu  0,  iw  ie  U 
»  L ;  but  the  f 
is,  as  H  to  L, 

PROPOSITION  LV. 
ffr^fi  straight  lines  have  a  given  ratio  to  one  another,  the  rec- 
t^tintal  figures  given  in  species,  described  upon  lliem,  tlmll 
.  Jtase  to  one  another  a  given  ratio, 

l«t  AB,  CD  be  two  straight  lines  which  have  a  given  ratio 
to  one  another :  the  rectilineal  figures  E,  F,  giveu  in  species 
and  described  upon  them,  have  a  given  ratio  to  one  another. 

Upon  the  straiglit  line  AB,  describe  the 
figure  AG  similar  and  similarly  placed  to  /\ 

the  figure  F ;  and  because  F  is  given  in     A/—- \b    p — P 

ipocies,  AG  is  also  given  in  species :  there-        1 \q    L — I 

fore,  since  the  figures  E,  AG,  which  are        ,^        ^ j__ 

given  iu  ^pecius,  are  described  upon  tlie 
Mun«  fttraighl  line  AB,  the  ratio  of  E  to  AG  is  given  ",  and  ' 
because  the  ratio  of  AB  to  CD  is  given,  and  upon  them  are 
described  the  similar  and  similarly  placed  rectilineal  figures 
.^G,  f ,  the  ratio  of  AG  to  F  is  given  •  ;  and  the  ratio  of  AG  to  ' 
l^iii  givvn  ;  tharefore  the  ratio  of  E  to  F  ia  given  *.  ' 


.  Pbob. — Tfj/aiifAc  ratio  of  IniQ  rtcl^ntaljigunt  BtFtgtMH 
(Fi  species  and  described  upon  the  straight  lines  AB,  CD, 
mkich  hare  a  gircn  ratio  to  6ttt  another^ 

Take  a  titreiglit  line  11  given  in  magnitude ;  and  becauir 
the  rectilineal  figures  E,  AG,  given  in  species,  are  desctibed 
upon  Ilic  same  Btraight  line  AB,  find  their  ratio  by  tbe  53d 
Dot.  and  muke  the  rutiu  of  H  to  K  the  same,  K  ti  tberefota 
given.  And  because  the  similar  rectilineal  figures  AO,  F  tn 
dtscribed  upon  the  straight  lines  AB,  CD,  which  huvc  a  p*t^ 
ratio,  find  their  ratio  by  the  54th  Dat.  and  make  the  rati*4ft 
K  to  L  the  Name  :  the  figure  K  has  to  F  the  same  rnlio  whii; 
II  has  to  L :  fi>r  by  the  construction,  oe  E  is  to  AG,  so  is  Rte 
E ;  and  as  AO  to  F,  so  is  K  to  L :  therefore,  ex  mjuaii,  As  B<> 
to  F,  so  is  H  to  L.  i 

PROPOSITION  LVI. 

//,a  rectilineal  figure  git-en  in  species  be  dc$crtbed  Vpondt 
itraight  line  given  in  magnitude,  the  figure  it  giotn  in  magfi 
wtude.  '•< 

Iict  the  rectilineal  figure  ABCDE  given  in  species,  be  de% 
scribed  upon  the  straight  line  AB  given  in 
magnitude :  the  figure  ABCDE  is  given  in 
magnitude. 

Upon  AB  let  the  square  AF  be  described ; 
therefore  AF  is  given  in  species  and  mag- 
nitude, ojid  because  the  rectilineal  figures 
ABCDE,  AF,  given  in  species,  are  described 
upon  the  same  straight  lino  AB,  the  ratio 
of  ABCDE  to  AF  is  given  ' :  but  the  square 
AF  is  given  in  mngnitude,  therefore  *  also 
the  figure  ABCDK  is  given  in  magnitude. 

VROa.—Tofind  the  magnitude  of  a  rectilineal  figare  gireit  i« 
species  described  upon  a  straight  line  given  in  magnitude. 
Take  the  straight  line  GH  equal  to  tho  given  straight  iiw 
AB,  and  by  the  53d  Dat.  find  the  ratio  which  the  sqnarel' 
upon  AB  ims  to  the  Agure  AB<JI>K ;  and  make  the  ratio  ft 
UH  to  HK  the  tame  ;  and  upon  fiU  describe  the  square  Ob 
and  complete  the  paralielogmm  Lll  KM  ;  the  figure  ABCItt  il 
equal  to  LHKM.     Because  AF  ia  to  ABC0B,  sslhe 


3««'- 


txa 


line  OH  to  HK,  that  is,  as  the  figure  GL  to  HM ;  and  AF  is 
efoal  to  Gl. ;  therefore  ABCDE  is  equal  to  HM  •.  • 

PROPOSITION  LVII. 
If  t»o  rectilineal ^gures  be  given  in  tpeciea,  and  if  a  side  of 
.  one  of  than  have  a  gneii  ratio  to  a  side  of  the  other,  the  ra-. 
\^t  of  the  remaining  sides  to  the  remaining  sides  shall  be, 
'  gicen. 

Let  AC,  DF  be  two  rectilin«al  figures  given  in  species,  and. 
In  the  ratio  of  the  side  AB  to  the  side  DE  be  given :  the 
rMioH  of  the  remaining  sides  to  the  remaining  sides  arc  also 

Because  the  ratio  of  AB  to  DE  is  given,  as  also*  the  ratios   * 
ofABtoiJC,*nd  of  DE  toEF,  thuratioofBC  toEF  is  given".    ' 
In  the  same  manner  the  ratios  of  the  other 
sided  to  tlie  other  aides  are  given. 

The  ratio  which  BC  has  to  EF  may  be 
found  thus:   take  a  straight  line  G  give 
in  magnitude,  and  because  the  ratio  of  BC  i  l 

to  BA  is  given,  make  the  ratio  of  C  to  H  I     '      [ 

the  same ;  and  because  the  ratio  of  AB  to  I     I      I     I 

DE  is  given,  moke  the  ratio  of  H  to  K  the  G  H    K  L 

same  ;  and  make  the  ratio  of  K  to  L  the  same  with  the  given' 
ratio  of  DE  to  £K.  Since  therefore  as  BC  to  BA,  so  is  G  tQ. 
H  ;  and  as  BA  to  DE,  so  is  H  to  E  ;  and  as  DE  to  EF,  so  is  K 
to  L. ;  e\  rquali,  BC  is  to  EF,  as  ti  to  L  ;  therefore  the  ratio. 
of  G  to  L  has  been  found,  which  is  the  s»me  with  the  ratio  of 
BC  to  EF. 

PROPOSITION  LVIII.  (  O.  ) 

If  tmo  similar  rectilineal  figures  hate  a  given  ratio  to  one  See  N. 

another,  their  homologous  sides  have  also  a  given  ratio  to 

Let  the  two  simihir  rectilineal  figures  A,  B  have  a  given 
ratio  to  one  another :   their  homolugous 
sides  have  also  a  given  ratio. 

Let  the  side  CD  be  homolugous  to  EF  : 
and  to  CD,  EF,  let  the  straight  line  O  b( 
aiihird  proportional.  Aslherefore  "  CI 
CD  e,  so  is  the  figure  A  to  B ;  and  the 
ratio  of  A  to  B  is  given,  therefore  the  mtiu  of  CD 


M>J  1UCLIS8   DATA. 

•  l3Dau      gicm;  aod  CD,  8P,  G  arc  proportionals ;  wtere&re*  the 

of  CD  to  EF  isgiTen. 

The  ratio  of  CD  to  EF  may  be  found  thus:    take  a  st«ij 
line  H  given  in  magnitude ;  and  because  the  ratio  of 
figure  A  to  B  is  given,  make  the  ratio  of  H  to  K  the 
it :  and,  as  the  13th  Dat.  directs  to  be  done,  find  a  mean 
portionol  L  between  H  and  K ;  the  ratio  of  CD  to  EF 
same  with  that  of  H  to  I>.     Let  G  Iw  a  third  proportional  t» 
CD,  EF;  therefore  as  CD  to  G,  so  is  (A  to  B,  and  so  is)  H 
to  K ;  and  as  CD  to  EF,  so  ifi  H  to  L,  as  is  shewn  in  the  IM 
Dat. 
(  si-  )  PROPOSITION  LIX. 

Bm  N.  JJ"  tmo  rectilineal  figure*  given  in  apeciet  hare  a  given 

to  one  another,  their  tides  shall  likewise  have  given  ratic*  to 

one  another. 

Let  the  two  rectilineal  figures  A,  B,  given  in  species,  )mn 
a  given  ratio  to  one  ajiother :  their  sides  sliall  also  have  gives 
ratios  to  one  another. 

If  the  figure  A  be  similar  to  B,  their  Lomob^ous  side*  ibaU 
have  a  given  ratio  to  one  another,  by  tha  preuediiig  proptu- 
tion ;  and  becaUKe  the  figures  are  given  in  species,  Uie  atdei 

•  3  Dcr.        of  each  of  them  have  given  ratios  *  to  one  another ;  thenfnt 

•  s  Dal,        each  side  of  one  of  them  has  *  to  each  side  of  the  nthff  • 

given  ratio. 

But  if  the  figure  A  be  not  similar  to 
B,  let  CD,  EF  be  any  two  of  their  sides ; 
and  upon  EF,  conceive  the  ligure  EG 
to  be  described  umilar  and  similarly 
placed  to  the  ligure  A,  so  tkat  CD,  EF 
be  homologous  sides  :  therefore  EO  is 
given  in  species :  and  the  figure  B  is 

•  53  Dat.      given  in  species  [  wherefore  *  the  ratio  of  B  to  EO  U  g 
•9  Dm.         and  the  ratio  of  A  to  B  is  given,  therefore  •   the  ratio  of  ll 

•  S8  Dal.      figure  A  to  EG  is  given  :  and  A  is  similar  to  EQ  ;  tliercAavJI 

•  9  Dal.        the  ratio  of  the  side  CD  to  EF  is  given  ;  and  consequonth 

the  ratios  of  the  remaining  sides  to  tho  remaining  «idcs  ■ 
given. 

The  ratio  of  CD  to  EF  may  be  found  thus:  t«ke  a  itrs, 
line  H  given  in  magnitude,  and  because  the  ratio  of  the 
A  to  B  is  given,  malie  the  ratio  of  8  to  B  the  asQie  v'tb  jj 
And  by  the  53d  Dal,  find  the  ratio  of  the  figure  3  tt,  to,  m 


i 


ra, 


PROPOSITION   LX, 

nSce  tue  ratio  of  k  to  L  the  same:  between  H  a 
mean  proportional  M,  the  ratio  of  CD  to  EF  is  the  sarne 
the  ratio  of  H  to  M.  Because  the  dgure  A  is  to  B  as  U  1 
and  as  B  to  EO,  so  is  K  to  L ;  ex  eequali,  as  A  to  EQ,  so 
to  L  :  and  the  figures  A,  EO  are  similar,  and  M  is  a  i 
proportional  between  If  and  L  ;  therefore,  as  was  shewn  ii 
preceding  proposition,  CD  is  to  £F  as  H  to  M. 


the 


PROPOSITION  LX. 


n  species  a 


lagm- 


_precei 

^r  a   rectilineal  Jigare  be  given  in  species  and  magniltule,  th< 
W  tides  of  it  shall  be  given  in  magnitude. 

X<et  tte  rectilineal  figure  A  be  given 
tilde:  its  sides  are  given  in  magnitude. 

Take  a  straight  line  BC  given  in  position  and  magnitude, 
and  upon  BC  describe  *  the  figure  D  similar,  and  similarly 
placed,  to  the  figure  A,  and  let  EF  be 
the  side  of  the  figure  A  homologous  to 
BC  the  side  of  D  ;  therefore  the  figure 
D  is  given  in  species.  And  because 
upon  the  given  straight  line  BC  the 
figure  D  given  in  species  is  described, 
D  is  given  *  in  magnitude,  and  the 
figure  A  is  given  in  magnitude,  therefore  the  ratio  of  A  to  D 
is  given  :  and  the  figure  A  is  similar  to  D  :  therefore  the  ratio 
of  the  side  EF  to  the  homologous  aide  BC  is  given  •  ;  and  BC 
is  given,  wherefore  •  EF  is  given :  and  the  ratio  of  EF  to  EO 
is  given  *,  therefore  EO  is  given.  And,  in  the  same  manner, 
each  of  the  other  sides  of  the  figure  A  can  be  shewn  to  be 
given. 

^  Pbob. — To  describe  a  rectilinen}  figare  A  similar  to  a  given 
ft''  figare  D,  and  equal  to  another  given  figure  H. 

'  Because  each  of  the  figures  D,  U  is  given,  their  ratio  is 
given,  which  may  he  found  by  making  *  upon  the  given 
straight  line  BC  the  parallelogram  BK  equal  to  D,  and  upon 
its  side  CK  making  "  the  parallelogram  KL  eqrial  to  II  in  the 
angle  KCL  equal  to  the  angle  AIBC  ;  therefore  the  ratio  of  D 
to  H,  that  is,  of  BK  to  KL,  is  the  same  with  ihe  ratio  of  BC  to 
CIa  :  and  because  the  figures  D,  A  are  similar,  and  that  the 
itio  of  D  to  A,  or  H,  is  the  same  with  the  ratio  of  BC  to  CL, 
I  ratio  *'  of  the  homoli^ouB  sides  BC,  EF,  is  the  same  with 


5B  DtL 

2  DbI. 

3  OtL 


the  radb  of  BC  to  the  mean  p^p6iti(llidt«H^eeil^^  anA  <!tk 

.   _  ^   Find  BF  the  mean  proportional;  then  £F  is  the  aide  <if  the 

figure  to  be  described^  homolc^ous  to  BC  the  side  of  D^  a^ 

the  figure  itself  can  be  described  by  the  18th  Prop.  fi.  d, 

which>  bj  the  construction^  is  similar  to  D ;  and  because  t^i 

*SCor.so.  to  A>  as*  BC  toCL,  that  is^  as  the  figure  BK  to  KL;  and  ttiii 

«'l^  g         B  is  equal  to  BK^  therefore  A  *  is  equal  to  KL,  that  Wto  K: 


(  57.  )  PROPOSITION  LXI. 

Set  N.  If  a  parallelogram  given  in  magnitude  hate  one  of  it*  sidff 

and  one  (tf  its  angles  given  in  magnitude,  the  other  side/uti 
is  given* 

Let  the  parallelogram  ABDC  given  in  magiiiUidej  litU^id6 
side  AB  and  the  angle  BAG  ^ven  in  magikitfideV  ttiPdi^ 
side  AC  is  given.  ""     '''''^'n 

Take  a  straight  line  EF  given  in  positbn  and  niijgiHfcffe] 
,    ,   ,  and  because  the  parallelogram  AD  is  given  in  iti^^itUHii^^ 

•  1  DeT.        rectilineal  figure  equal  to  it  can  be  found  *.     AaA,  t' j^sMlUiP 

•  Cor.  45. 1.  gram  equal  to  this  figure  can  be  applied  *  to  th^  j^^vibi^aiHi^t 

line  EF  in  iain  angle  equal  to  the  jpven  angl^  :;  '   'i'   '.v»  *>X£m 
BAC.    Let  this  be  the  parallelogram  EFBfO,         *a^  ^  ^^  aV 
having  the  angle  FEO  equal  to  the  angle' 
BAG.     And  because  the  parallelograms  XD, 
£H^  are  equals  and  have  the  angles  at  A  and 
£  equal ;  the  sides  about  them  are  recipro- 

•  lii  6.         cally  proportional  • ;  therefore  as  AB  to  EF, 

so  is  EG  to  AC :  and  AB,  EF,  EO  are  given, 

•  l«.^i.        therefore  also  AC  is  given  *.    Whence  the  way  of  finding  AC 

is  manifest. 

(  H.  )  PROPOSITION  LXII. 

If  a  parallelogram  have  a  given  angle,  the  rectangle  contcnked 
by  the  sides  about  that  angle  has  a  given  ratio  to  tkeparmUel- 
ogram. 

"   '  ■ '. 
Let  the  parallelogram  ABCD  have  the  given  angle  A4^p  : 

the  rectangle  AB,  BC  has  a  given  ratio  to  the.  paniUi^pg^ 

From  the  point  A,  draw  AE  perpendicular  to  BC  ;  because 
the  angle  ABC  ie  given,  as  also  the  angle  AE^^.thi^Jtri^ii^le 

•  46  Dti.      ABE  lis  given  *  in  speciea ;  therefore  the  initio  o{^Ai,if>^^\if^ 


LXfll- 

,  ^rea.  But  a&  BA  to  AE,  so  is  *  the  rectaoglL<  AB,  BC,  to  the 
rectangle  AE,  BC  ;  llierefore  the  ratio  of  the  rectangle  AB, 
BC,  to  AE,  BC,  that  h  *,  to  the  parallelogram  AC.  ig  given. 

And  it  18  evident  how  the  ratio  of  the  rect- 
on^e  to  the  parallelogram  may  be  fouitd,  by 
making  the  angle  PQIl  equal  to  the  given 
angle  ABC,  and  drawing  &om  any  point  F  in 
one  of  ita  sides,  FK  jierpendieular  to  the  other 
UH  :  for  GF  is  to  FK,  ns  BA  toAE,  that  is,  as 
the  rectangle  AB,  BC,  to  the  parallelr^ram 
AC. 

Cor.  And  if  a  triangle  ABC  has  a  given  angle  ABC,  the 
rectangle  AB,  BC,  contained  by  the  aides  about  that  angle, 
Ehall  hare  a  given  ratio  to  the  triangle  ABC. 

Complete  the  parallelogram  ADCD  ;  therefore  by  this  pro- 
position, the  rectangle  AB,  BC,  has  a  given  ratio  to  the  pa- 
ralltdt^am  AC  ;   and  AC  has  a  given  ratio  to  its  half  the 
triangle"  ABC;  therefore  the  rectangle  AB,  BC  has  a  given*   ' 
ratio  to  the  triangle  ABC.  ' 

And  the  ratio  of  the  rectangle  to  the  triangle  is  found  thus : 
make  the  triangle  FGK  as  was  shewn  in  the  proposition  i  the 
ratio  of  GF  to  the  half  of  the  perpendicular  FK,  is  the  same 
with  the  ratio  of  the  rectangle  AB,  BC,  to  the  triangle  ABC, 
Because,  as  was  shewn,  GF  is  to  FK,  as  AB,  BC,  to  the 
parallelogram  AC  ;  and  FK  is  to  its  half,  as  AC  is  to  its  half, 
which  is  the  triangle  ABC  ;  therefore,  ex  a^quali,  GF  is  to  the 
half  sf  f  K,  aa  the  rectangle  AB,  BC,  is  to  the  triangle  ABC. 

I^liihi..  PROPOSITION  LXIII. 

f'tlBii  parallelograms  be  equiangular,  as  the  side  of  the  firti 
T  %oa  tide  of  the  second,  la  it  the  Other  side  of  the  second  to 
«  ttrarghl  line  to  which  the  other  side  of  the  frit  has  the 
e  ratio  mhich  the  frst  parallelogram  has  to  the  second. 
f  ^nd  consequently,  if  the  ratio  of  the  first  parallelogram  to 
rlAe  second  be  given,  the  ratio  of  the  other  tide  of  the  frit  to 
it  straight  line  is  gicen ;  and  if  the  ratio  of  the  oilier  side 
f  thefrst  to  that  straight  line  be  gircn,  the  ratio  of  the 
frtt  parallelogram  to  the  second  it  given. 

Set  AC,  dF  be  two  equiangular  porallelc^ramB :  as  BC,  m 
&^tlieWrst,  in  toBF,  aside  of  the  Bocimd,  so  i:(  DK,  the 
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EUCLID  9   DATA. 

utli«T  siile  of  the  second,  tv  tlie  struight  line  to  wliicli  AB,  Uv 
other  side  of  the  first,  has  the  snme  ratio  iriiicb  AC  lu*  tt 
DF. 

Proihice  the  Htrai){Iit  line  AD,  and  make  as  BC  to  EF  M 
DE  to  BG,  and  complete  the  parallelognun  BGUC  ;  %hetm 
fore,  because  BC  or  GH,  it  to  EF,  »s  DE  to 
DO,  the  sides  about  the  equiil  angh 
DEF,  are  reciprocally  proportional ;  where- 
fore *  the  parallelugmm  BH  is  equal  to  DF 
and  AB  is  to  BG,  m  the  paralleli^ram  AC  it 
BH,  that  is,  to  DF;  as  therefore  BC  is  to  EF, 
so  is  U£  to  BG,  which  is  the  straight  lioe  to 
which  AB  baa  the  same  ratio  that  AC  has  to  DF.  ,  j( 

Anil  if  the  ratio  of  the  parallelogram  AC  to  DF  begii«« 
then  the  ratio  of  the  straight  line  AB  to  BO  is  giTen  ;  and  if 
tlie  ratio  of  AB  to  the  straight  line  BC  be  given,  tbe  ratjc  rf 
the  parallelogram  AC  to  DF  is  givwi.  i 


)  PROPOSITION  LXIV.  ' 

If  two  paralkUigraiBs  hare  mirqual,  but  gieen  angtci,  and  if 

■  ■  at  a  tide  of  Ihefirat  to  a    tide  of  the  ttantd,  so  tht  olUt 

■   '■••'wille  of  the  Kcond  be  made  to  a  certain  ttraigJit  line  ;   if  lit- 

'  ^"'ratio  of  the  frit  parallelogram  lo  the  tecond  be  given,  db 

•'  Mio  of  the  other  side  of  Ihtfiml  to  that  straight  Une  Odi 

J'l  le  given.     And  if  the  ratio  of  the  other  tide  of  the  firat  • 

' '  fhat  straight  tine  be  given,   the  ratio  of  the  _first  parailtU^ 

gram  to  the  second  ihall  be  given.  i 

Let  ABCD,  EFGB  be  tivo  parol lelogTiims  which  hare  theuv* 
equal  but  given  angles  ABC,  EFO  ;  and  as  BC  to  FG,  wmska 
£K  to  the  straight  line  M  ;  if  the  ratio  of  the  parallelogram 
AC  to  EG  be  given,  the  ratio  of  AB  to  M  is  given. 

At  the  point  B  of  the  straight  line  BC,  make  the  ao^ 
CBK  e<)ual  to  the  angle  EFG,  and  complete  the  parxUelogrsdi 
EBCL.  And  because  the  ratio  of  AC  to  EQ  is  given,  and  that 
AC  is  equal  *  to  the  parallelogram  KC,  therefore  the  ratw  of 
KC  to  EG  is  given ;  and  KC,  EG,  are  equiangular,  therefon 
AS  BC  to  FG,  GO  is  *  EF  to  the  straight  lioe  to  ivhich  KB  has 
a  given  ratio,  viz.  the  same  which  the  parallelogram  KC  IM 
to  EG  ;  but  88  BC  to  FG,  so  is  EF  to  the  stmight  liae  V; 
therefore  KB  has  a  given  ratio  to  M  ;  and  the  ratio  of  AB'lit 


► 
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PROPOSITION   LX%-.  30| 

8K  is  given,  becnosc  the  triangle  ABK  is  given  in  species  *  ;    *  43  Dut. 
Aerefbre  the  ratio  of  AB  to  M  is  given  *.  *  9  Dat. 

And  if  the  ratio  of  AB  to  M  be  given,  the  ratio  of  the  pa- 
nlleli^nim  AC  to  EG  is  given  ;  for  aince  the  mtio  of  KB  to 
BA  is  given,  as  also  the  ratio  of  AB  to  M,  the 
ratio  of  KB  to  M  is  given  * ;  and  beeaH'se  the 
paraUelograms  EC,  EO  are  equiangular,  as 
BC  to  FG,  so  is  *  UF  to  the  straight  line  to 
which  KB  has  the  same  ratio  which  the  ps-  ^^^^T — 1^ 
nJlclt^ram  SC  has  to  EQ  :  but  as  BC  to  FG,  -^j-V^-^A 
■O  is   EF  to  M  ;  therefore  KB  is  to  M  as  the  *'  '' 

paralteli^rani  KC  is  to  EQ  ;  and  the  ratio  of  KB  to  H  is  given, 
therefore  the  ratio  of  the  paraltelogram  EC,  that  is,  of  AC  to 
ma  is  given. 

Cob.  And  if  two  triangles  ABC,  EFG,  have  two  equal 
angles,  or  two  unequal  but  given  angles  ADC,  £F(I,  and  if  as 
BC  a  side  of  the  first  to  FG  a  side  of  the  second,  so  the  oUier 
side  of  the  second  EF  be  made  to  a  straight  line  M  ;  if  the 
ratio  of  the  triangles  be  given,  the  ratio  of  the  other  side  of 
the  first  to  the  straight  line  M  is  given. 

Complete  the  piirallelogniius  ABCD,  EFGH  ;  and  bccsuw 
the  ratio  of  the  triangle  ABC  to  the  triangle  EFG  in  giviin, 
tlie  ratio  of  the  parallelogram  AC  to  EG  is  given  *,  be-  • 
cause  the  parallelugrams  are  double  *  of  the  triangles ;  and  * 
because  BC  ia  to  FG,  as  EF  to  M,  the  ratio  of  AB  to  M  is 
given  by  the  63  Dot.  if  the  angles  ABC,  EFO,  are  equal ;  but 
if  they  be  unequal  but  given  angles,  the  ratio  of  AB  to  M  is 
given  by  this  proposition. 

And  if  the  ratio  of  AB  to  M  be  given,  the  ratio  of  the  pa- 
TsUelogram  AC  to  eg  is  given  by  the  same  propositions;  and 
tlierefbre  the  ratio  of  the  triangle  ABC  to  EFG  is  given. 

PROPOSITION  LXV. 

^  trvo  equiangular  parallelograms  have  a  given  ratio  to  (me 

another,  and  if  one  side  hare  to  one  side  a  giten  ratio,  the 
Other  side  ihali  aho  have  to  the  other  side  a  given  ratio. 

t,  Let  the  two  equiangular  paraJlelngrsims  AB,  CD  have  a 
^pen  ratio  to  one  another,  and  let  the  side  EB  have  a  given 
fVdo  to  the  side  FD  i  the  other  side  A£  has  also  a  given  ratio 
,4tp  the  other  side  CF. 


I  'iSDi 


tbua  :  taKe  a  stnigir 
e  tlic  ratio  of  the  {£ 
le  TBtio  (if  U  to  K  W 


kiiclid'6  data. 

Because  the  two  equiangular  parallelogramB  AB,  CD  havei 
given  ratio  to  one  another ;  as  GB,  a  side  of  tlie  fint,  is  bl 
FD,  a  side  of  the  second,  bo  is  '  FC,  tte  other  side  of  the  <^ 
cond,  to  tlie  straight  line  ti>  which  AE,  the  other  side  of  ad 
first,  hoa  the  same  given  ratio  which  the  first  parallelogn^ 
AB  has  to  the  other  CD.  Let  this 
Htmight  liue  be  EG ;  therefiire  the 
ratioof  AE  to  EU  is  given  ;  and  EB 
is  to  FD,  as  FC  lo  EO,  therefore  the 
ratio  of  FC  to  EG  is  given,  because 
the  ratio  of  EB  to  FD  is  given  ;  and 

because  the  ratio  of  AE  to  EO,  as  also  ^ 

the  ratio  of  FC  to  EO  is  given ;  the  ratio  of  AE  to  CF  il 
given". 

The  ratio  of  AE  to  CF  may  be  found  thus  :  take  a  atnigSF 
line  H  given  in  magnitude  :  and  because 
rftUelogmm  AB  to  CD  is  given,  malie  the 
same  with  it.  And  because  the  ratio  of  FD  to  EB  is  gi'l^ 
make  the  ratio  of  K  to  L  the  same  ;  the  ratio  of  AB  to  CF  ■ 
the  same  with  the  ratio  of  H  to  L.  Make  as  EB  to  FD,  m 
FC  to  EG :  therefore,  by  inversion,  as  FP  to  EB,  so  is  £0  » 
FC  ;  and  as  AE  to  EO,  so  is  *  (the  pamlleli^Tam  AB  to  CD} 
and  so  is)  U  to  £  :  but  as  EG  to  FC,  so  it  (FD  to  EB,  and  m 
is)  K  to  L ;  therefore,  e\  lequali,  as  AE  to  FC,  so  ia  11  to  L. 

pROPOsiTrox  Lxvr. 

If  lain  parallelograms  have  unequal  but  giren  anglet,  a»J  B 
gieen  ratio  to  one  another ;  if  one  lide  have  to  ime  tide  ■ 
giten  ratio,  the  other  side  iuii  also  a  giren  Tntio  to  the  otiif 

Let  the  two  parallelograms  ADCD,  EFOH,  which  hare  dl* 
given  unequul  angles  ABC,  EFG,  have  a  given  ndio  Until 
Hiiothor,  and  let  the  ratio  of  BC  to  FG  be  given :  tbe  ndV 
also  of  AB  to  EF  is  given.  A 

At  the  point  B  of  the  straight  Une  BC,  make  thenqlit 
CBK  equal  to  the  given  angle  EFG,  and  complete  the  j»fi)« 
lelogram  BKLC  :  and  because  each  of  the  angles  BAK,  AHI 
is  given,  the  triangle  ABR  is  given  •  in  species  :  tb«reftrp  A* 
ratio  of  AB  to  BK  is  given  ;  and  because,  by  the  lijuiKliwif 
the  ratio  of  the  parallelogram  AC  to  EG  Is  given,  and  thaf-A^ 


PBOPOaiTION    I.XVll. 

id*  to  BL;  therefore  Ae  ratio  of  BL  to  EG  is  given 

bauae  BL  is  equiangular  to  EC,  and,  by  the  hypothesis 

tio  of  BC  to  FO  is  given  ;  therefore  * 

'A^  of  KB  to  EF  is  given,  and  the  ratio 

to  BA  is  given  ;  the  ratio  therefore  "  of 

JF  is  given. 

"'ratio  of  AB  to  EF  may  be  fuund  thus : 

lie  atraight  line  MN  given  in  positioti 

Hgnitude  ;  ond  make  the  angle  NMO 

to  the  given  angle  BAK,  and  the  angle  MNO  equal  to 

ren  angle  EFO  or  AKB  :  and  because  the  parallelogram 

HuiangulBr  to  EG,  and  ha«  a  given  ratio  to  it,  and  that 


^=M 


oof  BC 

re  the  ratio  of  NO  t 
AD  to  EF  is  the  sa 
1^  the  triangle  ABK  i 
B  ia  MO  to  ON:  and 
tKf  ex  Kquali,  as  AB  1 


;  find  •  the  ratio  of  KB  to  EF 
OP  the  same  ivilh  it :  then  thi 
e  with  the  ratio  of  MO  to  OP 

equiangular  to  MOK,  as  AB  to 
>s   KB  to  £F,   so  is  NO  to  OP 

EF,  so  is  MO  to  OP. 


■  PROPOSITION  LXVIl. 

tmttei  of  tntt  equiangular  parallelogram!  hate  given 
H  to  one  another,  the  jiarallelograini  shall  haee  a  given 
1 16  one  another. 

ABCD,  EFGH  be  two  equiangular  parallelograms,  and 
I  ratio  of  AB  to  EF,  hh  also  the  ratio  of  BC  to  FO,  be 
I  the  ratio  of  the  parallelogram  AC  to  EG  ia  giveni 
jea  straight  line  K  given  in  magnitude,  and  because  the 
^,AB  to  EF  is  given,  make  the  ratio  of  K  to  L  the  Mate 
h;    therefore  L  is   given*:   and  ' 

e  the  ratio  of  BC  to  FG  is  given,      ^ ^    f~^ 


SeeK. 


M: 


tbe  ratio  of  L  to  M  the  same: 
Ire  M  is  given  *,  and  K  is  given: 
fate  *  the  ratio  of  E  to  M  is  given : 
e  parallelogram  AC  is  to  the  pa- 
pain EO,  as  the  straight  line  E  to  the  straight  line  T-l, 
^Monstrated  in  the  23d  Prop,  of  B.  6.  Eleni. ;  there- 
ilfrratiu  of  AC  to  EG  is  given. 

M  this  it  is  plain  hoiv  the  ratio  of  two  equiangular  pa- 
nnt  caaf  be  Jmiidt  whrai  the  ntioe  of  their  aidM  we 


'I 
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KCCLIDE    DATA- 

Btaate  the  two  eqitUngoIar  paraUelogroms  AB,  CD  hare  % 
ptai  tatw  tA  MM  uwtber ;  u  EB.  a  dde  of  the  first,  it  W 
TV,  ■  tide  of  the  Mcond,  so  is  *  FC,  the  other  aide  of  the 
cuaJ.  to  tiw  straight  line  tu  which  AE,  the  other  side  of 
Snt,  baa  the  suae  giTen  ntio  tchich  the  first 
AB  hw  ta  the  other  CD.  Let  this 
itrneht  UiM  be  EG  ;  therefore  tlie 
ratia  tiAXtoEti  ia  gircn  ;  and  KB 
M  to  FD,  mt  PC  tn  EO .  therefore  the 
ntia  of  FC  to  eci  is  given,  because 
As  rab*  of  BB  to  FD  b  given  ;  and 
tuMMt  the  ntio  of  AE  to  EO,  as  also 
the  ntw  of  FC  to  EO   is  given ;   the  ratio  of  AE  to  CV  tf 

The  rtdo  of  AE  to  CF  may  be  found  thus  :  take  a 
Gae  B  gim  in  magnitude  :  and  because  the  ratio  of 
nUekgraai  AB  to  CD  is  given,  mate  the  ratio  of  H  to 
ttac  with  it-     And  because  the  ratio  of  FD  to  EB 
vake  the  ratio  of  K  t«  L  the  same :  the  ratio  of  AE  to  Cf' 
the  ame  with  the  ratio  of  H  to  L.     Make  as  EB  to  FD, 
PC  lA  EG:  therefore,  bv  inversion,  as  FD  to  EB,   w  is  E€ 
FC;  and  as  AE  to  EG,  so  is*  (the  parallelogram  AB  toCi| 
ud  so  is)  H  to  K  :  but  as  EG  to  FC,  so  is  (FD  to  EB,  bbA* 
it)  K  to  L ;  therefore,  ex  Kquali,  as  AE  to  FC,  so  is  B  to  U 

PROPOSITION  LX\'I. 

ff  t»c  paralUlagrams  have  meijaal  but  giren  angle*, 
,9.girtm  nrtio  to  one  another ;  if  one  aide  hare  to  one 
*g»<n  ratio,  Ike  other  tide  hat  alto  a  giren  ratio  to  the  ot 


Let  the  tn-o  poraltelograms  ABCD,  EFOH,  which  bare  i 
gircti   uuMjuul  angles  ABC,  EFO,   have  a  given   rat 
another,    and  let  the  ratio  of  EC   to  TO  be  given  : 
also  of  AB  to  t)r  is  given. 

At  the  point  ^ri^kB  stnught  line  Jg^Mke  1 
CBK  e<iual  to  ih  "  ~\^ii  EFG,  ai/"  "Nfc  tl 
lelugram  BKLf  bm  each  of  BAE, . 

^n.  thoy  BgiTen*/ 

tMioef  AB  4  . 


f 

F n  \  ' 


•»p^. 


PROPOSITI  ON    Lxni. 

Ij'aqdal*  to  BL;  therefore  the  ratio  of  BL  to  EG  ugirra: 
flod  because  BL  is  cquiiingular  to  EG,  and,  by  the  bjpMbeau, 
the  ratio  of  BC  to  FO  is  given  ;   therefore" 
the  ratio  of  KB  to  EF  ia  given,  and  the  ratio 
HTtttt  to  BA  is  given ;  the  ratio  tlierefbre  '  «F 

KTde  ratio  of  AB  to  EF  may  be  tiiaai  thn»: 
^f^  the  utraight  lioe  MN  given  iii  position 
and  magnitude  ;  and  make  the  angle  NMO 
«qua]  to  the  given  angle  BAK,  and  the  angle  UNO  equal  ta 
e  given  angle  EKG  or  AKB  :  and  because  the  parallelogrsnt 
li.fa,  equiangular  to  KG,  and  has  a  given  ratio  to  it,  and  that 
>  ratio  of  BC  to  FG  is  given  ;  find  *  the  ratio  of  KB  lo  EF; 
I  mike  the  ratio  of  NO  to  OP  the  same  with  it :  then  tlie 
lb  of  AB  to  EP  is   the  same  with  the  ratio  of  MO  t»  OP ; 
Puoce  the  triangle  ABK  is  eijuianguhu  to  UON,  as  AB  U 
o  is  MO  to  ON:   and  aa  KB  ta  EP,  m  is  NO  to  OP; 
S^re,  ex.  Kqiiali,  as  AB  to  EF,  so  is  MO  to  OP. 

PROPOSITION   LXVII.  (  ft,  ) 

)  lidet   of  fwo   eqtiiangtilar  para/lelogrtmi   hare  gvM»   SttK 
another,  the  paTalUlagrami  *kall  haee  a  ghen 
wMtio  to  one  another, 

Ijet  ABCP,  EFGII  be  two  equiangular  parallelograms,  and 
t  the  ratio  of  AB  to  EF,  as  also  the  ratio  of  BC  tu  FG,  be 

a  of  the  parallelogram  AC  to  EG  ia  given. 
,  Tslie  a  straight  line  K  given  in  magnitude,  and  because  the 
ratio  of  AB  to  EP  Is  given,  make  the  ratio  of  K  to  L  the  wme 
with  it ;    therefore  L  is  given  •  :  and  '  '  D"- 

iie  ratio  of  BC  to  FG  is  gii-cn,       A R    £-JJ 

■  ratio  of  h  to  SI  the  same:      jj: i-\        \ 

M  is  given  *.  and  E  is  given :       K — -  V^ \     •  a  Dm. 

! '  the  ratio  of  K  to  M  is  givwi :      jj}  ^       **    •  I  Du. 

raltelogram  AC  is  to  the  pa^ 

8  the  strdght  line  K  to  the  straight  line  M, 
mitruted  in  the  23d  Prop,  of  B.  6.  Elem. ;  there- 
oof  AC  to  EG  is  given. 

s  plain  hoiv  the  ratio  of  two  ecfniangulor  pa- 


i  may 


be  found,  when  the  ratios  of  their  sides  are 


HKL 


9  r  uKe  a  Knip 
ic  ratio  of  tlie  [I 
Btio  of  n  to  K  d 


KrCLIDS   DATA. 

Becatue  tlie  two  equiangular  paraUelograin*  AB,  CD  hxrt 
girat  Tstio  to  one  another ;  as  EB,  a  nde  of  the  fint,  »  i 
FO,  •  sMc  of  the  second,  so  is  ■  TC,  the  other  Hide  of  the  . 
eoadr  to  the  straight  liue  to  which  AE,  the  other  side  of  i 
Gnit  has  the  same  given  ratio  which  the  first  paraUelognD 
AB  bM  to  the  other  CD.  Let  this 
■tiki^  line  be  EG ;  therefi 
r«tio  of  AE  to  EO  is  giren  ;  s: 
ii  to  FD,  as  TC  In  EQ,  therefore 
ratio  of  FC  to  CO  is  given,  because 
the  ratio  of  KB  to  FD  is  git-en  ; 
henoM  the  ntio  of  AE  to  EO,  as  ..___ 
tlie  mdo  of  FC  to  EG  h  given  j  the  ratio  of  AE  to  CT  ^ 
giren". 

The  ratio  of  AE  to  CF  may  be  found  thus  r  take  a  Mni^ 
tine  H  given  in  magnitude  :  and  because  the  "'  "  ' 
raUelogram  AB  to  CD  is  gii'en,  make  the 
same  with  it.  And  because  the  ratio  of  FD  to  KB  ii  gift! 
make  the  ratio  of  K  to  L  the  same  :  the  ratio  of  AE  to  CP'I 
the  same  with  the  ratio  of  U  to  L.  Make  as  EB  to  TV,  m 
FC  to  EG :  therefore,  by  inversion,  as  FD  to  EB,  so  is  EO  M 
FC ;  and  as  A£  to  KO,  so  is  *  (the  parallelognm  AB  to  Cll| 
kod  so  is)  U  to  K :  but  as  EG  to  FC,  so  is  (FD  to  SB,  M^ 
is)  K  to  L ;  therefore,  ex  vquali.  as  AE  to  FCi  sn  la  B  te  b 

PROPOSITION  LXn. 

Jf  (nw  paralUlogramt  haoe  imeqtial  but  giren  angle*,  mi\ 
.*-^wn  ratio  to  one  another;  if  one  tide  hare  to  one  ndr . 
■••giten  ratio,  the  other  tide  hat  alto  a  gieen  ratio  to  the  od^ 


I^t  the  two  parallelograms  ABCD,  EFGH,  which  haro  < 
given  imc(]uii1  angles  ABC,  EFG,  hove  a  given  ratio  tOI 
another,  and  let  the  ratio  of  EC  to  FG  be  given ;  the  n 
al»o  of  AB  to  EF  is  given. 

At  the  point  B  of  the  straight  line  BC,  make  ihea^ 
CBE  equal  to  the  gbj^MOgle  EFO,  aii^Maipl«ttr  the  ml 
:  ^^^"Swe  each  of   ^^^ka  BAK.  Al 
Is  given'  .  iber<rftm4 

oofABto  :  ««il  'hvbrpMbd 

«  '"  I.  and  thai 


Icli^tram   BKLC  : 


the  ratio  of  thr 


».!. 

-&.- 


•fts. 


PH0P08ITI0N    I.XVFl. 

Sl^nBi*  to  BLj  tberefbre  tlie  ratio  of  BL  to  EO  ii  girea: 
inif  because  BL  U  cquiimgular  to  EG,  and,  by  the  hypothetta, 
Jie  ratio  of  BC  to  FG  is  given  ;  therefore  " 

o  or  KB  tu  EF  is  given,  and  the  xatlo     A-K- 
■  BB  to  BA  is  given ;  the  ratio  therefore  *  of 
■  to  EF  is  given. 

e  ratio  of  AB  to  EF  may  be  found  thm : 
B  tbe  ttraight  line  MN  given  in  powLion 
t  mognitudc  ;  and  make  the  angle  NMO 
il  to  the  given  angle  BAK,  and  the  angle  MNO  equal  t« 
the  given  angle  EFO  ur  AKB :  and  because  the  para]lelo([nun 
BL  ia  equiangular  to  Ed,  aod  has  a  gives  ratio  to  it,  and  ihM 
tlie  ratio  of  BC  to  FG  is  given  ;  find  *  the  ratio  of  KB  to  ef; 
(}  molce  the  ratio  of  NO  to  OP  the  same  ivitb  it :  then  ihe 
of  AB  to  EF  is   the  same  with  the  ratio  of  MO  U/  OP; 
Faiuce  the  triangle  ABK  is  equiangular  to  MON.  a*  AB  to 
1  AlO  to  ON:   and  as  KB  to  EF,  m  i*  NO  to  OP; 
.  ex  tequali,  as  AB  to  EF,  so  is  XO  ki  OP. 

PROPOSITION   LXVn.  (  f^  y 

ks  of  two   equianguUir  jMralUlirgrawi  hare  girei   §mlC  *" 
»  ta  one  another,  the  paral/elogrami  ikall  fmer  a  Ifieti 
I*  ffttitf  to  one  another. 

,   Let  ABCP,  EFGII  be  two  equiangular  paraII«lDgnii>>,  »ai 
t  the  ratio  of  AB  to  £F,  as  alao  the  ratio  of  BC  t«  ro,  be 
:  the  ratio  of  the  paraltehigrain  AC  la  EO  b  |piwa> 
a  straight  L'ne  K  given  in  inoguitnde,  aai  imtmt&t  tJw 
oof  AB  to  EF  is  given,  make  the  rati*  of  K  Is  I.  tlM  «•» 

therefore  L  is  given*:  and  •tlJ«i, 

e  the  ratio  of  BC  to  FG  ii  given,      A ^    1^ — *< 

»  tbe  ratio  of  L  to  M  the  wne;      ^  \^\       \ 

1  is  given  •,  and  K  la  given :       %,—  \        \     •  (  p^, 

'  the  ratio  of  K  to  M  U  givM :      ^ *  I  Ut. 

t  the  paralletogroni  AC  in  lo  the  jai' 

1  £0,  as  the  stroigbt  Unr  K  to  thr  ilraiglH  tin*  M, 
mitrated  in  the  23d  Vrap.  of  B.  ti,  Kim.  f  th«n- 
^AhSiTOtiu  of  AC  to  EU  is  giicn. 

ft  thil  it  is  plain  how  the  ratio  of  two  •qaiungular  }m* 
f  be  faandi  when  the  TMiaa  «f  th#ir  miIm  ar* 


Because  the  two  equiangular  pnroUelogranu  AB,  Cp  ht 
given  ratio  to  one  anotber ;  as  EB,  a  side  of  tlie  first. 
FD,  a  si^e  of  the  second,  so  is  "  FC,  the  other  side  of  the  J 
cond,  to  the  straight  line  to  which  AE,  the  other  tide  ■ 
tirst,  has  the  same  given  ratio  which  the  first  poniUelog 
AB  has  to  the  other  CD.     Let  this 
straight    line   be   EG ;    therefore  the 
ratio  of  AE  to  EU  is  given  ;  and  EB 
is  to  FD,  as  FC  to  EG,  therefore  the 
ratio  of  FC  to  EG  is  given,  because 
the  ratio  of  EB  to  FD  is  given  ;  and 
because  the  ratio  of  AE  to  EG,  as  also 


the  mtio  of  FC  to  EO  is  g 


;  the  ratio  of  AE  tn  CFl 


The  ratio  of  AEto  CF  ma 
line  H  given  in  magnitude  : 
ratlclogram  AB  ti 


y  be  found  thus  ^  take  a  B 
and  because  the  mtio  ot  t 

;n,  make  the  ratio  of  H  td 
same  with  it.  And  because  the  ratio  of  FD  to  EB  is 
make  the  ratio  of  K  to  L  the  same  :  the  ratio  of  AK  to  ( 
the  same  with  the  nttio  of  H  to  L.  Make  a 
FC  to  EG :  therefore,  by  inversion,  as  FD  to  EB,  so  is  EO  » 
FC ;  and  as  AE  to  EG,  so  is  "  (the  parallelc^nun  AB  to  VQ^ 
and  so  is)  U  to  K :  but  as  EG  to  FC,  so  is  (FD  to  EB,  and  M 
is)  K  to  L ;  therefore,  ex  a^quali,  as  AE  to  FC,  so  is  D  lo  U 

PttOPOSITIOM  LXVr. 

If  two  paralleiograma  have  unequal  but  given  anglen,  a»Hk 
given  ratio  to  one   another;  if  one  side  hare  la  out 
gixen  ratio,  the  other  nde  hai  alio  a  gii-en  ratio  tolheti 

Let  the  two  parallelograms  ABCD,  EFGH,  trtiich  hmn  I 
given  unequal  angles  ABC,  EFO,  have  a  given  ratia  taM 
another,  and  let  the  ratio  of  BC  to  FO  be  given  ; 
also  uf  AB  to  EF  is  given. 

At  the  point  B  of  the  straight  line  BC,  make  the  h 
CBK  equal  to  the  given  angle  EFO,  and  oompUte  the  p 
lelogram  BKLC  :  and  because  each  of  the  an^es  BAK,  t 
is  given,  the  triangle  ABK  is  given  *  in  species  : 
ratio  of  AB  to  BK  ia  given  ;  and  becante,  fay  the  hif] 
the  ratio  of  the  pamllelogmm  AC  to  EG  is  gi% 


pHOPoaiTiON  Limrv 

'w  equnl*  to  BL;  therefore  the  ratio  of  BL  to  EG  is  given: 
and  because  BL  is  equiangular  to  EG,  and,  by  the  hypotheais, 
the  ratio  of  BC  to  FG  is  given  ;  therefore " 
the  ratio  of  KB  to  EF  is  given,  and  the  ratio 
of  KB  to  BA  h  given  ;  the  ratio  therefore  " 


0  EF  is  giv* 


The  ratio  of  AB  to  EF  may  be  fuund  thus 
uJcfi  the  etniight  tine  MN  given  in  position 
and  magnitude  ;  and  muke  the  angle  NMO 
equal  to  the  given  angle  BAK,  and  the  angle  MNO  equal  tg^ 
the  given  angle  EFfJ  or  AKD  :  and  because  the  parallelogram 
BL  is  equiangular  to  EG,  and  has  a  given  ratio  to  it,  and  that 
the  ratio  of  BC  to  FO  is  given  ;  find  •  the  ratio  of  KB  to  EF; 
and  make  the  ratio  of  NO  to  OP  the  same  with  it :  then  the 
ratio  of  AB  to  EF  is  the  same  with  the  ratio  of  MO  to  OP: 
fpr  aince  the  triangle  ABK  is  equiangular  to  MON,  as  AB  to 
\  MO  to  ON  :  and  a»  KB  to  EF,  so  is  NO  to  OP ; 
^fore,  ex  eequali,  as  AB  to  EF,  so  is  MO  to  OP. 

PROPOSITION   LXVII. 


If  the  ,«(fcj   of  iTVO   equiajigatar  parallelograms   hate  given   S«eV, 
ratios  to  line  another,  (he  jMtraUdograrrts  shall  have  a  given 
ratio  te  one  another. 

Let  ABCD,  EFOH  be  two  equiangular  parallelograms,  and 
let  the  ratio  of  AB  to  EF,  as  also  the  ratio  of  BC  to  FQ,  be 
given  :  the  ratio  of  the  parallelogram  AC  to  EO  is  given. 

Take  a  straight  line  K  given  in  magnitude,  and  because  the 
ratio  of  AB  to  EF  is  given,  make  the  ratio  of  K  to  L  the  same 
with   it;    therefore  L  is   given*:   and  "SDM. 

because  the  ratio  of  BC  to  FO  is  given, 
make  the  ratio  of  L  to  M  the  seme: 
therefore  M  is  given  *,  and  K  is  gi 
wborefare  *  the  ratio  of  K  to  Al  is  given : 
but  the  parallelogram  AC  is  to  th. 

r«U«logTam  EO,  as  tlie  straight  line  K  to  the  straight  line  M, 
aa  is  doBionstrated  in  the  23d  Prop,  of  B.  6.  Elem. ;  there- 


■  the  n 


of  A 


o  EO  IS  give 


Fruul  this  it  is  plain  ho*  the  ratio  of  two  equiangular  pa- 
nilklagiAms  nay  be  fiMUid,  ^rlien  the  ratiae  of  tbeir  sides  are 

given.  ..r    n-rrj!"  n>  --'T    -fW^'-*-'*T  '  '  ■ '*"  ""J"  *■*' 


J 


BOCLID8   SAT*. 


(TO.) 
SkN. 


'rtioposiTTON  Lxvirr; 


n-hic/i  have  unequal,  hul^ 
)  one  anolhcr,  ihe  pa  nl 
to  one  anolhrr. 


1/  (he  tiden  oj  tn-o  paralMogri 

givfti  angles,   hare  given  rati 

Ulogrcmt  tkall  hate  a  given  i 

Let  two  parallelugrBms  ABCD,  EFGH  which  Lave  the ginlLl 
unequal  angles  ABC,  EFG,  have  the  ratios  of  their  udes,  vii^ 
of  AB  to  EF,  and  of  BC  to  FG,  given :  the  ratio  of  the  panl^ 
lelugram  AC  to  EG  is  givei 

At  the  point  B  of  the  straight  line  BT,  miike  the  )uigl«  roi'- 
equal  to  the  given  angle  EPG,  and  complete  the  ponJlelo^nH 
KBCL:  and  because  coch  of  the  angles  BAK,  BfvA,  iapnf' 
the  triun^jle  ABK  is  given"  in  species;  'J 

therefore  the  ratio  of  AB  to  BK  is 
given ;  and  the  ratio  of  AB  to  EF  is 
givm,  wherefore  •  the  ratio  of  BK  to 
EF  is  ^en.  And  the  ratio  of  BC  to 
FO  is  given ;  and  the  angle  EBC  Is 
equal  to  the  angle  EFO ;  therefore  *  the  ratio  of  the  panUelo- 
gram  KC  to  EG  is  given  :  but  KC  is  equal*  to  AC;  therefisc 
the  ratio  of  AC  to  EO  is  given.  '\ 

Tlie  ratio  of  [he  parallelograni  AC  to  EG  may  be  fijund 
thus  :  take  the  straight  line  MN  given  in  position  and  ina^- 
tude,  and  make  the  angle  MNO  equal  to  the  given  angle  KAB, 
and  the  angle  NMO  equal  to  the  given  angle  AKB  or  FEH: 
and  because  the  ratio  of  AB  to  EF  ie  given,  wake  the  ratio  of 
NO  to  P  the  game ;  also  make  the  ratio  of  F  to  Q  the  mttiS' 
with  the  given  ratio  of  BC  to  FO,  the  parallelogram  AC  it  tfi 
EG,  as  MO  to  Q. 

Because  the  angle  EAB  is  equal  to  the  angle  MNO,  and  HtS^ 
angle  AKB  equal  to  the  angle  NMO;  the  triangle  AEBb 
equiangular  to  NMO ;  therefore  as  KB  to  BA,  so  isMOtoONlf' 
and  as  BA  lo  EF,  so  is  NO  to  P  ;  wherefore,  ex  leqittll.  il' 
KB  lo  EF,  so  is  MO  to  P  :  and  BC  is  to  FO,  as  P  to  Q,  and  "" 
parallelograms  KC,  EO  are  equiangular :  therefore,  at 
shewn  in  Prop.  67->  the  parallel (^rani  KC,  that  is  AC,  is  tv  ESf 
as  MO  to  Q.  '     '<» 

Cor.  1.  If  two  triangles  ABC,  DKF  have 
two  equal  angles,  or  two  unequal  but  given 
angles  ABC,  DBF,  and  if  the  ratios  of  the 
sides  about  these  angles,  viz.  the  ratios  of 
AB  to  DE,  and  of  BC  to  EF,  bc  given ;  the  triangles  shM' 
have  a  given  ratio  to  one  another. 


Ifi.  J>. 

[  61.  J    . 


Complete  the  ptiraUelogromi  BU,  EH  ;  the  ratio  of  BO  to 
:H   is  given';   and   therefore   the  iriangles   which   are   the    "WoifiB 
lalres  ■  of  them  have  a  given  "  ratio  to  one  another.  <  j^^  i_ 

Cob,  2.  If  the  bases  BC,  EF,  of  two  triangles  ABC,  DEF,   •  la.s.' 
hare  a  given  ratio  to  one  another,  and  if  aJso  the  straight       '        ' 
tinea  AG,  DH,  which  are  drawn  to  the  base*  from  the  opposite 
angles,  either  in  equal  angles,  or  uneqtlkl 
bnt  given  angles,  AQC,   DHF   have  a 
given  ratio  to  one  another ;  the  triangles 
btil  have  a  given  ratio  to  one  another. 

Draw  BK.  EL  parallel  to  AG,  DU, 
aod  oompletc  the  pamllelograws  KC,  LF ;  and  because  the 
angles  AGC,  DIIF,  or  their  equals,  the  angles  KBC,  LEF,  ore 
either  equal,  or  unequal  but  given  ;  aqJ  that  the  ratio  of  AG 
to  DH,  that  is,  of  KB  to  LE,  is  given ;  as  also  the  ratio  of  BC 
to  BF ;  therefore  "  the  ratio  of  the  paralleli^ram  KC  to  LF  is   ' 

■en  ;  wherefore  also  the  ratio  of  tlic  triangle  ABC  to  D£P 
^  is  giTcn  •. 

PROPOSITION   LXIX. 

If  a  parallelogram  which  hat  a  gircn  angle  be  applied  to  one 
aide  tff  a  rtclilmcal  fgare  given  in  tpecies ;  if  th  figure 
ha9€  a  given  ratio  to  the  parallelogram,  the  paralkhgram 
u  giMn  m  tpede$. 

I>et  ABCD  be  a  rectilineal  ligure  given  in  species,  and  to 
one  aide  of  it  ad,  let  the  parollcli^ram  ABEF  having  the 
^ven  angle  ABE,  be  applied :  if  the  figure  ABCD  have  a  given 
mtio  to  the  parallelogrom  BF,  the  paralleli^nun  BF  is  given 
n  4>edes. 

Through  the  poiut  A,  draw  AG  parallel  to  BC,  and  through 
the  point  C,  draw  CG  parallel  to  AB,  and  produce  UA,  CB 
to  the  points  H,  E  ;  because  tlie  angle  ABC  is  given  *,  and  the 
ratio  of  AB  to  BC  is  given,  the  figure  ABCD  being  given  in 
species,  therefore  the  parallelogram  DG  b  given  *  in  species. 
And  because  upon  the  same  straight  line  AB  the 
lineal  figures  BD,  BO,  given  in  species,  are  dcscrilied,  the  mtio 
«f,  BD  to  BO  is  giv«n  *  ;  and,  by  hypothesis,  the  ratio  of  BD 
to  the  parallelogram  BFisgiren;  wherefore*  the  ratio  of  BF, 
that  ia  *,  of  the  parallelognun  BH,  to  BO,  is  given,  and  there- 
fore  •  the  ratio  of  the  straight  line  KB  to  BC  is  given ;  and 
tW  ntit;  of  BC  to  BA  is  given,  wherefore  the  ratio  of  KB  to 


SDff. 
3D«r. 


•  9  Dii,         BA  ii  given  '  :  and  because  the  angle  ABC  is  giveiij  tie  adja- 

cent angle  ABK  is  given  ;  and  the  angle  ABE  is  given,  (Ittt- 

fore   the   remaining   angle   KBE    is 

given.    The  angle  EKB  Is  also  given, 

becanseit  is  equal  to  the  angle  ABK; 

therefore  the  triangle  BKE  18  giTen 

in  species,  and  consequently  the  ra* 

tiu  of  EB  ti>  BK  is  given  ;  and  the 

ratio  of  KB  to  BA  is  given,  where- 

•  »D»i.        fore  "  the  ratio  of  EB  to  BA  is  given  ;  and  the  a 

•  3  Def.         ^ven,  therefore  the  paraUrii^raoi  BF  is  given  •  if 

A  parallelogram  similar  to  BF  may  be  found  thus ;  talce  » 
straight  line  LJI  given  in  position  and  magnitude ;  and  V- 
cause  the  angles  ABK,  ABE,  are  given,  make  the  angle  KLU 
equal  to  ABK,  and  the  angle  NI.O  equal  to  ABE.  And  be- 
cause the  ratio  of  BF  to  BD  is  given,  malce  the  ratio  ef  LH 
to  P  the  same  with  it ;  and  liecause  the  ratio  of  the  figure  B9 

•  63  Dii.       to  BO  is  given,  find  "  this  ratio,  and  make  the  ratio  of  P  l« 

Q  the  same.  Also,  because  the  ratio  of  CB  to  BA  is  gin*, 
make  the  ratio  of  Q  to  It  the  same  ;  and  take  LN  etjirol  tA  B; 
through  the  point  M  draw  OJI  parallel  to  I.N,  nud  eoai;^e(e 
the  parallelogram  NCOS ;  then  this  is  dmitar  to  the  panlM»- 
gram  BF. 

Because  the  angle  ABK  is  equal  to  NLM,  auA  the  tnjl* 
ABE  to  >'I,0,  the  angle  KBE  is  equal  to  .MLO  ;  and  the  an^ 
BKE,  LSIO  are  equal,  because  the  angle  ABK  is  equil  M 
NL.M  ;  therefore  the  triangles  BKE,  LMO  are  equtwigulir  ta 
one  another  ;  wherefore,  as  BE  to  BK,  so  is  XX>  to  LM  ;  «ol 
becaose  as  the  figure  BP  to  BD,  so  is  the  straight  line  hH  n 
•35.  1.  Pi  and  as  BD  to  BO,  so  is  PtoQ  ;  ex  lequali,  as  BF,  that  t»*. 

•  1.  e.  Tiii,  to  BO,  so  is  LM  to  Q :  but  BH  is  to  *   BG,  ns  KB  to  BT ; 

as  therefore  KB  to  BC,  so  is  LM  to  Q ;  and  becanse  BE  Is  t« 
BK,  as  LO  to  LM  ;  and  as  BK  to  BC,  so  is  LM  to  Q  ;  and  t> 
BC  to  BA,  so  Q  was  made  to  R  ;  therefore,  ex  eequsli,  as  BE 
to  BA,  so  is  I'D  to  R,  that  is,  to  LN ;  and  the  angle*  ABZ. 
NLO,  are  equal;  therefore  the  parallclc^am  BP  is  dsulv 


PROPOSITION  LXX. 

ff  iwn  straight  lines  kave  a  given  ratio  to  one  mofAer,  ■"' 
aptm  one  of  them  be  described  a  rectilineal  ^figure  girm  "» 
»pecift,  and  upon  the  other  a  parallehgram  having  n  gicfn 


PB0P081TJ0N   LXJC. 

'">Mgl)^f  ifthefgwc  have  a  given  ratio  to  the  paraUetogram, 
the  paralUiogTtrm  \f  given  in  xpcciet. 

Let  the  two  straight  lines  AB,  CD  liave  a  given  ratio  to  one 
uiDther,  and  upon  AB  let  the  tigure  AEB  given  in  species  be 
described,  and  upon  CD  tlic  porallelogrum  DF  having  the 
given  angle  FCD ;  if  the  ratio  of  AEB  to  DF  be  given,  the 
panllelogram  DF  is  given  in  species. 

Upon  the  straight  line  AB,  conceive  the  parallelogram  AU 
to  be  described,  similar  and  similarly  placed  to  FD;  and  bc- 
cauH  the  ratio  of  AB  to  CD  is  given, 
and  upon  them  arc  described  the  similar 
rsDtiliueal  figures  Ati,  FD  ;  the  mtin  of 
AO  lo  FD  is  given  •  ;  and  the  ratio  of 
n>  to  AEB  is  given ;   therefore '   the 

IBljo  of  AEB  to  AO  is  given  ;  and  the  A 1  , 

Bpgle  ABG  is  given,  because  it  is  equal 
tf  Uie  angle  FCD ;  because  therefore  the  parallelogram  AG, 
which  has  a  given  angle  ABG,  is  applied  to  a  side  AB  of  the 
figure  AEB  given  in  species,  and  the  ratio  of  AEB  to  Aii  is 
ffffmi .  the  parullelugram  AG  is  given  *  in  species :  but  FD  is   ' 
auilai  to  AO  ;  therefore  FD  is  given  in  species. 

A  parallelogram  similur  to  FD  may  be  found  thus:  tolce  a 
•twght  line  H  given  in  mngnitude  ;  and  because  the  ratio  of 
the  figure  AEB  to  FD  is  given,  make  the  ratio  of  H  to  K  the 
Mine  with  it :  also  because  the  ratio  of  the  straight  line  CD 
to  AB  is  given,  find  by  the  54th  Dat.  the  ratio  which  the 
figure  FD  described  upon  CD  has  to  the  figure  AO  described 
upon  AB  similar  to  FD ;  and  mnlce  the  ratio  of  K  to  L  the 
snoe  with  that  ratio :  and  because  the  ratios  of  II  to  K,  and 
of  K  to  Ii,  ore  given,  the  ratio  of  tl  to  L  is  given  *  ;  because  * 
therefore,  as  AEB  to  FD,  so  is  II  to  K ;  and  as  FD  to  AO,  so 
isKtoL:  ex  n-^uali,  as  AEB  to  AG,  so  is  U  toL;  therefore 
the  ratio  of  AEB  to  AG  is  given;  and  the  figure  AEB  is  given 
in  species,  and  to  its  side  AB  the  parallelogram  AG  is  applied 
in  the  given  angle  ABG  ;  therefore  by  the  G9th  Dat.  a  parul- 
lelt^rrani  may  be  found  similar  to  AG  :  let  this  be  the  paral- 
lelogram >MN;  MN  also  is  similar  to  FD  ;  fur,  by  the  con- 
struction, MN  is  similar  to  AG,  and  AO  is  similar  to  FD; 
thereiurc  the  parallelogram  FD  is  similar  to  MN. 


.VIXX  itBCLID'S   DATA. 


PROPOSITION   LXXI. 


ill 


If  the  extremei  of  three  proportional  straight  tines  have  girn 
rmtioi  to  the  extremes  of  other  three  proportional  tttatgh 
~  tine»,  the  meant  shall  alto  have  a  given  ratio  to  one  anMher. 
And  if  one  extreme  have  a  given  ratio  to  one  extrmie,  aii 
the  mean  to  the  mean,  lUcen/iie  the  other  exlremt  ihall  hati 
to  the  other  a  gicen  rath. 

Let  A,  B,  C  be  three  praportiunal  straight  linet,  and  D,  (, 
F,  three  other ;  and  let  the  ratios  of  A  to  D,  and  of  C  h>  F, 
be  given :  then  the  ratio  of  B  to  E  is  also  given. 

Because  the  ratio  of  A  to  D,  as  also  of  C  to  F,  is  given,  tli* 
ratio  of  the  rectangle  A,  C,  to  the  rccUagle  D,  F,  is  girai  T{ 
but  the  square  of  B  i&  equal  *  to  the  rcchiugle  A,  Cj 
and  the  square  of  E  to  the  rectangle  •  D,  F;  tlier»- 
fore  the  rutio  of  the  square  of  B  to  the  square  of  E  ia 
given ;  wherefore  *  also  the  ratio  of  the  straight  line 
B  to  E  is  given  *. 

Next,  let  the  ratio  of  A  to  D,  and  of  B  to  E,  be 
givcu ;  then  the  ratio  of  C  to  F  ia  also  given.  r- 

Because  the  ratio  of  B  to  &  ia  given,  the  ratio  of  tha  tqnan 
of  B  to  the  square  of  E  is  ^ven  *  ;  therefore  *  the  rmtio  of  ll* 
rectangle  A,  C,  to  the  rectangle  D,  F,  is  given  ;  aiul  tb«  ntw 
of  the  side  A  to  the  side  1)  is  given ;  therefore  the  ratio  d^ 
other  aide  C  to  the  other  F  is  given  ".  i 

CoB<  And  if  the  extremes  of  four  proportionals  hare  to  di 
cxtremea  of  four  other  proportionals  given  ratioa,  and  one  4I 
the  means  a  given  ratio  to  one  of  the  means  ;  tlie  other 
shall  have  a  given  ratio  to  the  other  mean,  as  may  be  shewKJ 
in  the  same  manner  as  in  the  foregoing  proposition. 


PROPOSITION  LXSIl.  ' 

I 

If  four  utraighl   lines  he  pToportionalx  ;  as  the  firtt  u  tt  lit 

straight  line  to  which  the  tecoiid  ha*  a  giren  ratio,  so  is  lii 

third  to  a  straight  line  to  which   the  fourth  hat  4  pvM 

•} 

Let  A,  B,  C,  D  be  four  jjropurtional  straight  lines,  vis.  ■■ 
A  tu  B,  H  C  to  n :  as  A  ix  to  the  straight  lino  to  whidLl 


pRoroBinoMB  1 


.   LXXIV. 


bm  a  given  ratio,  so  is  C  to  a  straight  line  to  which  D  has  a 
given  ratio. 

Let  G  be  the  straight  line  to  which  B  has  n  given  [  , 
TBtio,  and  as  B  to  E,  so  make  D  to  F :  the  ratio  of  B 
to  E  is  given  *,  and  therefore  the  ratio  of  D  to  F  ; 
and  because  as  A  to  B,  bo  is  C  to  D  ; 
so  D  to  F :  therefore,  ck  Kqunli,,  as  i 
to  F;  and  E  is  the  straight  line  to  which  B  has  i 
given  ratio,  and  F  that  to  wtiich  D  has  b  given  ratio ;  there- 
fore OS  A  is  to  the  Btraight  line  to  wliicit  B  lias  u  given  ratio, 
iM^M<>to«  line  to  which  D  haa  a  given  ratio. 


ill 

as  B  to  B     ?  D  f 
B,  so  is  C  I    ' 


t: 


PROPOSITION  LXXin. 


j/jhtir  Mtraight  linet  6c  proporliotiah ;  a 
straight  line  to  whick  ike  second  has  e 
ttraighl  5ne  to  which  the  third  has  t. 


xrth. 


r  the  first  is  to  the   I 
given  ratio  to  the 


t  the  straight  line  A  be  to  B,  as  C  to  D :  as 
kiglit  line  to  which  B  has  a  given  ratio,  so  is  a 
straight  line  to  which  C  has  a  given  ratio  to  D. 

Let  E  be  the  straight  line  to  which  B  has  a  given 
ratio,  and  as  B  to  E,  so  make  F  to  C  ;  because  the 
ratio  of  B  to  E  is  given,  the  ratio  of  C  to  F  is  given: 
and  because  A  is  to  B,  as  C  to  D ;  and  as  B  to  £,  so 
F  to  C ;  therefore,  ex  a^qn^li  in  proportione  pertur- 


llJ 

nr 


,  A  is  to  E,  as  F  to  D  ;  that  if 


a  E,  to  which  B   *  83,  s. 


has  a  given  ratio,  as  F,  to  which  C  has  a  given  ratio,  is  to  D. 


PROPOSITION   LXXIV.  (  6*.  ) 

If  a  triangle  have  a  given  obliise  angle,  the  exeeti  of  the  square 
of  the  side  trhich  tulilemtx  the  obtuse  angle,  above  the  squares 
of  the  sides  which  contain  il,   shall  have  a  given  ratio  to  the 

,ri.,,gi,. 

lift  the  triangle  ABC  huve  a  given  ohtuse  angle  ABC  ;  and 
product;  the  straight  line  CB,  and  from  the  point  A,  draw  AD 
perpendicular  to  BC :  the  excess  of  the  square  of  AC  above 
the  squares  of  AB,  BC,  that  is  *i  the  double  of  the  rectai^le   •18.2, 
oontained  by  UB,  BC,  lus  a  given  ratio  to  tbe  triangle  ABC. 


am 


m 


Because  the  angle  ^BC  is  given,  the  angle  AU>  ia  alw 
given  ;  and  the  angle  ADB  is  given  ;  wherefore  the  tmn^ 
AlID  IH  given  *  iu  species;  and  tiiercbtte  the  ratio  of  All  ti 
DB  is  given :  and  as  AD  to  DB,  so  is  *  the  rectaiigtc  AO,  M^ 
to  the  recuingle  DB,  BC  ;  wherefoi*  the  mtio  of  the  rtclsngle 
AD,  BC,  to  the  rectangle  DB,  BC,  is  given, 
as  nlsu  the  ratio  of  twice  the  rectangle  D8, 
BC,  to  the  rectangle  AD,  BC  :  but  the  ratio  uf 
the  rectangle  AD,  BC,  to  the  triangle  ABC,  b 
given,  l>ecause  it  is  doubh:  *  of  the  triangle ; 
therefore  the  ratio  of  twice  the  rectangle  DB,  , 

BC,  to  the  triangle  ABC  is  given  *  i  and  twice  the  rectal^ 
DB,  BC,  is  the  excess  *  of  the  square  of  AC  above  the  ftfUif 
of  AB,  BC  ;  therefore  this  excess  has  a  given  ratio  to  thetri: 
angle  ABC.  .i 

And  the  ratio  of  this  excess  to  the  triangle  ABC  inftf  it 
found  thus :  take  a  straight  line  EF  given  in  pneitioa  >ud 
magnitude ;  and  because  the  angle  ABC  is  given,  at  the  pwnt 
P  of  the  straight  line  EF  make  the  angle  EFG  equal  to  the 
angle  ABC ;  produce  OF,  and  draw  EH  perpendicuhir  to  FO ; 
titen  the  ratio  of  the  excess  of  the  wjuarc  of  AC  abme  A 
squares  of  AB,  BC,  to  the  triangle  ABC,  is  the  same  frith  the 
ratio  of  quadruple  the  straight  line  IIP  to  HE. 

Because  the  angle  ABD  is  equal  to  the  angle  BFH  and  the 
angle  ADD  to  EBF,  each  being  a  right  angle ;  the  triangle 
ADB  is  equiangular  to  EHF  ;  therefore*  as  BD  to  DA.  HI 
FH  to  HE  ;  and  as  quadruple  of  BD  to  DA,  so  is*  qnidrtt- 
pie  of  FH  to  HE ;  but  as  twice  BD  is  to  DA,  so  *  is  twice  Ht^ 
rectangle  DB,  BC,  to  the  rectangle  AD,  BC ;  and  as  DA  ta 
the  half  of  it,  so  is  *  the  rectangle  AD,  BC,  to  its  half  ibi 
triangle  ABC;  therefore,  ex  gequalt,  as  twice  BD  is  to  tM 
half  of  DA,  that  is,  as  quadruple  of  BD  is  to  DA.  that,  a,~M 
quadruple  of  FII  to  HE,  so  is  twice  the  rectangle  DB,  BC  H 
the  triangle  ABC. 

PROPOSITION   LXXV. 

If  a  Iriartglc  have  a  given  aettte  angle,  the  space  bg  mhiek  til 
square  of  the  side  stibteiullng  the  acute  angle  is  lets  tha»  ikt 
squares  of  the  sides  nhick  Contain  it,  shall  hare  a  girtn  nltw 
to  the  triangle. 

Let  the  triangle  ABC  ha 


LXXT.    LXXVI,  3^ 

'TiWVjlft' perpendicular  to  BC  ;  the  spnccbywWch  the  square 
of  AC  is  less  than  the  squares  of  AB,  BC,  that  is  •  the  double  '  13.  !. 
of  the  rectangle  contained  by  CB,  BD,  lias  a  given  ratio  to  the 
triangle  ABC. 

-  Because  the  angles  ABV,  ADBj  are  each  of  them  given,  the 
triajigle  ABD  is  given  in  species  ;  and  tterefiire  the  ratio  of 
BD  to  DA  is  given :  and  ns  BD  to  DA,  so  is  the 
rectangle  CB,  BD  to  the  rectangle  CB,  AD: 
therefore  the  ratio  of  these  rectangles  is  given,  as 
also  the  ratio  of  twice  the  rectangle  CB,  BD  to  the 
rectangle  CB,  ADr  hut  the  rectangle  CB,  AD,  has 
B  given  ratio  to  its  half  the  triangle  ABC  :  there- 
fore" the  ratio  of  tivice  the  rectangle  CB,  BD,  to  the  triangle 


ABC  is  given  ;  and  twice  the  rectangle  CB,  BD,  i 


•the 


spicc 


by  which  the  square  of  AC  is  less  than  the  squares  of  AB,  BC; 
therefore  the  ratio  of  this  space  to  the  triangle  ABC  is  given  ; 
and  ehe  ratio  may  be  found  as  in  the  preceding  proposition. 

LEMMA. 

'{^Jioiiiikc  vertex  A  of  an  isoscdct  triangle  ABC,  ant/ ttraigfU 
€  AH,  6«  drawn  to  l/ie  bate  BC,  the  aquare  of  the  tide  AB 
r  equal  to  the  rectangle  DD,  DC,  of  Ike  tegmenta  of  the 
E  together  rvUli  the  square  of  AD  ;  but  if  AH  be  dra'vn 
0  Ike  bate  produced,  the  square  of  AD  is  equal  to  the  rect- 
pB^g/e  BD,  DC,  together  mth  the  square  of  AB. 

'■^tJASE  1.  Bisect  the  base  BC  in  E,  and  join  AE,  which  wiU 
be  perpendicular  '  to  BC ;  wherefore  the  square  ' 

of  AB  is  equal'  to  the  squares  of  AE,  EB; 
but  the  square  of  EB  is  equal '  to  the  rect- 
angle BD,  DC,  together  with  the  square  of 
DE;  therefore  the  square  of  AB  is  equal  to 
the  squares  of  AE,  ED,  that  is,  to  '  the  square  of  AD,  t*-  • 
gether  with  the  rectangle  BD,  DC. 

The  other  case  is  shetvn  in  the  mmc  way  by  6.  2.  Elem. 

PROPOSITION   I/XXVI. 

(fa  triangle  have  a  given  angle,  the  excess  of  the  square  of  Ike 
straight  Hue  which  is  equal  to  the  two  sides  that  contain  the 

■  given  angle,  above  the  square  of  Ike  third  side,  shall  have 
ttf^tUn  mfio  to  the  triangle. 


I  <      EUCLID  9   DATA. 

Let  the  triungle  ABC  liave  the  given  angle  BAC :  tlic  tx- 
cvBs  of  the  square  of  the  straight  line  which  is  equal  to  BA, 
AC,  together  above  the  square  of  BC,  shall  have  a  given  ratio 
to  the  triangle  ABC.  ^ 

Produce  BA,  and  take  AD  equal  to  AC,  join  DC,  and  p»  j 
duce  it  to  E,  and  through  the  point  B,  dravr  BE  parallel  M  ' 
AC :  join  AE,  and  draw  AF  peqiendiculnr  to  DC ;  and  W 
cause  AD  is  equal  to  AC,  BD  is  equal  to  BE ;  and  BC  is  dnura 
from  the  vertex  B  uf  the  isosceles  triangle 
DBE  :  therefore  by  the  lemma,  the  Equate  of 
BC,  that  is,  of  BA  and  AC  together,  is  equal 
to  the  rectangle  DCj  CE,  together  with  the 
square  of  BC :  and  therefore  the  square  of 
BA,  AC,  together,  that  is,  of  BD,  is  greikter 
than  the  squiire  of  BC  by  the  rectangle  DC, 
CKj  aud  this  rectangle  has  a  given  ratio  to  the  triangle  ABC: 
because  the  angle  BAC  is  given,  the  xdjacent  angle  CAD  if 
given  ;  and  each  of  the  angles  ADC,  DCA  is  givea,  f«r  each  of 
.  them  is  the  half*  of  the  given  angle  BAC  ;  therefore  the  O^ 
angle  ADC  is  given  in  Epccies  *  ;  and  AF  is  drawn  from  ill 
vertex  to  the  base  in  s  given  angle;  wherefore  the  ntMof 
AF  to  the  base  CD  is  given  • ;  and  as  CD  to  AF,  so  is  *  tht 
rectangle  DC,  CE,  to  the  rectangle  AF,  CE  ;  and  the  ratio  af 
the  rectangle  AF,  CE.to  its  half*,  the  triangle  ACE  isf^mi; 
therefore  the  ratio  of  the  rectangle  DC,  CE.  to  the  triao^ 
ACE,  that  is  *,  to  the  triangle  ABC,  ig  given  * ;  and  the  net- 
angle  DC,  CE  is  the  excess  of  the  square  of  BA,  AC  togetlM^ 
above  the  square  of  BC  :  therefore  the  ratio  of  this  excealB 
the  triangle  ABC  is  given.  ;     1 

The  ratio  which  the  rccUngle  DC,  CE  has  to  the  trieafle 
ABC,  IS  found  thus  :  take  the  straight  line  GH  given  in  pi»- 
tiun  and  magnitude,  and  the  point  O  in  GH,  make  the  ai^ 
HGK  equal  to  the  given  angle  CAD,  and  take  GE  equal  toOH, 
juin  KII,  and  draw  GL  perpendicular  to  it ;  then  the  ratiatf 
UK  to  the  half  of  UL  is  the  same  with  the  ratio  of  the  rat- 
angle  DC,  CE,  to  the  triangle  ABC:  because  the  angles  HOC 
DAC,  at  the  vertices  of  the  isosceles  triangles  GHK,  ADC,  Of 
equal  to  one  another,  these  triangles  are  similar ;  and  beouw  ] 
Gli,  AF  are  perpendicular  to  the  bases  HK,  DC,  as  UK  to  (A 
'.  so  is '(DC  to  AF,  and  so  is)  the  rectangle  DC,  CE,  lolfe 
rectangle  AF,  CEj  but  as  GE  to  its  half,  so  is  thv  rcclai^ 
AP,  CE,  to  its  half,  which  is  the  triangle  ACE,  or  the  triai^ 


PROPOGITtON  LXXVII.  S 

ABC;  tlifcrefbre  ex  asquali,  HK  is  to  tlic  bslf  of  the  Btralght 
Kite  OL,  as  the  rectangle  DC,  Ci:  is  to  the  triangle  ABC. 

CoK.  And  if  a  triangle  liave  a  given  angle,  the  space  by 
which  the  square  of  the  straight  iine,  which  is  tiie  ditlereuce 
of  the  sides  wliich  coatain  the  given  angle,  is  leas  than  the 
square  of  the  third  aide,  shall  have  a  given  ratio  to  the  tri- 
angle. This  is  demonstrated  the  same  ^ay  as  in  the  preceding 
proposition,  by  help  of  the  second  case  of  the  Lemma. 

PROPOSITION  LSXVII.  C  1.  ) 

j^  Ike  perpendicular  drawn  from  a  gitjeii  angle  of  a  triangle   See  N. 
'  to  the  opjMsite  side,  or  base,  have  a  given  ratio  to  the  base, 
(the  triangle  is  given  in  species. 

Let  the  triangle  ABC  have  the  given  angle  BAG,  and  let 
tbe  perpendicular  AD  drawn  to  the  liase  BC,  have  a  given 
«tio  to  it :  the  triangle  ABC  is  given  in  species. 

If  ABC  be  an  isosceles  triangle,  it  is  evident  •,  that  if  any  •  5.  &  3B 
one  of  its  angles  be  given  the  rest  are  also  given ;  and  there- 
fore tbe  triangle  is  given  in 
species,  without  the  consider- 
ation of  the  ratio  of  the  per- 
pendicular to  the  base  which 
in  this  cose  is  given  by  Prop. 
50. 

But  when  ABC  is  not  an  isosceles  triangle,  tulte  any  straight 
line  BF  given  in  position  and  magnituiie,  and  upon  it  describe 
tlie  segment  of  a  circle  EGF,  containing  an  angle  eqnal  to  the 
given  angle  BAG,  draw  OH  bisecting  EF  at  right  angles,  and 
ji^  BO,  OF:  then,  since  the  angle  EOF  is  equal  to  the  angle 
BAC,  and  that  EOF  is  an  isosceles  triangle,  and  ABC  is  not, 
the  angle  FEO  is  not  eqiial  to  the  angle  CBA  :  draw  EL,  ma- 
king the  angle  FEL  equal  to  the  angle  CBA  ;  join  FL,  and 
ttraw  LM  perpendicular  to  EF ;  then  because  the  triangles 
ELF,  BAC  are  equiangular,  as  also  are  the  triangles  MI.F., 
SAK,  as  ML  to  LE,  so  is  DA  to  AB  :  and  as  LE  to  EF,  so  is 
JiB  to  BC ;  wherefore,  ex  cequali,  as  LM  to  EF,  so  is  AD  to 
SC;  and  because  the  ratio  of  AD  to  BC  is  given,  therefore 
the  mtio  of  LM  to  EF  is  given  j  and  EF  is  given,  wherefore  "  • 
'tiM  hIhi  is  given.  Complete  the  parallelogram  LMFK;  and 
bacause  LM  is  given,  FK  is  given  in  magnitude ;  it  ia  also 
given  in  position ;  and  the  point  F  is  given,  and  consequently  * 
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the  point  K  ;  and  because  through  K  tbc  straight  line  EL]| 
draw-n  parallel  to  EF,  which  is  given  in  position,  tbercfoK^ 
KL  is  given  in  position  :  and  the  circumference  ELF  is  giwft 
in  position ;  thoreforc  the  point  L  ia  given  *  :  and  bvcauise  tU 
points  L,  E]  F  are  given,  the  straight  lines  LE,  EF,  FL  a^> 
given*  inmi^nitudej  therefore  the  triangle  LEF  is  given l|, 
species  *  ;  and  the  triungle  AUC  is  simitar  U)  L£F,  wbcrdtq' 
aiKo  ABC  is  given  iu  species. 

Because  LM  is  less  than  OH.  the  ratio  of  I.M  to  EF,  thut  if, 
the  given  ratio  of  AD  to  BC,  must  be  less  than  the  ratio  ^ 
GH  to  EF,  which  the  straight  line  in  a  segment  of  it  cir^ 
containing  an  angle  equal  to  the  given  angle,  that  bisects  tlw 
base  of  the  segment  at  right  angles,  has  unto  the  base. 

CoH.  1.  If  two  triangles  ABC,  LEF  have  one  angle  B.^ 
equal  to  one  angle  EL.F,  and  if  the  perpendicular  AJ>  be  li 
the  base  BC,  as  the  perpendicular  LM  to  the  base  EF,  tli| 
triangles  ABC,  LEF  are  similar. 

Describe  the  circle  EOF  about  the  triangle  ELF,  and  daf^ 
LN  parallel  to  EF,  join  EN,  NF,  and  draw  NO  peipcDdiciil^ 
to  £F :  because  the  angles  ENF,  EI.F,  are  equal,  and  that  th^ 
angle  £FN  is  equal  to  tlie  alternate  angle  FNL,  tbat  is,  to  1% 
angle  FEL,  in  the  same  segment,  therefore  the  triangle  SOJ 
if  similar  to  LEF;  and  in  the 
segment  EOF  there  con  be  no 
other  triangle  upon  the  base 
EF,  which  has  the  ratio  of  its 
perpendicular  to  that  base  the 
same  with  the  ratio  of  LM  or 
NO  to  EF,  because  the  perpendicular 
than  LM  nr  NO ;  but,  as  has  been  s1 
demonstration,  a  triangle,  similar  to  ABC,  otii 
the  segment  EGF,  upon  the  base  EF,  and  the 
pendicalar  to  the  base  is  the  same,  as  was  there  shewn,  wiA 
the  ratio  of  AD  to  BC,  that  is,  of  LM  to  EF  ;  tfacrefare  tl^ 
triangle  must  be  either  LEF,  or  NEF,  which  tlierdore 
similar  to  the  triangle  ABC. 

Cor.  3.  If  a  triangle  ABC  have  a  given  angle  BAO,  nadjf 
the  straight  line  AR  drawn  from  the  given  angle 
site  side  BC,  in  a  given  angle  ARC,  have  a  given  ratia  to 
the  triangle  ABC  is  given  in  species. 

Draw  AU  perpendicular  to  DC  ;  therefore  the  triangle  AU 
ia. given  in  upecies ;  wherefore  the  ratio  of  AD  to  AR  is  girait 


Lxxvrir.  381 

And  tlie  ratio  of  AR  to  BC  is  pven,  and  consequently  "the  '  0  Dai. 
ratio  of  AD  to  BC  is  given  ;  and  the  triangle  ABC  is  therefore  '  ' 

given  in  species  ■.  '  "  '^■'• 

Con.  3.  If  two  triangles  ABC,  LEF  have  one  angle  BAC 
equal  to  one  angle  E1,F,  and  if  straight  lines  drawn  from  these 
angles  to  the  bases,  making  with  them  given  and  equal  angles, 
hai-e  the  same  ratio  to  the  bases,  each  to  each  ;  then  the  tri- 
angles areaimitnr:  for  having  drawn  perpendiculars  to  the 
bases  from  the  equal  angles,  as  one  perpendicular  is  to  its  base, 
so  is  the  other  to  its  base  * ;  wherefore,  by  Cor.  1 .  the  triangles  •  t.  e.  and 
are  similar.  ss.a. 

A  triangle  similar  to  ABC  may  be  found  thus :  having  de- 
scribed the  segment  EOF,  and  drawn  the  straight  line  OH  as 
was  directed  in  the  proposition,  find  FK,  which  has  to  EF  the 
given  ratio  of  AD  to  BC  ;  and  place  FK  at  right  angles  to  KP 
^m  the  point  F  ;  then  because,  as  has  Leen  shewn,  the  ratio 
of  AD  to  BC,  that  is,  of  FK  to  EF,  must  bo  less  than  the  ratio 
of  GH  to  BF,  therefore  FK  is  less  than  G  H  ;  and  consequently, 
the  parallel  to  EF  drawn  through  the  point  K,  must  meet  the 
circumference  of  the  segment  in  tivo  points  :  let  L  be  either 
of  them,  and  join  EL,  LP,  and  draw  LM  perpendicular  to  EF; 
then,  because  the  angle  BAC  is  equal  to  the  angle  ELF,  and 
that  AD  is  to  BC,  as  KF,  that  is,  LM,  to  EF,  the  triangle  ABC 
is  similar  to  the  triangle  L£F,  by  Cor.  1. 

PROPOSITION   LSXVIIL  (  BO.  ) 

rf  a  triangle  have  one  angle  given,  and  if  Ike  ratio  ijf  Ihe 
rectangle  qf'  the  sides  tvkich  contain  the  giuen  angle  la  the 
square  o/'  Ihe  third  side  be  given,  the  triangle  is  givm  in 

Let  the  triangle  ABC  have  the  given  angle  BAC,  and  let 
the  ratio  of  the  rectangle  BA,  AC,  to  the  square  of  BC  be 
given  :  the  triangle  ABC  is  given 
in  species. 

From  the  point  A,  draw  AD 
perpendicular  to  BC,  the  rect- 
angle AD,  BC,  has  a  given  ratio 
to  It*  half*  the  triangle  ABC; 
and  because  the  angle  BAC  is  given,  the  ratio  of  the  triangle 
ABC  to  the  rectangle  BA,  AC  is  given  • ;  snd  by  the  hypo-  •  Cor.  6« 
thesis,  the  ratio  af  the  rectangle  BA,  AC,  to  the  tqnare  of  BC    ^"'' 
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is  given  ;  therefore*  the  ratio  of  the  reptm(>ie  AD,  BC,totli* 
square  of  BC,  that  is  ",  the  ratio  of  the  straight  line  AD  lo 
BCj  is  given  ;  wherefiirc  the  triangle  A  BC  is  given  in  spedw*. 

A  triangle  Himilar  to  ABC  may  he  found  thus ;  take  i 
straight  line  EF  given  in  position  and  magnitude,  and  n 
the  angle  FEO  equal  to  the  given  angle  BAC,  and  dmwt^ 
perpendicular  to  EG,  and  BK  perpendicular  t 
the  triauglea  ABK,  EFH  are  similar,  and  the  rectangle  A^ 
BC,  or  the  rectangle  UK,  AC  which  is  equal  lo  it, 
rectangle  BA,  AC,  as  the  straight  line  BK  to  DA,  that  h.'W 
FH  to  FE.  Let  the  given  ratio  of  the  rectangle  BA,  AC,  hi 
the  square  of  BC,  be  the  same  ivith  the  ratio  of  the  straigiii 
line  EF  to  FL;  therefore,  ex  osquali,  the  ratio  of  the  rectangle 
AD,  BC,  to  the  square  of  BC,  that  is,  the  ratio  uf  the  straight 
line  AD  to  BC,  is  the  same  uith  the  ratio  of  HF  to  FI,j  wuL 
because  AD  is  not  greater  than  the  straight  Hue  MN  in  the 
segment  of  the  circle  -described  alwut  the  triangle  ABC,  whidi 
bisects  BC  at  right  angles  ;  the  ratio  of  AD  to  BC,  that  ■»,  of 
HF  to  FL,  must  not  be  greater  than  the  ratio  of  UN  to  BCi 
let  it  be  so ;  and  find  *  a  triangle  OPQ  which  hu  cme  of  iu 
angles  POQ  equal  to  the  given  angle  BAC,  and  the  ntia  4  I 
the  perpendicular  OR,  drawn  from  that  angle  to  the  base  KQ^  | 
the  same  with  the  ratio  of  HF  to  FL ;  then  the  triangle  ABC- 
is  similar  to  OPQ  :  because,  as  lias  been  shewn,  the  rstinaf 
AD  to  BC  is  the  same  with  the  ratio  of  (HF  to  FI.,  that  it,  bf 
the  construction,  with  the  ratio  of)  OR  to  PQ  ;  and  the  augic 
BAC  is  equal  to  the  angle  POQ,  Therefore  the  triangle  ABC 
-   is  fiimilar  *  to  the  triangle  POQ, 

Otherwise  .- 

Let  the  triangle  ABC  have  the  given  angle  BAC,  wA  Id 
tlie  ratio  of  the  rectangle  BA,  AC,  to  the  square  of  DC,  b( 
given:  the  triangle  ABC  is  given  in  species. 

Because  the  angle  BAC  is  given,  the  excess  of  the  ajuaM 
of  both  the  sides,  BA,  AC,  ti^ether,  above  the  square  of  the 
third  side  BC  has  a  given  *  ratio  to  the  tri- 
angle ABC.  Let  the  figure  D  be  equal  to 
tliis  excess;  therefore  the  ratio  of  D  to  the 
triangle  ABC  is  given  :  and  the  ratio  of  the 
triangle  ABC  to  the  rectangle  BA,  AC,  !■ 
given  ",  because  BAC  is  a  given  angle;  and  ill©  rectangle  PA. 
AC  has  a  given  ratio  lo  the  snuarc  of  BC;  wherefore  "  iJif 
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ttttio  of  D  to  the  square  of  BC  is  given ;  and  by  composition  •  *  7  D»i. 
the  rfitio  uf  the  s[>ace  D,  togetlii'r  with  tliu  Rqiiare  of  UCi  W 
tiie  square  of  BC  is  givtin ;  but  D,  together  \vith  the  squ^ire  uf 
BC,  is  equal  to  the  square  of  both  BA  and  AC  together ;  there- 
fore the  Tiitio  of  the  square  of  BA,  AC,  together,  to  the  square 
of  BC,  is  given ;  and  the  ratio  of  BA,  AC,  together,  to  BC  is 
tbereftire  given  •  ;  and  the  angle  BAC  is  given,  wherefore  •  "  63  Dat 
the  trionglc  ABC  is  given  iu  species. 

The  compoHitiun  of  this,  which  ilepcnils  upon  those  of  the 
76th  and  4t{th  Fropositiuna,  is  more  comjilex  than  the  preced- 
ing composition,  which  depends  upon  that  of  Prop.  77t  whieh 
is  easy. 

PROPOSITION  LXXIX.  (  K,  ] 

kSi  triangle  have  a  given  angle,  and  if  the  straight  line  tlrarrn   Srt  N. 
BElyoBi  that  angle  to  Ike  bane,  making  a  given  angle  with  it, 
^piivide  the  base  into  segTitents  irhicli  have  a  given  ratio  to 
F;Mie  another,   the  triangle  is  given  in  ^eeiei.  ,. 

iv'tiet  the  triangle  ABC  have  the  given  angle  BAC,  and  let  the'       -"^  ' 
ttraight  line  AD,  drawn  to  the  base  BC,  making  the  given 
angle  ADB,  divide  BC  into  the  segments  BD,  DC,  which  hare 
a  given  ratio  to  one  anotlicr  ;   the  triangle  ABC  ia  given  in 

Describe*  the  circle  BAC  about  tiie  triangle,  and  from  its   •  5.  t. 
centre  E,  draw  EA,  EB,  EC,  ED;  because  the  angle  BAC  is 
given,  the  angle  BEC  at  the  centre,  which  is  the  double  •  of  •  ao.  3. 
it,  is  given.     And  the  ratio  of  BE  to  EC  is  given,  because 
they  are  equal  to  one  another ;  therefore"  the  •*4Dai 

triangle  BEC  is  given  in  species,  and  the  ratio 
of  EB  to  BC  is  given  ;  also  the  ratio  of  CB  to 
BD  is  given  " ;  because  the  ratio  of  BD  to  DC 
is  given,  therefore  the  ratio  of  EB  to  BD  is 
given*,  and  the  angle  EBC  Is  given,  where-  ' 

fore  the  triangle  EBD  is  given  '  in  apeciea,  and  the  ratio  of  ' 
EB,  that  is,  of  EA,  to  ED,  is  therefore  given ;  and  the  angle 
EDA  iti  given,  because  each  of  the  angles  BD£,  BDA,  is  given ; 
therefore  the  triangle  AED  is  given  •  in  species,  and  the  angle  ' 
AED  given:  also  the  angle  DEC  is  given,  because  ouch  of  the 
angles  BED,  BEC,  is  given;  therefore  the  angle  AEC  is  given, 
and  the  mtio  of  EA  to  EC,  vhich  are  equal,  is  given ;  and  the 
triangle  AEC  is  therefore  given*  in  species,  and  the  angle    ' 


ECA  IB  given ;  antl  tLe  tmgle  ECB  is  ffvea,  wtierdore'^e  it\ 
ACB  is  given  ;  and  tlii;  angle  BAC  is  o]so  given  ;  thefeRa 
the  triaiigle  ABC  is  given  in  species. 

A  triangle  einiilur  to  ABC  may  be  fuund,  by  ta]<ing  a  strnid 
line  given  in  position  and  magnitude,  and  dividing  it  in  fl 
given  ratio  (vliich  tlie  segments  BD,  DC,  are  required  b 
to  one  anotlierj  tben,  if  upon  that  straight  line  a  ftegm 
a  circle  be  described  containing  an  angle  equal  totfaeei 
angle  BAC,  and  a  straight  line  be  drawn  from  tbe  p 
division  in  an  angle  equal  to  the  given  angle  ADB,  and  li 
the  point  where  ii  meets  the  circumference,  straight  Tina 
drawn  to  the  extremity  of  the  lirst  line,  these  together  V 
the  first  line,  shall  contain  a  triangle  similar  to  ABC,  i 
easily  be  shewn. 

The  demonstration  may  be  also  made  in  the  manner  <^a| 
of  the  77th  Prop.,  and  that  of  the  77th  may  be  ma^  i^ 


PROPOSITION  LXXX. 

If  l/ie  titles  ahoHl  tin  angle  nfa  triangle  have  a  giixn  ratiolt 
one  another,  and  if  the  jierjxniliculardraKiiJ'rxim  thai  «i^ 
to  the  base  have  a  giiea  ratio  to  the  Inue,  ifit  triamgkit 
giveit  in  species. 

Jjct  the  sides  BA,  AC,  about  the  angle  BAC  of  the  tri^n^ 
ABC  have  a  given  ratio  to  one  another,  and  let  the  perpcaS- 
calar  AD  have  a.  given  ratio  to  the  base  BC  :  the  triuugle^UIC 
is  given  in  specieH. 

First,  let  the  sides  AB,  AC  be  equal  to  one 
other,  therefore  the  perpendicular  AD  bisects  " 
base  BC;  and  the  ratio  of  AD  toBC,  and  therefore 
to  its  half  DB.  is  given  :  and  the  angle  ADB  i 
given ;  wherefore  the  triangle  •  ABD,  and  coaseqiienUT  tW 
triangle  ABC,  is  given"  in  species. 

But  let  the  sides  be  unequal,  and  BA  be  greater  than  AC; 
and  make  the  angle CAE equal  to  the  angle  ABC;  bi-caiue^ 
angle  AEB  is  common  to  the  triangles  AEB. 
CEA,  they  are  similar;  therefore  as  AB  to  j 

BE,  so  is  CA  to  AE,  and,  by  permutation,  as  "._-   " 

BA  to  AC,  so  is  BE  to  EA,  and  so  is  EA  to      iT^C'T'^ 
EC ;    and   the  ratio  of  BA  to  At  is  given,  ' '  ^ 

therefore  the  ratio  of  BEtoEA,  and  the  ratio  of  lEA  toBi"^i? 


A 
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alM  the  ratio  of  BE  to  EC,  is  given  *  ;  wlierefbre  tlw  ratio  of 
SB  to  BC  is  given  * ;  and  the  ratio  of  AD  to  BC  is  given  b; 
tbe  bvputliesis,  therefore"  the  ratio  of  AD  to  BE  is  given; 
ami  the  ratio  of  BE  to  EA  was  shewn  to  Lc  given ;  wherefore 
tlie  ratio  of  AD  to  EA  is  given;  and  ADE  isi  a  right  angle, 
therefore  the  triangle  ADE  is  given  *  in  species,  and  the  angle  ' 
AEB  given  ;  the  ratio  uf  BE  to  EA  ia  likewise  given,  there- 
ibre  *  thctrinngle  ABE  is  given  in  species,  and  consequent!;  ' 
tfae  angle  EAB,  as  also  the  angle  ABE,  that  ia,  the  ai^Ie 
CAE,  is  given  :  therefore  the  angle  BAC  is  given,  and  the 
angle  ABC  being  also  given,  the  triangle  ABC  is  given  *  in    ' 

How  to  lind  a  triangle  which  shall  have  the  things  which 
are  mentioned  to  be  given  in  the  proposition,  is  evident  in  the 
first  case  ;  and  to  find  it  the  more  easity  in  the  other  cose,  it 
is  to  be  ohserved  that,  if  tlie  straight  line  EF  equal  to  EA  be 
ptatx^  in  EB  towards  B,  the  point  F  divides  the  base  BC  into 
the  Bt^mcnts  BF,  FC,  which  have  to  one  another  the  ratio  of 
the  sides  BA,  CA,  because  BE,  EA,  or  EF,  and  EC,  were  shewn 
to  be  proportionals,  therefore  *  BF  is  to  FC,  as  BE  to  EF  or  ' 
■&)■  tbst  ia,  as  BA  to  AC ;  and  AR  cannot  be  leas  than  the 
■fUnde  of  the  triangle  ABC,  but  it  may  be  equal  to  it.  which 
if  it  be,  th«  triangle,  in  this  case,  as  also  the  ratio  of  the 
sideR,  may  be  thus  fonnd  :  Itaving  given  the  ratio  of  the  per- 
pendicular to  the  base,  take  the  straight  line  OH,  given  in 
portion  and  magnitude,  for  the  base  of  the  triangle  to  be 
found ;  and  let  the  given  ratio  of  the  perpendicular  to  the 
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base  be  that  of  the  straight   lii 

equal   to   the  perpendicular ;    and 

auppuse  (ILH    to   be   the  triangle 

which  is  to  be   found,    therefore 

baving  made  the  angle  II LM  equal 

to  1X)H,  it  is  required  that  L.M  be 

perpendicular  to  GM,  and  equal  to 

K;  and  because  GM,  ML,  MH,  are 

pr^Hirtinnals,   as  wos  shewn  of  BE, 

OMH  is  equal  to  the  square  of  ML. 

of  NH  0'a*^"g  bisected  OH  in  N),  i 

eqtnl  •  to  the  squares  of  the  given  st 

or  K :  therefore  the  square  of  NM,  ar 

as  also  the  point  M,  viz.  by  taking  the  straight 

square  of  which  is  equal  to  the  squares 


GH,  that  is,  let  K  be 


ML  Gqunl  to  K,  at  right  angles  to  GM  ;  and  because  UL  n 
given  in  position  and  magnitude,  theroftire  the  piant  h  a 
given;  join  Lii,  LH  ;  then  the  tiiiuigle  LGU  is  that  vhid 
u-as  tu  he  fuund ;  for  the  square  of  N>I  is  equal  to  the  u^uan* 
of  NH  and  ML,  nnd  takiog  away  the  cuminon  square  of  SO. 

•  e,  8,  the  rectangle  (*MJI  is  equal  *  to  the  square  of  flIL  ;  thccvfnT 
'6.0.  as  GM  to  ML,  so  ia  MLtoMH;  and  the  triangle  LGU ii' 

therefore  equiangular  to  HLM,  and  llie  angle  ULU  e^uslto 
the  angle  LGM,  and  the  straight  line  LM,  drawn  from  tht 
vertex  of  the  triangle,  mEdfing  the  angle  ULM  equ^  to  LOB, 
is  perpendicular  to  the  base,  and  equal  to  the  given  stnigb 
line  E,  as  ^vas  required  ;  and  the  ratio  of  the  sides  OL,I.Hr^if 
the  same  with  the  ratio  of  GM  to  ML,  that  is,  with  th»  a 
of  the  straight  line  which  is  made  up  of  ON,  the  half  of  tk 
given  l>a»e,  and  of  NM,  the  square  of  which  is  equal  tell* 
squares  uf  ON  and  K,  to  the  straight  line  K. 

And  whether  this  ratio  of  GM  to  MLbegreati'i  or  less  tlua 
the  ratio  of  the  sides  of  ony  other  triangle  upon  the  base  UU. 
and  of  which  the  altitude  is  eqnal  to  the  straight  line  K,t^ 
is,  the  vertex  of  which  is  in  the  parallel  to  GU  drawn  thnra^t 
the  point  L,  may  be  thus  found.  Let  OGU  be  any  such  Xti- 
angle,  and  draw  OP,  making  the  angle  HOP  equal  to  th<  a/ific 
OGH ;  therefore,  as  before,  GP,  PO,  PII  are  proporliu»^ 
and  PO  caanot  be  equal  to  LM,  tiecaust^  the  rectiuigk  OFIi 
would  he  equal  to  the  rectangle  GMH,  which  ia  iinpaaaiU*; 
for  the  point  P  caniiut  fall  upon  M,  because  O  would  tbaiJI 
on  L;  nor  can  I'O  be  less  thau  LM,  therefore  it  i*  gnaUr: 
and  consequcutly  the  rectangle  GPU  ia  greater  thaa  the  rut- 
angle  GMIt,  and  the  straight  line  GP  greater  than  GM :  thw- 
fore  the  ratio  uf  GM  to  MU  is  greater  than  the  ratio  of  6F  l« 
PH,  and  the  ratio  of  the  square  of  GM  to  the  square  of  ML  i> 

•  e  Cor.  BO.   therefore  '  greater  than  the  ratio  of  the  square  of  OP  to  Hit 

square  of  FO,  and  the  ratio  of  the  straight  line  GAt  t«  ML 
greater  than  the  ratio  of  GP  to  PO.  But  as  GM  to  ML, »  a 
GL  to  LH  ;  and  as  GP  to  PO,  so  is  GO  to  OH  ;  therefoiv  (J< 
ratio  of  OL  to  LB  is  grentcr  than  tliu  ratio  of  QO  ui  00. 
wherefore  the  ratio  of  UL  to  LEI  is  the  greatest  of  allM^m. 
and  consequently  the  giren  ratio  of  the  greater  aids  to  UmJh 
must  not  be  greater  than  this  ratio.  .  ,. 

But  if  the  ratio  of  the  sides  be  not  the  saute  with  diii 
greatest  ratio  of  GM  to  ML,  it  must  necessarily  be  les*  tJi»n 
it:  let  any  less  ratio  tic  given,  and  the  sauicthiugs  lwinfc*ip' 


posed,  viz.  tlmt  OB  is  the  base,  and  K  equal  to  tlie  altiiudc 
of  the  triangle,  it  may  be  found  as  followa:  divide  OH  in  the 
point  Q,  BO  that  the  ratio  of  GQ  to  QH  may  be  the  same  with 
the  given  ratio  of  the  aides ;  and  as  OQ  to  QH,  so  make  OP  to 
PQ,  and  so  mil  •  PQ  he  to  PH  ;  wherefore  the  square  of  OP  •  13.  s. 
18  to  the  square  of  PQ,  as*  the  straight  line  Op  to  PM  :  and  *  2 Cor. 
because  OM,  Ml^,  MH  ore  proportionals,  the  square  of  GM  is 
to  the  square  of  ML,  as*  the  straight  line  GM  to  MH:  but  •sCor.! 
the  ratio  of  OQ  to  QH,  that  is,  the  ratio  of  GP  to  PQ,  is  less  ^ 
than  the  ratio  of  GM  to  ML ;  and  therefore  the  ratio  of  the 
square  of  GP  to  the  square  of  PQ  is  less  than  the  ratio  of  the 
square  of  OM  to  tliat  of  ML;  and  consequently  the  ratio  of 
the  straight  line  GP  to  PH  is  less  than  the  ratio  of  OM  to 
VH  ;  and,  by  division,  the  ratio  of  OH  to  HP  is  less  than  that 
of  OH  to  HM;  wherefore"  the  straight  line  HP  ig  greater  •  10.6. 
than  HM,  and  the  rectangle  GPH,  that  is,  the  square  of  PQ. 
greater  than  the  rectangle  OMH,  that  is,  than  the  square  of 
ML,  and  the  straight  line  PQ  is  therefore  greater  than  ML. 
Draw  LR  parallel  to  OP,  and  from  P  draw  PR  at  right  angles 
to  OP.  Because  PQ  is  greater  than  ML,  or  PR,  the  circle 
described  from  the  centre  P,  at  tlic  distance  PQ,  must  necessa- 
rily cut  LH  in  two  points;  let  these  be  O,  S,  and  join  OO, 
OH;  SO,  SH:  each  of  the  triangles  OGH,  SGH,  have  the 
things  mentioned  to  be  given  in  the  proposition  :  join  OP, 
BP ;  and  because  as  OP  to  PQ,  or  PO,  so  is  PO  to  PH,  the 
triangle  OOP  is  equiangular  to  HOP  ;  as  therefore  OO  to  OP, 
BO  is  HO  to  OP ;  and,  by  permutation,  as  OO  to  OH,  so  is  GP 
to  PO,  or  PQ ;  and  so  is  GQ  to  QH ;  therefore  the  triangle 
OQH  has  the  ratio  of  its  sides  OO,  OH,  the  same  with  the 
given  ratio  of  OQ  to  QH  ;  and  the  perpendicular  has  to  the 
Loae  the  given  ratio  of  K  to  GH,  because  the  perpcndiciJar  is 
equal  to  LM,  or  K  ;  the  like  may  be  shewn  in  the  same  way 
of  the  triangle  SOH. 

This  construction,  by  which  the  triangle  OOH  is  found,  is 
shorter  than  that  which  would  be  deduced  from  the  duinon- 
Rtrstion  of  the  datum,  by  reason  that  the  base  OH  is  given 
in  position  and  magnitude,  which  was  not  supposed  in  the 
demonstration  :  the  same  thing  is  to  be  observed  in  the  nest 
proposition. 

PBOPOSITION   LXXXI.  (  M- 

'ffthe  ndet  ttboiil  au  angle  of  a  triangle  he  ttwquat,  anit  liav 


M.  )  J 


suolid's  data. 

a  ghen  ratio  ic  one  another,  and  if  the  parpeniiemlar'jvm^ 
that  angle  to  the  base  divide  it  itUo  eegmenU  thai  hate  a- 
given  ratio  to  one  another,  the  triangie  i^gioen  in  epeduk  ^^ 

Let  ABC  be  a  triangle^  the  sides  of  which  abont  the  AifU 
BAG  are  unequal^  and  have  a  given  ratio  to  one  anothectaa^' 
let  the  perpendicular  AD  to  the  base  BC  divide  it  iatoliiS; 
segments  BD^  BC,  which  have  a  given  ratio  to  one  aofdisi^:: 
the  triangle  ABC  is  given  in  species*  \.r,>A 

'  Let  AB  be  greater  than  AC>  and  make  the  angle  GAB  eq|i4< 
to  the  angle  ABC ;  and  because  the  angle  A£B  ia  coraimia  ^ 

•  4.  e.  the  triangles  AB£^  CAE,  they  are  *  equiangular  to  oiMt.«iK 

other :  therefore  as  AB  to  BE,  so  is  CA  to  A£, 
and,  by  permutation,  as  AB  to  AC,  so  is  BE 
to  £A,  and  so  is  £A  to  EC :  but  the  ratio  of  • 
BA  to  AG  is  given,  therefore  the  ratio  of  BE 
to  £  A,  as  also  the  ratio  of  £A  to  EC,  is  given ; 

•  9  Dau       wherefore  *  the  ratio  of  BE  to  EC,  as  also  * 

•  7  Dat.  of  BC  to  CD  is  given  *,  because  the  ratio  of               i  ..      y, 

•  9  Dat.  BD  to  DC  is  given ;  therefore  *  the  ratio  ef  fiC  to  CD«>0V9^ 

•  7  Dau  and  consequently  *  the  ratio  of  D£  to  EG  i  and  th#  ffi^M* 

•  9  Dat  £C  to  £A  Ti'as  shewn  to  be  given,  therefore  *  the49ti9  qi  1^* 

•  46  Dat  to  £A  is  given :  and  ADE  is  a  right  angle»  wherefore  *  thf- 

triangle  ADE  is  given  in  species,  and  the  angle  ASD  given; 

•  44  Dat      and  the  ratio  of  GE  to  EA  is  given,  therefore  *  the  triaa^ 

AEG  is  given  in  species,  and  consequently  the  angle  ACE  is 
given,  as  also  the  adjacent  angle  AGB.  In  the  same  manneri 
because  the  ratio  of  BE  to  EA  is  given,  the  triangld  BJBA  a 
given  in  species,  and  the  angle  ABE  is  therefore  given  ?  sad 

•  48  Dat      the  angle  AGB  is  given ;  wherefore  the  triangle  ABC  ia  givtti  * 

in  species. 

But  the  ratio  of  the  greater  side  BA  to  the  other  AC  wnl 
be  less  than  the  ratio  of  the  greater  segment  BD  to  pc^-bi-- 
cause  the  square  of  BA  is  to  the  square  of  AC,  as  the  upamtei 
of  BD,  DA  to  the  squares  of  DC,  DA ;  and  the  aquatearoffiD^ 
DA  have  to  the  squares  of  DC,  DA,  a  less  ralio  than  th^  sqiiai!!: 
of  BD  has  to  the  square  of  DC  t,  because  the  square. of  rBPtil. 

f  If  A  be  greater  than  B,  and  C  any  third  magnitude ;  then  A  aoBC;  ,10* 
gether  have  to  B  and  C  together  a  less  ratio  than  A  has  to  B.  '    !••  dofi-^ 

Let  A  be  to  B  as  C  to  D,  and  because  A  is  greater  than  B,  p  is  gnali^ 
than  D :  but  as  A  is  to  B,  so  A  and  C  to  B  and  D,  and  A.  and  p  h^y?,  i9% 
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r  than  the  square  nf  DC,  therdore  the  square  of  BA  has 
•  the  square  of  AC  a  lets  ratio  than  the  square  of  I(D  has  to 

it  of  DC  :  and  onnsequmtly  the  ratio  »f  BA  to  At  is  less 
than  the  ratio  of  nu  to  DC. 

This  being  premised,  a  triangle  which  shall  have  tho  things 
nmttioned  to  be  given  in  the  proposition,  and  to  which  the 
triangle  ABC  is  similar,  may  be  found  thus ;  <take  a  straight 
line  OH  giren  in  ponition  and  magnitude,  and  divide  it  in  K, 
so  that  the  ratio  of  OK  to  KII  mar  be  the  same  with  the  given 
ratio  of  BA  to  AC  ;  divide  also  flH  in  L,  bo  that  the  ratio  nf 
dl,  to  LII  may  be  the  same  tvith  the  given  ratio  nf  BD  tn  DC, 
and  d«w  LM  at  right  angles  to  OH:  and  because  the  ratio  of 
the  sidcd  of  a  triangle  is  tc&s  than  the  ratio  uf  the  segments 
of  the  baxe,  as  has  been  sliewn,  the  ratio  nf  OK  to  KII,  is  less 
tlwn  the  ratio  of  OI,  to  LH  ;  wherefore  the  point  I-  must  fill 
betwixt  K  and  [I :  also  make  as  OK  to  KTI,  so  ON  to  NK,  and 
so  shall  •  SK  be  to  NH.  And  from  the  centre  I*,  at  the  dis-  " 
taim  NK,  describes  circle,  and  let  its  circumference  meet 
UK  in  O^  nnd  join  OO,  OH  ;  then  OOH  is  the  triangle  tvhich 
was  to  be  described ;  because  ON  is  to  NK,  or  NO,  as  NO  to 
sm,  the  triangle  OON,  is  equiangular  to  HON;  therefore  tts 
OO  to  GN,  so  is  no  to  ON,  and,  by  permutation,  as  OO  to 
Oft,  so  ia  ON  to  NOj  or  NK,  that  is,  as  OK  to  KH,  that  is,  in 
tie  given  ratio  of  the  sides,  and  by  the  construction,  Oh, 
I.H  have  to  one  another  the  given  ratio  of  the  segments  of 
the  base. 

PROPOSITION    LXXXir. 
{^  a  paralltlogram  given  in  tpeciet  and  magniludf  be  j»- 
,  greattd  or  diminuked  by  a  gtwiaou  given  in  magniluile,  the 
■  ada  qflhe  gnomon  are  given  in  magnitude. 

First,  let  the  parailelograni  AB  given  in  species  nnd  mag- 
nftode,  be  increased  by  the  given  gnmnon  ECBDFU  :  each  of 
the  straight  lines  CE,  DF,  is  given. 

BeotDBe  AB  is  given  in  species  and  magnitude,      Q  y. 

and  tint  the  gnomon  ECBDPG  is  giren,  therefore      p^j^       |c 
tie  whole  space  AO  is  given  in  magnitude :  but     LJj_:J 

AG  \ti  also  given  in  species,  hocause  it  is  simikr  "      

to  ABj  therefore  the  sides  of  AO  are  given*  :      |      "      | 
otch  of  the  straight  lines  AE,  AF,  i»  therefore 
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given;   and  each  of  the  straight  lin«  CA,  AD,  u  ^TCi*, 
therefore  each  of  the  remainders,  EC,  DF,  is  given  *. 

Next,  let  the  parallelogram  AG,  given  in  species  ft 
nitudc,  be  diminiBhed  by  the  given  gnomon  ECBDFO,  eachtj  i 
the  straight  lines  CE,  DF,  is  given. 

Becaaae  the  parallelogram  AO  is  given,  as  also  its  gnotM 

ECBDFO,  the  remaining  space  AB  is  given  in  magnitnde:  h 

ilitt.i.     it  is  also  given  in  species;  because  it  is  similar*  to  AG;  Ihnv- 

fore  *  its  sides  CA,  AD  are  given,  and  each  of  the  stni^t 

lines  EA,AF  is  given;  therefore  EC,  DF  are  each  of  them  girat 

The  gnomon  and  its  sides  CE,  DF,  may  be  fonnd  thus  in 
the  lirst  case.  Let  H  be  the  given  space  to  which  the  gnamai 
must  be  made  equal,  and  lind  '  a  parallelogram  similar  toiB 
and  equal  to  the  ligures  AB  and  H  together,  and  place  its  liAa 
AE,  AF,  from  the  point  A,  upon  the  straight  lines  AC,  AD. 
and  complete  the  parallelogram  AO  which  is  about  the  hum 
diameter  *  with  AB  ;  because  therefore  AO  is  equal  to  both 
AB  and  H,  take  away  the  common  part  AD,  the  rcmaJiung 
gnomon  ECBDFG  is  equal  to  the  remaining  figure  H  ;  there- 
fore a  gnomon  equal  to  H,  and  its  sides  CE,  DF,  ore  fbnnd: 
and  in  like  Conner  they  may  be  found  in  tlie  other  ea«e,  to 
ivhich  the  given  figure  U  must  be  less  than  the  figure  FE  from 
which  it  is  to  be  taken. 

PROPOSITION  LXXXIII. 

/J' a  parallelogram  equal  lo  a  given  space  be  applied  to  a  ff»f 
tlraigfU  line,  deficient  dy  a  parallelogram  given  in  tpctta, 
the  tide*  of  the  defect  are  given. 

Let  the  parallelogram  AC  equal  [o  a  given  space  be  appliol 
to  the  given  straight  line  AB,  deficient  by  the  parsUelogram 
BDCL  given  in  species:  each  of  the  straight  lines  CD,  DD,  ii 

Bisect  AB  in  £  ;  therefore  EB  is  given  in 
magnitude;  upon  EB  describe"  the  parallelo-  . 

gram  EF  similarto  DL,  and  similarly  placed ;      j       ^ 
therefore  EF  is  given  in  species,  and  is  about     A        E" 
the  same  diameter  *  with  DL ;  let  BCQ  be  the 
diameter,  and  construct  the   figure ;   therefore  becnUH  tiie 
figure  EF  given  in  species,  is  descril>ed  upon  the  given  sMlght 
line  EB,  EF  is  given  *  in  magnitude,  and  the  gnomon  ELU  it 
eqnal  *  to  the  given  figure  AC  i  therefore  *  since  £F  Is  dbni- 
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nisliod  by  the  given  gnomon  ELIt,  the  sides  EK,  FU  of  the 
gnonnon  are  given ;  but  EK  ia  equal  to  DC,  and  FH  to  BD  ; 
wherefore  CD,  DD  are  each  of  them  given. 

This  demon stratioo  is  the  analysis  of  the  problem  in  the 
28th  Prop,  of  Book  6,  the  construction  and  demontttration  of 
which  proposition  is  the  conipositiun  uf  the  analysis;  and  be- 
cause the  given  space  AG,  or  its  equal  the  gnomon  KLH  is  to 
be  taken  from  the  figure  £F,  described  upon  the  half  of  AB 
similar  to  BC,  therefore  AC  must  not  be  greater  than  EF,  us 
is  shewn  in  the  27th  Prop.  Book  6. 

PROPOSITION  LXXXIV.  (  S 

If  a  parallelogram  equal  lo  a  given  space,  be  applied  to  a 
given  straight  line  exceeding  bt/  a  parallelogram  given  in 
sjxxies,  the  sides  of  the  excess  are  given. 

Let  the  parallelogram  AC  equal  to  a  given  space,  be  applied 

to  the  given  straight  line  AB,  exceeding  by  the  parallelogram 

'^^,  itpCL  given  in  species :  each  of  the  straight  lines  CD,  DB,  is 

Bisect  AB  in  E ;  therefore  EB  is  given  in  magnitude :  upon 
BE  describe  *  the  parallelogram  EF  similar  to  LD,  and  sf 
larly  placed ;  therefore  EF  is  given  in  species, 
and  is  about  the  same  diameter  *  with  LD.  Let  p_ 

CBO  be  the  diameter,  and  construct  the  figure :     ajJ  ^ 
therefore,  because  the  figure  EF  given  in  spe-     [      \ 
cics  is  described  upon  the  given  straight  line 
BB,  EF  is  given  in  magnitude  ",  and  the  gnomon  ELH  is  eqtiul    ' 
to  the  given  figure  "  AC ;  wherefore,  since  EF  is  increased  by   *  M.A 
the  given  gnomon  ELH,  its  aides  EK,  FH  are  given*;  but  'ss 
EE  is  equal  to  CD,  and  FH  to  BD,  therefore  CD,  DB  arc  each 
of  them  given. 

This  demonstration  is  the  analysis  of  the  problem  in  the 
29th  Prop.  Book  6.,  the  construction  and  demonstration  of 
which  is  the  composition  of  the  analysis. 

Con.  If  a  parallclt^mm  given  in  species  be  applied  to  a 
civon  straight  line,  exceeding  by  a  parallclogrum  equal  to  a 
given  sjiace ;  the  sides  of  the  parallelogram  are  given. 

Let  the  paralleh^ram  ADCE  given  in  species,  be  applied  to 
the  given  straight  line  AB,  exceeding  hy  the  parallelogram 
pD^G  equal  to  a  given  s|iucc :  the  sideq  AD,  DC,  pf  the  ]utral- 
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,^,j,e^-    ..Pnwthe  dlatoetei  Dfi  of  the  ptentlklogmn  AC.  Mi^  mb-^ 
*4S.l.         struct  the  figure.     Because  the  pitrallelogram  AK  is  «qual*i 
to  BC  which  is  given,  tlierefure  AK  is  given ;  " 

•S4.&  and  BE  is  Kiuiilur*  to   AC,  therefore  DK  is 

given  in  sftecitrs.  And  fliocc  the  pttrsJlelo- 
gram  AE  given  in  magnitude  is  apjjlted  to 
the  given  straight  line  AS,  (exceeding  by  the 
parallelogram  £K  given  in  species,  therefore, 
by  this  proposition,  UD,  DK,  the  sides  of  the  escen,  tucgintt, 
and  the  straight  line  AB  is  given ;  therefore  the  whole  AD,  «i 
also  DC,  to  which  it  has  a  given  ratio,  is  giveji. 
Phob. — -To  appl<i  a  parallelogratn  atmilar  to  t 
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straight  line  AB,  exceeding  by  n  parallelogram  lyppfi 
w  a  given  space. 

To  the  given  straight  line  AB  apply"  the  parallelognnB  Alt* 
eiiual  to  the  given  spoce,  exceeding  by  the  parnilcloeMIn  Wt" 
similar  to  the  one  given.  Draw  DP  the  diameter  of  BE,  tsiS^ 
through  tbe  point  A,  draw  AE  parallel  to  Hf,  tne«ticj' ff*^ 
produced  in  E,  and  complete  the  parallelogram  AC. 

The  perallelogram  BC  is  eijual  *  to  AK,  that  is,  to  the  ginm? 
sjiaoe  ;  and  the  parallelograin  AC  is  similar  "  to  BK  ;  therefar*-' 
ihc  pnrallelt^rain  AC  it  applied  to  the  straight  line  AB  simM 
lar  to  the  one  given,  and  exceeding  by  the  paraltdogrsBk  'Sff* 
which  ia  eijuol  to  the  giren  space.  -'-*'  1"  •"• 

PBOPOSITION  LXXXV. 

Ifheo  itraight  Unet  cofttain  a  parallelogram  given  in  mai 
lude  ill  a  given  angle  ;  if  llie  difference  of'lAe  Hraighl  b 
be  given,  they  shall  each  of  I  heal  be  given. 

Let  AB,  BC  contain  the  parallelogram  AC  given  in  n]B| 
tude,  in  the  given  angle  A  BC,  and  let  the  extxss  of  BCnb 
AB  be  given:  each  of  the  straight  lines  AB,  BC  is  given. 

Let  DC  be  the  given  excess  of  BC  above  DA,  thccefim  tl^ 
remainder  BD  is  equal  to  BA.     Complete  the  '  t    - 

paralleli^ram  AD ;  and  because  AU  is  equal  to       .  A.i;  j 
BD,  the  ratio  of  AB  to  BD  is  given;  end  the        i    ■     ,J 
angle  ABD  is  given,  therefore  the  parallelt^ram     .^.-J  ff 
AD  is  given  in  epecics ;  and  becaiUB  the  given        -    <  , 
parallelogram  AC  is  applied  to  the  given  straight  liae/nc^ffM 
feeding  by  tlie  parallek^raai  AD  given  in  spwnesi  llie  wlcfA 
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of  l^c  excess  are  given  " :  therefore  BD  is  giren  ;  and  DC  is  •  SI  D»t. 
giveor  wherefore  the  whole  BC  is  given  :  and  AB  is  given,  '^'* 

therefore  AB,  BC  are  each  of  them  eiven. 

PROPOSITION  LXXXVI.  (  ea.  ) 

If  hvo  tlraighl  lines  contain  a  paraUtlogram  given  in  wagtii- 
tmde,  in  a  given  angle ;  ij  both  of  them  logeUier  be  given,  i 
,M<y  thaileach  of  than  be  given.  .'■ 

Let  the  two  struiglit  lines  AB,  BC  contain  the  porallelognua: :_ 
AC  given  in  magnitude,  in  tfie  given  angle  ABC,  and  let  AB,, 
BC,   together  be  given  :  each  of  the  straight  lines  AB,  BC,  la 

giWTL 

Produce  CB,  and  niaJte  DB  equal  to  BA,  and        E       A 
cosiplete    the    parallelogram  ABDE-     Because       /         /  / 
DB  is  equal  to  BA,  and  the  angle  ABD  given,     jy — Tc    " 
because  the  adjacent   angle  ABC  is  given,  the  'i  < 

pMallelograni  AD  is  given  in  species;  and  because  AB,  BCi" 
togetber  are  given,  and  AB  is  equal  to  BD;  therefore  DC  i»'i 
pven  :  and  because  the  given  parallelt^ram  AC  is  applied  to 
the  given  straight  line  DC,  deficient  by  the  parallelugram  AD 
given  in  species,  the  sides  AB,  BD,  of  the  defect,  are  given"  ;  •  83 1 
aod  DC  is  given,  wherefore  the  remainder  BC  is  given ;  and 
each  of  the  straight  lines  AB,  BC,  is  therefore  given. 

PROPOSITION  LXXSVII.  (  B 

If  tiBO  straight  livee  contain  a  parallelogram  given  tit  magni-  ■ 
Itidt,  in  a  givett  angle  ;  if  Ike  excess  of  the  square  of  tSe 
greater  above  the  sqnare  of  the  lesser  be  given,  each  of  tke 
straight  lines  shall  be  given. 

Let  the  two  straight  lines  AB,  BC  contain  the  ^ven  paral- 
lelogram AC  in  the  given  angle  ABC ;  if  the  excess  of  the 
square  of  BC  above  the  square  of  BA  be  given,  AB  and  BC  are 
each  of  thcni  given. 

I*t  the  given  excess  of  the  sqtiarc  of  BC  above  the  square 
of  BA  be  the  rectangle  CB,  BD ;  take  this  from  the  square  of 
BC ;  the  remainder,  which  is  *  the  rectangle  BC,  CD,  is  eqaol  ■  «.  a 
to  the  square  of  AB:  and  because  the  angle  ABC  of  theparal- 
lelogratn  AC  is  given,  the  ratio  of  the  sides  of  the  rectangle 
AS,  BC,  to  the  parallelogram  AC  is  given  ";  and  AC  is  given,   '  oi  . 
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thercrnre  the  rectangle  AB,  BO  is  given;  luid  the  recliuig)i 
CD,  HD  is  given ;  tbereWe  the  ratio  of  the  rectangle  CD,  BD^ 
to  tin:  rt-ctaitKle  AB,  BC,  that  is  ',  the  ratio  of 
the straiglit  line  DBtoBA  is  given;  therefore* 
the  ratio  of  the  square  DB  to  the  square  of 
BA  ia  given :  and  the  square  uf  BA  ia  equal  to 
the  rectmigle  BC,  CD ;  wherefore  the  ratio  of 
the  rectangle  UC,  CV,  to  the  £i)nare  of  BD  is  giren,  walw 
the  ratio  of  four  times  the  rectangle  BC,  CD,  to  the  square  of 
BD ;  and,  by  compoaition  *,  the  ratio  of  four  times  the  qct- 
Kngle  BC,  CD,  tc^tlier  with  the  square  of  BD,  to  the  sqi^n 
of  BD  is  given :  but  four  times  the  rectangle  OC,  CD,  togetbtf 
with  the  square  of  BD,  is  equal  *  to  the  square  of  the  strai^ 
lines  BC,  CD,  taken  together  :  therefore  the  ratio  of  the  squ^ 
of  BC,  CD,  together  to  the  square  of  BD  is  given  ;  wherefure* 
the  ratio  of  the  straight  line  BC,  together  with  CD  to  BD  ii 
given :  and,  by  composition,  the  ratio  of  BC  together  with  CD 
and  DB,  that  is,  the  ratio  of  twice  BC  to  BD  is  given :  thc«- 
fore  the  ratio  of  BC  to  BD  ia  given,  as  also*  the  ratio  of  the 
square  of  BC  to  the  rectangle  BC,  BD :  but  the  rectangle  CB. 
BD,  is  given,  being  the  given  excess  of  the  squurca  of  DC|  BA; 
therefore  the  square  of  BC,  and  the  straight  line  BC  is  gisM: 
and  the  ratio  of  BC  to  BD,  as  also  of  BD  to  BA,  has  I>e«ii  them 
to  be  given :  therefore  '  tlie  ratio  of  BC  to  BA  is  given  ;  ati 
BC  is  given,  wherefore  BA  is  given. 
The  preceding  demonatration  is  the  analysis  of  this  jnv- 

A  parallelt^ram  AC,  which  has  a  given  augle  ABC,  being 
g:iven  iu  magnitude,  and  the  excess  of  the  square  of  BC,  nae 
of  its  sides  above  the  square  of  the  other  RA,  being  given ,-  U> 
liiid  the  sides :  and  the  composition  is  as  follow-s : 

Let  EFG  be  the  given  angle  to  which  the  angle  ABC  is  in- 
quired to  be  equal,  and  from  any  point  E  in  F£,  drav  SQ 
perpendicular  to  FO  ;  lot  the  rectangle  EG,  GU  be  the  girw 
sjMLce  to  which  the  )>Krallelc^mm  AC  is  to  bo  made  equal ;  ati 
the  rectangle  HG,  OL,  be  the  given  excess  of  the  squtfc*«f 
BC,  BA. 

Take,  in  the  straight  line  G£,  OK  equal  to  ¥E,  and  milit 
GH  double  of  GK;  join  ;\IL,  and  iu  OL  produced,  take  U< 
equal  to  LM :  bisect  UN  in  O,  and  between  GD,  QO.  find* 
mean  proportional  BC  :  ns  OO  to  (JL,  so  make  CB  to  BD ;  »«J 
make  tho  angle  CBA  equal  t«UI'Uj  and  us  Lti  toUK,  suiuak« 
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l*'VB  til  BA,  and  complete  the  parallelogrnm  AC:  AC  ih  oqiial 
to  t!ie  rectangle  EO,  OH,  and  the  oxceas  of  the  squares  of  CB, 
BA  is  pr[ual  to  the  rectangle  HG,  GL. 

Because  as  CB  to  BD,  so  is  OO  to  QL,  the  square  of  CB  h 
to  the  rectangle  CB,  BD,  as"  the  reetungle  HG,  GO,  to  the  ■ 
rectangle  RG,  OL:  and  the  square  of  CB  is  eqnal  to  the  rect- 
angle HG.  GO,  because  OO,  BC,  GH  are  proportionals ;  there- 
fore the  rectangle  CB,  DD  is  equal  *  to  HO,  OL :  and  because  ' 
as  CB  to  BD,  80  is  OO  to  OL;  twice  CB  is  to  BD,  as  twice 
OQ,  that  is  ON  to  OL  ;  and,  by  division,  as  BC  together  with 
CD  is  to  BD,  80  is  NL,  that  is  LM,  to  LO:  therefore'  the  ' 
'^■qoBre  of  BC  together  with  CD  is  to  the  square  of  BD,  as  the 
''l^in  of  ML  to  the  square  of  LG:  hut  the  square  of  BC  and 
'^CD  tt^ether  is  equal  •  to  four  times  the  rectangle  DC,  CD,  ' 
together  with  the  square  of  BD  ;  therefore  four  limes  the 
rectangle  BC,  CD,  together  with  the  square  of  BD  is  to  the 
square  of  BD,  as  the  square  of  ML  to  the  square  of  LG:  and, 
by  dii-ision,  four  times  the  rectangle  BC,  CD  is  to  tlie  square 
of  BD,  as  the  square  of  MO  to  the  square  of  OL ;  wherefore 
the  rectangle  BC,  CD,  is 
to  the  square  of  BD,  as 
(the  square  of  KG  the  half 
rf  MO  to  the  square  of  GL, 
that  ii,  as)  the  square  of 
AB  to  the  square  of  BD,  be- 
cause Bs  LG  to  OK,  so  DB  was  made  to  BA  :  therefore  "  the  ' 
rectangle  BC,  CD  is  equal  to  the  aqnare  of  AB.  To  each  of 
these  add  the  rectangle  CB,  BD,  and  the  square  of  BC  be- 
comes equal  to  the  square  of  AB,  together  with  the  rectangle 
CB,  BD  ;  therefore  this  rectangle,  that  is,  the  given  rectangle 
no.  GL,  is  the  excess  of  the  squares  of  BC,  AB.  From  the 
point  A  draw  AP  perpendicular  to  BC,  and  because  the  imgle 
ABP  is  equal  to  the  angle  EFG,  the  triangle  ABP  is  equiangu- 
>r  to  EFO  :  and  DB  was  made  to  BA,  as  LG  to  OK  ;  tlierefore 
the  rectangle  CB,  BD  to  CB,  BA,  so  is  the  rectangle  HO, 
to  HG,  GK ;  and  as  the  rectangle  CB,  BA  to  AP,  BC,  so 
(the  straight  line  BA  to  AP,  and  so  is  FE  or  GK  to  EO, 
and  so  is)  the  rectangle  HO,  OK  to  BO,  OB;  therefore,  ex 
Kquali,  as  the  rectangle  CB,  BD  to  AP,  BC,  so  is  the  rectangle 
HO,  OL  to  EG,  GH :  and  the  rectangle  CB,  BD  is  equal  to 
,  OL  ;  therefore  the  rectangle  AP,  BC,  that  is,  the  paml- 
AC,  is  equal  to  the  given  rectangle  EO,  OH, 


A 


i; 
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PROPOSITIONS  LXXXvril. 

If  fn'O  tiraigkl  lincx  contain  a  parallelogram  _ 

tude  in  a  given  angle;  if  (he  sum  of  the  squares  of  ilt  nda^ 
be  given,  the  tides  shall  each  of  them  he  given. 

Let  the  two  straight  lines  AB,  BC  contain  the  psniUel*^ 
gram  ABCD  given  in  magnituilp  in  tlie  given  angle  ABC,  uir 
let  the  Slim  of  the  squares  AB,  BC  be  given:  AB,  BC  U*> 
CAch  of  them  given. 

First,  let  ABC  be  a  right  angle :  and  because  twice  iSJ' 
rectangle  contained  by  two  equal  straight  lines  is  eqaal  tj^ 
both  their  squares ;  but  if  two  straight  tines  are  '^ 

unequal,  twice  the  rectangle  contained  by  them 
is  less  than  the  sum  of  their  squares,  as  is  evi-  - 
dent  from  the  7th  Prop.  Book  2.  Elcm. ;  there- 
fore twice  the  given  space,  to  which  space  the  .^ 
rectangle  of  which  the  sides  are  to  be  found  is  equal,  tnttilr< 
not  be  greater  than  the  given  sum  of  the  squares  of  th«  ddfit:^ 
and  if  twice  that  space  he  equal  to  the  given  sum  of  tiftJ 
squares,  tlie  sides  of  the  rectangle  must  necessarily  be  (qui 
to  one  another:    therefore    in   this   case   describe  a   sqoui 
ABCD  equal  to  the  given  rectangle,  and  its  sides  AB,  BC  an 
those  which  were  to  be  found  :  for  the  rectangle  AC  is  equJT 
to  the  given  space,  and  the  sum  nf  the  squares  of  its  »^Su 
AB,  BC,  is  equal  to  twice  the  rectangle  AC,  that  is,  lij  Uw 
hypothesis,  to  the  given  space  to  which  the  aum  of  the  si 
was  required  to  be  equal. 

But  if  twice  the  given  rectangle  be  not  equal  to  the  ^vH 
sum  of  the  squares  of  the  sides,  it  must  be  less  than  it,  isli 
been  shewn.     Let  ABCD  be  the  rectangle, 
join  AC,  and  draw  BE  perpendicular  to  it, 
and  complete  the  rectangle  AEBF,  and  de- 
scribe the  circle  ABC   about  the  triangle 
.    ABC;   AC  is  its  diameter":   and  because 
the  triangle  ABC  is  similar "  to  AEB,  as 
AC  to  CB,  so  is  AB  to  BE ;  therefore  the 
rectangle  AC,  BE  is  equal  to  AB,  BC ;  and  tho 
AB,  BCis  given,  wherefore  AC,  BE  is  given:  ajid  bc^u 
the  sum  of  the  squares  of  AB,  BC,  is  pven,  tlic  nifa^.tj 
AC  which  is  equal  *  to  that  sum  is  given ;  and  AC  itiH 


rectugj 
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is  therefore  given  in  magnitude;  let  AC  ha  li]{cwise  given  in 

position,  and  the  point  A  ;  therefore  AF  is  given  *  in  position :   *  Si  O^ 

and  the  rectangle  AC,  BE  is  given,  as  has  been  shewn,  and 

AC  is  given,  wherefore*  BE  is  given  in  magnitude,  as  also  •  61  DtL 

AF  which  is  eqnal  to  it ;  and  AF  is  also  given  in  position, 

■nd  the  point  A  is  given,  wherefore  *  the  point  F  is  given,   ■  so  DiL 

and  the  straight  line  FB  in  position  * :  and  the  circumference  •  si  d»l 

ABC  is  given  in  position,  wherefore  *  the  point  B  is  given.  •  SB  Dm. 

And  the  points  A,  C  are  given ;  therefore  the  straight  lines 

AB,  BC  arc  given  •  in  position  and  magnitude.  '  *"  Dal. 

The  sides  AB,  BC  of  the  rectangle,  may  be  found  thus :  let 
the  rectangle  OH,  CK  be  the  given  space  to  which  the  rect- 
angle AB,  BC  is  equal;  and  let  GH,  (iU  be  the  given  rect- 
angle to  which  the  sum  of  the  squares  of  AB,  BC,  Is  equal: 
find*   a  square  equal  to  the  rectangle  GH,   OL  :  and  let  its   "U. a. 
side  AC  be  given  in  position ;  upon  AC  as  a  diameter  describe 
the  semicircle  ABC,  and  as  AC  to  GH,  so  make  GK  to  AF, 
and  from  the  point  A,  place  AF  at  right  angles  to  AC^  there- 
fore the  rectangle  CA,  AF  is  equal  "   to  (*U,  OK ;  and,  by  tlw   '  10.  6. 
hypothesis,  twice  the  rectangle  GH,  GK,  is  less  than  GU,  OL, 
that  isj  than  the  square  of  AC ;  wherefore  twice  the  rectangle 
CK,  AF,  is  less  than  the  square  of  AC,  and  the  rectangle  OAi 
AF  itself,  less  than  half  the  square  of  AC,  that  is,  than  that 
rectangle  contained  by  the  diameter  AC  and  its  half;  wber»^ 
fore  AF  is  less  than  the  semidiameter  of  the  circle,  and  con-t 
sequently  the  straight  line  drawn  through  the  point  F  parol-: 
lei  to  AC,  must  meet  the  circumference  in  two  points:   let. 
B  be  either  of  them,  and  join  AB,  BC,  and  complete  the 
rectangle   ABCD  ;   A  BCD   is  the  rectangle  which  was  to  be 
found:  draw  BE  perpendicular  to  AC;  thereforeBE  isequal'   "34.1. 
to  AF,  and  because  the  angle  ABC  in  a  semicircle  is  a  right 
angle,  the  rectangle  AB,  BC  ia  equal  *  to  AC,  BE,  that  is,  to  •  8.6. 
the  rectangle  CA,  AF,  which  is  equal  to  the  given  rectangle 
GH,  OK  :  and  the  squares  of  AB,  BC  are  together  equal  *  to   •  *^■  I- 
the  square  of  AC,  that  ia,  to  the  given  rectangle  UH,  GL. 

But  if  the  given  angle  ABC  of  the  parallelogram  AC  be  not 
a  right  angle ;  in  this  cose,  because  ABC  is  a  given  angle,  the 
ratio'  of  the  rectangle  contained  by  the  sides  AB,  BC,  to  the 
puallelogram  AC  is  given  * ;  and  A(;  is  given,  therefore  the  *  6S  Dat, 
nSulilgle  AB,  BC  is  given:  and  the  sum  of  the  squares  of 
AK"1tC  is  given:  therefore  the  sides ^AB^^  BC  aregivMibj^ 
Ofeprtteltding  case.       .^'  ^^"^^'  \^^  ,^/'^  ,|^j„  ^  ^-^^  ^^ 


^ 
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The  si  Jes  AB,  QC,  niid  tbc  pirallelogram  AC,  may  bt-  found 
thus :  let  EFU  be  the  given  angle  of  the  panJiekigTuii,  and 
from  any  point  E  in  FE,  draw  EG  perpendicular  Ut¥G;  ud 
let  the  rectangle  EO,  FU  be  the  given  space  to  it-Iiit^  tbe  y^ 
nillekgram  it  to  be  made  equal,  and  let  EF,  FK 
be  the  given  rectangle  to  wtich  the  sum  of 
tbe  squorei  of  the  sides  is  to  be  equal.  And, 
by  the  preceding  case,  find  the  sides  of  a  irct' 
angle  which  is  equal  to  the  given  rectangle  EF, 
PH,  and  the  squares  of  the  sides  of  which  srfl 
together  equal  to  the  given  rectangle  £F,  FE ; 
therefore  as  was  shewn  in  that  case,  twice  the 
rectangle  EF,  FH  must  not  be  greater  than  the 
rectangle  EF,  FE:  let  it  be  so,  and  let  AB,  BCbe  theHdes«( 
therectangle  joined  in  the  angle  ABC  equal  to  the  given  angh 
EFC,  and  complete  the  parallelogram  ABCD,  which  will  Iw 
that  which  was  to  be  £Dund :  draw  AIi  perpendicular  to  B(i 
and  because  the  angle  ABL  is  equal  to  EFG,  the  trian^ 
ABL  in  equiangular  to  EFO  ;  and  the  parallelt^ram  AC,  ^oA 
is,  the  rectangle  AL,  EC,  ia  to  the  rectangle  AB,  BC,  ■ 
(the  straight  line  AL  to  AB,  that  ia,  as  EG  to  EF,  that  a,  lu] 
the  rectangle  EG,  FH  to  EF,  FH  ;  nnd,  by  the  construct  ion, 
tbe  rectangle  AB,  BC  is  equal  to  EF,  FH,  therefiire  the  rect- 
angle AL,  BC,  or  its  equal,  the  pBralleli^ram  AC,  is  oqnal  hi 
the  giveu  rectangle  EG,  FH  :  and  the  squares  of  AB,  BC  m 
together  equal,  by  construction,  to  the  given  rectangle  BP,  W. 

PROPOSITION   LXXXIX. 


Iflteo  straight  lines  contain  a  given  parallelogram  tn  »  girat 
angle,  and  if  the  excess  of'  Ike  square  of  one  of  tkem  abim 
a  giceu  space  have  a  given  ratio  to  the  square  of  the  olier, 
each  of  the  straight  tines  shall  be  given. 

Let  the  two  straight  lines  AB,  BC  contain  the  given  para1I4- 
ograni  AC  in  the  given  angle  ABC,  and  let  the  ex«ws  «f  thi 
square  of  BC  above  a  given  space  have  a  given  ratio  ts  tkl 
square  of  AB  ;  each  of  the  straight  lines  AB,  BC  is  givm-    ' 

Because  the  excess  of  the  square  of  BC  above  a  given  spiM 
has  u  given  ratio  to  the  square  uf  BA,  let  the  rectangle  0( 
BD  be  the  given  )>pucc  ;  take  tliis  from  tha  »;qiinre  of  BC ;  dt 
remainder,  to  wit,  the  rectangle  ■   BC,  CD  has  a  given  mlb 


Iltoihe  square  of  BA  :  draw  AE  perpendicular  to  Bf,  and  let 
the  square  of  BF  !«  equal  to  the  rectangle  BC,  CD ;  then  he- 
cause  the  angle  ABC,  as  also  BEA,  is  given,  the  triiingle  ABE 
is  giTen  •  in  species,  and  ilie  ratio  of  AE  to  AB  ' 

is  given  :  and  because  the  ratio  of  the  rectangle 
BC,   CD,  thai  is,  of  the  square  of  BF  to  the 
square  of  BA,  is  given,  the  ratio  of  the  straight 
line  BF  to  BA  is  given  '  ;  and  the  ratio  of  AE 
to  AB  is  given,  wherefore  *  the  ratio  of  AE  to  BF  is  given ;  ' 
as  also  the  ratio  of  the  rectangle  AE,  BC,  that  is  *,  of  the  pa-  ' 
rallelogram  AC  to  the  rectangle   FB,   BC ;   and  AC  is  given, 
wherefore  the  rectangle  FB,  BC,  is  given.      The  excess  of  the 
square  of  BC  above  the  sqtmre  of  BF,  that  is,  above  the  rect- 
angle BC,  CD,  is  also  given,  for  it  is  equal  "  to  the  given  reel-  ' 
angle  CB,  BD :  therefore,  because  the  rectangle  contained  by 
the  straight  Hues  FB.  BC,  is  given,  and  also  the  excess  of  the 
square  of  BC  above  the  square  of  BF ;  FB,  BC  are  each  of 
them  given  •  :  and  the  ratio  of  FB  to  BA  is  given ;  therefore  ' 
AB,  BC  are  given. 

,-  The  Compotilion  in  as  follows: 

B^et  OHK  be  the  given  angle  to  which  the  angle  of  the  pn- 
SpUelograin  is  to  be  made  equal,  and  from  any 
point  O  in  HO,  draw  OK  perpendicular  to  UK  ; 
kt  OK,  HL  be  the  rectangle  to  which  the  paral- 
lelogram is  to  he  made  equal,  and  let  LH,  UM 
be  the  rectangle  equal  to  the  given  space  which 
is  to  be  taken  from  the  square  of  one  of  the  sides ;  and  let  the 
ratio  of  the  remainder  to  the  square  of  the  other  side  be  the 
same  with  the  ratio  of  the  square  of  the  given  straight  line 
NH  to  the  square  of  the  given  straight  line  HO, 

By  help  of  the  BJth  dat.  lind  two  straight  lines  BC,  BF, 
which  contain  a  rccCungte  equal  to  the  given  rectangle  NU, 
HL,  and  such  that  the  excess  of  the  square  of 

BC  above  the  S([uarc   of   BF  be  equal  to  the        /^^ 

^ven  rectanghf  LH,  HM  ;  and  join  CB,  BF  in      /[  / 

the  angle  FBC  equal  to  the  given  angle  OHK ;     Be6       C 
and  as  NH  to  HG,  so  make  FB  to  BA,  and  com- 
plete tlie  parallelogram  AC,  and  draw  AE  perpendicular  to 
JiC ;  then  AC  ia  equal  to  the  rectangle  OK,  HL :  and  If  from 
l&A  square  of  BC,  the  given  rectangle  LH,  UM,  be  taken,  the 


XUCLID't  BATA* 


xemainder  tfaall  htLwe  to  the  sqwure  of  BA  the  mat  ntiowUdi 
the  square  of  NH  hea  to  the  sqoere  of  HG. 

Because^  by  the  oonatructioD,  the  square  of  BC  ia  eqeallt 
the  aquare  of  BF  together  with  the  rectangle  IjB,  HX  s  if 
from  the  square  of  BG  there  be  takea  the  rectangle  LH,  BU, 

*  tt.  e.  there  remains  the  square  of  BF,  which  has  *  to  the  aquare  of 

BA  the  same  ratio  which  the  square  of  NH  has  to  the  square 
of  HO,  because,  as  NH  to  HO,  so  FB  was  made  to  BA ;  but 
as  HO  to  OK,  so  is  BA  to  A£,  because  the  triangle  OHK  it 
equiangular  to  ABE ;  therefore,  ex  aeqoali,  as  NH  to  OK9  10 

*  1.0.  ia  FB  to  AE ;  wherefore*  the  rectangle  NH,  HL  ia  to  tki 

rectangle  OK,  HL,  as  the  rectangle  FB,  BC  to  AB,  BC;  b^ 
by  the  construction,  the  rectangle  NH,  HL  ia  equal  to  FB^ 

•  14. 6.         BC;  therefore*  the  rectangle  OK,  HL  ia  equal  to  die  leal* 

angle  AE,  BC,  that  is,  to  the  parallelogram  AC. 

The  analysis  of  this  problem  might  have  been  BMida  aa ia 
the  86th  Prop,  in  the  Greek,  and  the  compodtion  of  it  vij 
be  made  as  that  which  is  in  Prop.  87th  of  thia  ^"^iititn* 

(  O.  )  PROPOSITION  XC. 

If  (wo  straight  lines  contain  a  given  paralMogrum  in  a  mdt 
angle,  and  if  (he  square  of  one  of  (hem,  togeiher  mBi  tke 
space  which  has  a  given  ratio  to  (he  square  tf  ike  M/t/tt 
he  given,  each  of  the  straight  lines  shall  be  given. 

Let  the  two  straight  lines  AB,  BC  contain  the  gi^en  pan!* 
lelogram  AC  in  the  given  angle  ABC,  and  let  the  aqaaie-fif 
BC  together  with  the  space  which  has  a  given  ratio  to  tlie 
square  of  AB  be  given :  AB,  BC  are  each  of  them  giyen. 

Let  the  square  of  BD  be  the  space  which  has  the  given  ratio 
to  the  square  of  AB :  therefore,  by  the  hypothesis,  the  aquan 
of  BC  together  with  the  square  of  BD  is  given.  From  tka 
point  A,  draw  AE  perpendicular  to  BC ;  and  because  the  ai* 

•  48  Dtt.      gles  ABE,  BE  A  are  given,    the  triangle  ABE  is  given  *  ia 

species :  therefore  the  ratio  of  BA  to  AE  is  given :  and  be- 
cause the   ratio  of  the  square  of  BD  to  the 
square  of  BA  is  given,  the  ratio  of  the  straight 

•  68  Dtt      line  BD  to  BA  is  given  * ;  and  the  ratio  of  BA 

*  9  Dtt        to  AE  is  given ;  therefore  *  the  ratio  of  AE  to 

BD  is  given,  as  also  the  ratio  of  the  rectangle  AE, 

BC,  that  is,  of  the  parallelogram  AC,  to  the  rectangle  Dl^ 

BC ;  and  AC  is  given,  therefore  the  rectengle^DB,  BC  ia  |^T^;- 


PROMMfTTRM   3t«. 


an«l  the  square  of  Itr  U^her  with  the  ctjiiare  of  BU  it 
given  :  therefore  "  becinit*  the  rectangle  contained  by  the  *  *9  "^ 
ttro  Httsight  lines  DB,  BC  is  given,  and  the  sum  of  their 
•quarea  is  given,  the  atraight  linM  DB,  BC  are  e«eh  nf 
tbem  giren ;  nnd  thr  ratio  of  DB  to  BA  IB  given ;  therefim 
Xvi<BCaref;iren.  •J.U* 

tr-.i-i'i  ■  J 

»'■■'  The  ComjMuHhn  it  anfo/l'fi'S  : 

Let  FUJI  be  the  given  anglu  to  ivhich  the  angle  of  the 
pH&Uelogram  is  to  be  made  equnl,  and  from  any  point  F  in  ^.1' 

or,  draw  FU  perpendicular  to  OH  :  and  let  the  rectangle  FH, 
OH  be  that  to  which  the  pnrallelugram  is  to  be  made  eqtwl; 
■ad  lei  the  rectangle  KG,  liL  bo  the  epace  to  which  the  cquaN  A  Mt  • 

of  one  of  the  sides  of  the  parallelogram,  together  with  clie 
^OM  which  has  a  given  ratio  to  the  square  of  the  other  stde 
is  to  be  made  equal:  and  let  this  given  ratio  be  the  mv* 
which  the  square  of  the  given  straight  line  MG  haa  to  th* 
square  of  OF. 

By  the  88th  dat.  find  two  straight  lines  DB,  BC,  which  con-  •  **  ) 
t»in  a  rectangle  equal  to  the  given  rectangle  IIQ,  OK,  and 
such  that  the  sum  of  their  squares  is  equal  to  the  given  rect- 
angle K(i,  UL  ;  therefore,  by  the  determination  of  the  problem 
in  that  propoaition,  ttvice  the  rectangle  MG,  UK  must  not  be 
greater  than  the  reclangle  KO,  Ol.-  Let  it  be  w,  and  join  the 
Mrnight  linee  DB.  BC,  in  the  angle  DEC,  equal  to  the  givtn 
tngle  rOH  1  and,  as  MO  to  GF, 
•o  in«ke  DB  to  BA,  and  com-         U  ^ 

plete  theparotlelogram  AC;  AC        /T v    y|  ■'■■y 

i.  ~,„.l  to  the  ™n.„gl,  rn,    ^4—/  j^ ^J^ 

OK:    and   the    square  of  BC 

together  with  the  eqnare  of  BD,  which,  by  the  construction, 

Iiu  to  the  square  of  BA  the  given  ratio  which  the  square  of 

MG  hM  to  the  square  of  OF,    is  equal,  by  the  cnnstmction, 

to  the  given  reWangle  KO,  c,i..     Draw  AE  perpendicular  U> 

BC. 

Because,  as  DB  to  BA,  so  is  SIO  tn  OF;  and  as  BA  to  AE, 
•0  or  to  Fn  ;  ex  (equali,  as  DB  to  AE,  so  is  MO  to  FH  ;  there- 
fore as  the  reclangle  DB.  Bf  to  AE,  BC,  sn  is  the  rectangle 
HO,  OK  to  FH,  OK  ;  and  the  rectangle  DB.  BC  is  equal  to  the 
reetioigTe  MO.  OK  ;  therefore  the  rectangle  AE,  BC.  that  is, 
tie  parallelogram  AC,  is  equal  to  the  rectangle  FH,  OK. 


J 


PROPOSITION  XCI. 


If  a  tlrnight  line  draw\ 


le  given  in  jnagwim 


segment  which  conlaint  a  given  angU,  tkt  «l 
lixe  is  given  in  magnitude. 

In  the  circle  ABC  given  in  tnagnitudi:,  let  the  «tra 
AC  tie  druwu,  cutting  ufT  the  s^ment  AEC  ivhich  ( 
the  given  angle  AEC  :  the  straight  line  AC  in  given  ia 
tude. 

Take  D  the  centre  of  the  circle  *,  join  AD,  and  produoe  it 
to  E,  and  join  EC :  the  angle  ACE  being  a 
right  *  angle,  is  given ;  and  the  angle  AEC  is 
given;  therefore*  the  triangle  ACE  is  given 
in  s|)Fcies,  and  the  ratio  of  EA  to  AC  is  there- 
fore given,  and  EA  is  given  in  magnitude,  be- 
cause the  circle  is  given  *  in  magnitude:  A 
ia  thnefore  given  *  in  magnitude. 

PROPOSITION  scir. 

^  a  ttrai^hl  line  given  in  magnitude  be  drawn  viiUh  a  eir- 
cle  given  in  magnitude,  it  thall  cut  off  a  xegmml  anUmwrng 
<i  given  angle. 

Let  the  straight  line  AC  given  in  magnitude  be  dnvn  ifillh- 
in  the  circle  ABC  given  in  magnitude:  it  shall 
cut  off  a  segment  containing  a  given  angle. 

Take  D  the  centre  of  the  circle,  join  AD 
and  produce  it  to  E,  and  join  EC :  and  because 
each  of  the  straight  lines  EA  and  AC  is  given, 
their  ratio  is  given  *  :  and  the  angle  ACE  is  a 
right  angle,  therefore  the  triangle  ACE  is  given 
and  consequently  the  angle  AEC  is  given. 

PROPOSITION  XCIII. 

If  from  an;i  point  in  the  circumference  of  a  circle  ^wnifl 
position,  Irva  straight  lines  be  dratvn,  meeting  the  ci 
ence  and  containing  a  given  angle;  if  the  potat  m  mkldtm 
of  them  meets  the  circumference  again  be  given,  tite  p  ~ 
which  the  other  meets  it  it  also  given. 

From  any  point  A,  in  the  circumference  of  a  orcle  i 
given  ill  [Msitiou,  let  AB,  AC  be  drawn  to  the  ctrem 


h 


pRfipOBTTioNff  Tcrrr.  xcv- 

tnnking  the  given  angle  BAC :    if  the  point   B   lie  given,  the 
point  C  is  gJso  given. 

Take  D  the  centre  uf  the  circle,  and  join  BD,  DC,  and  be- 
cach  of  the  points  B,  D  is  given,  BD  is 
given*  in  pusitiun;  and  because  the  angle 
~IAC  is  given,  the  angle  BDC  is  given  ",  there- 
because  the  straight  line  DC  in  drawn  to 
le  given  point  D,  in  the  straight  line  BD 
giTcn  in  position,  in  the  given  angle  BDC,  DC 
■a  givea  *  in  poMtion.  And  the  circumference  ABC 
in  position,  therefore  *  the  point  C  is  given. 


IfBAC 


PROPOSfTION   XCIV, 


i^from  a  given  point  a  *lraighl  line  he  dranit  touching  a  ciV- 
cte  given  in  position,  the  straight  line  it  given  in  potition 
and  magnitude. 

Let  the  straight  line  AB  be  drawn  from  the  given  point  A, 
touching  the  circle  BC  given  in  position;  AB  is  given  in  posi- 
tion and  magnitude. 

Take  D  the  centre  of  the  circle,  and  join  DA,  DB :  Becutise 


H  given 


li  of  the  pcnnte  D,  A  is  given,  the  strsight  lii 
in  position  and  magnitude :  and  EDA  is  a 
right  •  angle,  wherefore  DA  is  a  diameter  * 
of  the  circle  DBA  described  about  the  tri- 
angle DBA :  and  that  circle  is  therefore 
given  in  position:  and  the  circle  BC  ijgiven* 
in  position,  therefore  the  point  B  is  given  ". 
The  p<iint  A  is  also  given  :  therefore  the  straight  lii 
given*  in  position  and  magnitude.  • 

PROPOSITION  XCV. 
■  jff  a  Miraighl  Unc  be  drawn  Jrotn  a  given  point  without  a  rir- 
H  ele  givrjt  in  i>oiiliott,l/te  rectangle  contained  by  the  tfgmrnts 
H  betwixt  Ike  point  and  the  circumference  of  the  circle  i» 
K*    ^ven. 

H^^  Jiet  the  atnight  line  ABC  be  drawn  from 
"  llie  given  point  A  without  the  circle  BCD 
'      given  in  position,  cutting  it  in  B,  C :  the 
rectangle  BA,  AC  is  given. 

Prom  the  point  A,  draw  '   AD  touching 
^ftie  circle;  whi-refore  AD  is  given  '  in  position  and  magni- 


*  M  Di(.       tude :  and  because  AD  u  g 

•  Sfi.  3.         which  u  equal  •  to  the  rect* 

angle  BA,  AC  is  given. 


I,  the  square  of  AD  is  give 
e  RA,  AC ;   therefore  the  « 


PROPOSITION   XCVI. 


Ihrovgh  a  given  paint  williU^M 
he  rectangle  contained  hy  the  Ngt^ 
id  Ike  circumference  <^  Iht  ci 


If  a  ttraigkt  line  be  ilrari' 
circle  given  in  position, 
menti  belrvirt  tie  point  c 


Tiet  the  straight  line  BAC  be  drawn  through  thegiTOi 
A,  within  the  circle  BCE,  given  in  position;  the  redanglf 
BA,  AC  is  given. 

Take  D,  the  centre  of  the  circle,  join  AD, 
nnd  produce  it  to  the  points  E,  T :  because  the 
points  A,  D  urc  g:iven,  the  stniight  line  AD  is 
given  *  in  puiition  ;  and  the  circle  BEC  is  given 
in  posidon  ;    therefore  the  points  E,    F    are  i 

given  *  ;  and  the  point  A  ia  given,  therefore  EA,  AF  are  adi 
of  them  given  *,  and  the  rectangle  EA,  AF  is  therefore  giKBi 
and  it  is  equal  *  to  the  rectangle  BA,  AC ;  which  CMiseqaeiidf 


s  given 


PROPOSITION   XCVII. 


(fa  straight  line  be  4rawn  tvitkin  a  circle  given  in  magniiUli 
cutting  off  a  segment  containing  a  given  angle;  iflheoM^ 
in  the  tegmenl  be  bisected  by  a  straight  line  produced  lUlit 
meets  the  circvinference,  the  straight  lines  which  contain  fk 
given  angle  shall  both  of  them  together  have  a  given  raliolp 
the  straight  line  nihich  liisecls  the  angle :  and  the  recian^ 
contained  by  both  Ihest  lines  together  lehichconlain  ihtffM 
angle,  and  the  part  of  the  bisecting  lines  cut  off  bela»  1^ 
base  of  the  segment,  shall  be  given. 

Let  tlie  straight  line  BC  he  drawn  within  the  circle  .ABC 
given  in  magnitude,  cutting  off  a  segment  coataining  tM. 
given  angle  BAC,  and  let  the  angle  BAC  be  bisected  by  (^ 
straight  line  AD :  BA  together  with  AC  has  a  given  ratio ^H 
AD ;  and  the  rectangle  contained  by  BA  and  AC  together.  f>p 
the  straight  line  ED  cut  off  from  AB  below  BC  the  base  of  ^ 
segment,  is  given. 


''V*, 


Join  BD  ;  uid  becauM!  BC  is  draim  within  tiie  circle  ABC 
given  in  nmgnitude,  cutting  off  the  segment  BAC,  containing 
the  givun  angle  BAC;  BC  in  given*  in 
magnitude  :  by  the  same  reason  BD  is  given ; 
therefore  *  the  ratio  of  BC  to  BD  is  given : 
and  bcrause  the  angle  BAC  is  bisected  by 
AD,  as  BA  to  AC,  so  ik  *  BE  to  EC  ;  and,  by 
pennuution,  an  AB  to  BE,  so  is  AC  to  CE  i 
wherefore  •,  as  BA  and  AC  together  to  BC, 
ao  is  AC  to  CE  ;  and  because  the  angle  BAE  is  equal  to  EAC, 
and  the  angle  ACE  to  ADB  *,  the  triangle  ACE  is  equiangular 
to  the  triangle  ADB;  therefore  as  AC  to  CE,  so  is  AD  to  DB: 
bat  as  AC  to  CE,  so  is  BA  together  with  AC  to  BC  ;  as  there- 
fore BA  and  AC  to  BC,  so  is  AD  to  DB  ;  and,  by  permuUtion, 
as  BA  and  AC  to  AD,  so  is  BC  to  BD  :  and  the  ratio  of  BC  to 
BD  is  given,  therefore  the  ratio  of  BA  together  ivith  AC  to  AD 
is  given. 

Also  the  rectangle  contained  by  UA  and  AC  together,  and 
DE,  is  given- 

Because  the  triangle  BDE  is  equiangular  to  the  triangle 
ACE,  as  BD  to  DE,  so  is  AC  to  CE  ;  and  as  AC  to  CE,  so  is 
BA  and  AC  to  BC ;  therefore  as  BA  and  AC  to  BC,  so  is  BO 
to  DE  ;  wherefore  the  rectangle  contained  by  BA  and  AC 
together,  and  DE,  is  equal  to  the  rectangle  CB,  BD:  but  CB, 
BD  is  given  ;  therefore  the  rectangle  contained  by  BA  and  AC 
together,  and  DE,  is  given. 

(Mhcnrue, 

ProduiM;  CA,  and  make  AF  equal  to  A B,  and  join  BF;  and 
because  the  angle  BAC  is  double  *  of  each  of  the  angles  BFA,  ' 
"BAD ;  the  angle  BFA  is  equal  to  BAD  ;  and  the  angle  BCA 
IB  equal  to  BDA,  therefore  the  triangle  FCB  is  equiangular  to 
>BD :  as  therefore  FC  to  CB,  so  is  AD  to  DB ;  and,  by  per- 
mutation, as  FC,  that  is  BA  and  AC  tc^ether,  to  AD,  so  is  CB 
to  BD:  and  the  ratio  of  CB  to  BD  ia  given,  therefore  the  ratio 
of  BA  and  AC  to  AD  is  given. 
^  And  because  the  angle  BFC  is  equal  to  the  angle  DAC,  that 
^Ss,  to  the  angle  DBC,  and  the  angle  A(D  equal  to  tlic  oi^e 
'\DB  ;  the  triangle  FCB  is  equiangular  to  BDE  i  as  therefore 
'ire  to  CB,  BO  is  BD  to  DE :  therefore  the  rectangle  contained 
^'by  fC,  that  is,  BA  and  AC  together,  and  DE,  i»  equal  to  tic 


L 


EUCLID  S    DATA. 

Tcotangle  tB,  BD,  which  is  given,  and  therefore  the  recttitgic 
jutained  by  BA,  AC  ti^ether,  and  DE,  ia  given. 

PROPOSITION  XCVIII. 
If  a  xiraiglit  line  be  drawn  nithin  a  circle  given  in  magnilvJe. 
culling  off  a  segment  containing  a  given  angle  ;  jflheangie 
adjacent  lo  the  angle  in  Ike  segment  he  biteeted  by  a  straifit 
line  produced  till  il  meet  the  circumference  again,  and  tit 
base  of  the  segment  ;  the  excels  of  the  straight  lines  »AM 
contain  the  given  angle  shall  have  a  given  ratio  lo  the  stg- 
menl  of  the  bisecting  line  which  is  tvilhin  the  circle;  aid 
the  rectangle  contained  bg  Ike  same  excess,  and  Ihe  segmeU 
if  the  bisecting  line  betwixt  the  base  produced  and  the  p^nl 
tvhere  it  again  meets  the  circumference,  shall  tie  gii-ea. 


vithin  the  circli^  ABC 
I  segment  contaming  the 


Let  the  straight  line  BC  be  dro 
given  in  magnitude,  cutting   off 

given  angle  BAC,  and  let  the  angle  CAF  adjucent  to  BAC  he 
ted  by  the  straight  line  DAE,  meeting  the  circumfienaHe 
again  in  D,  and  BC  the  base  of  the  segment  produced  in  E^ 
s  of  BA,  At,  has  Q  given  ratio  to  AD ;  and  the  na- 
angle  which  is  contained  by  the  same  excesa  and  tbe  stnighl 
given. 

Join  BD,  and  thrungh  B,  draw  Rf)  parallel  to  DE  meet^ 
AC  produced  in  Q :  and  because  BC  cnts  off  from  the  eiidc 
ABC  given  in  mngnitnde, 
BAC  cuntuining  a  given  angle,  BCis 
fore  given*  in  magnitude;  by  the 

BD  ia  given,  because  the  angle 
BAD  is  equal  to  the  given  angle  EAF; 
therefore  the  ratio  of  BC  to  BD  is  given : 
and  because  the  angle  CAE  is  equitl  to 
EAF,  of  which  CAE  is  equal  U>  the  altemal  angle  AOB,  nJ 
EAF  to  the  interior  and  oppoRitc  angle  ABO,  therefoieib 
c  AOB  is  equal  to  ABO.  and  the  straight  line  AB  eqnd  H 
AG ;  so  that  GC  is  the  excess  of  BA,  AC :  and  l>«auiM  tk 
angle  BGC  ia  equal  to  GAE,  that  U,  to  EAF,  ar  tli«  aM^ 
BAD;  and  that  the  angle  BCO  is  equal  to  the  opposite  iatniK 
angle  BDA  of  the  qimdri lateral  BCAD  in  the  circle ;  tbercftm 
the  triangle  BGC  is  eqninngular  to  BDA.  'ITierefore  ns  «C* 
>  fs  AD  to  l>B ;  nnd,  by  pfrmutation,  as  GO  whMi  ii 
tin!  excess  of  BA,  AC,  to  AD,  M  is  BC  to  BU:  and  t]t«  Mil 


of  CB  to  SD  it  given ;  tberefbie  the  ntiu  of  the  excc&s  uf  BA, 
AC,  to  AD  is  given. 

And  because  the  angle  GBC  is  equal  to  the  alternate  angle 
DEB,  and  the  anf^Ie  BCG  equal  to  BDE  ;  the  triangle  BCO  ii 
equiangular  to  BDE :  therefore  as  QC  to  CB,  ao  is  DD  to  DE  ; 
and  consequently  the  rectangle  OC,  DE  is  equal  to  the  rect- 
angle CB,  BU  which  is  giren,  because  its  bides  CB,  BD  are 
given  :  therefure  the  rectangle  contained  by  the  excess  of  BA, 
AC,  and  the  straight  Line  DE  is  given. 

PROPOSITION  XCIS. 

If  from  a  given  point  in  the  diameter  of'  a  circle  given  in  poti- 
liam,  or  in  the  diameter  prodacrd,  a  tlraighl  time  be  dmnin 
to  any  point  in  the  circumference,  and  J'rotit  that  point  a 
ttraight  line  be  draten  at  rig/il  angles  to  ihejirtl,  andjrum 
the  pmnt  in  which  this  meets  the  circumfirence  ngain,  a 
ttraigiU  line  be  draivii  parallel  to  the  ^rtl,  the  point  in 
which  this  parallel  meeli  the  diameter  it  given  ;  and  the 
rectangle  contained  by  the  two  parallels  is  given. 

In  BC  the  diumctei  of  the  circle  ADC  given  in  potiition,  or 
is  fiC  produced,  let  the  given  point  D  be  taken  ;  and  from  D, 
let  a  straight  line  DA  be  drawn  to  any  point  A  in  the  eircum- 
ier«nce,  and  let  AE  be  drawn  at  right  angles  to  DA;  and 
from  the  point  E,  where  it  meets  the  circumference  agoio,  let 
EF  be  drawn  pHrallel  tu  DA  meeting  BC  In  F  :  the  point  F  is 
given,  as  also  the  rectangle  AD,  EF. 

Produce  EF  to  the  circumference  i 
cause  GKA  is  a  right  angle,  the  at 
diameter  ofthc  circle  ABC;  and 
BC   is  also  a   diameter  of   it ; 
therefore  the  point  H,   where 
they  meet,  is  the  centre  of  the 
circle,  and   consequently   U   is 
given;  and  the  point  Disgicro, 
wherefore  DH  is  given  in  magnitude.     And  because  AD  is 
parallel  to  Ff>,  and  (HI  equal  to  IIA  ;  UH  is  equal  *  to  UF,   ' 
-and  AD  equal  to  OF  ;  and  DH  i»  given,  therefore  UF  it)  given 
a  tnagoitude  ;  and  it  is  also  fHvcn  in  jiosition,  and  the  jioint 


raight  line  A(i 


H  is  f(iv, 


,  iherrf.ire  •   the  poi 


And  bccauoe  the  straight  line  EFii  is  drawn  fi 
t.f,  .ndthout.or  within  Ae  circle  ABC  given 


1  position. 


L 


4li^y  euclid'o  uata. 

•  05  ur  us     therefore  *  the  rectaugle  KK,  FU  if,  given:  and  O?  if  ^ 
^"-  AD,  wherrfwe  the  rectangle  AD,  EF  is  given. 

(  ti.  )  PROPOSITION  C. 

If  from  a  given  ]toint  i«  a  Hraight  line  given 

ttraight  line  be  dratvn  to  any  point  in  the  cireumfereaa  <^ 

a  circle  given  ia  patitioH  ;  and  fratn  Ihit  point  a  strmgt 

Sue  be  draan,   mating  tuil/i  the  frit  ni  angle  equal  lo  A 

J      4-Vi*    difference  of  a  right  angle,  and  the  angle  contained  by  ii 

-ifraight  line  given  in  potilion,  and  the  straight  line  mkU 

joint  the  given  point  and  the  centre  of  the  circle  ;  and  frm 

Me  piHnt  in  which  the  necmui  line  meett  the  eirevtrtfert 

JiiJ  w,  •    iagain,  a  third  straight  line  be  drawn,   mating    wilA  thi 

■aecond  an  angle  equal  to  that  nkii-k  the  f  rat  »    '  '    '_ 

tecand  ;   the  point  in  which  this  third  line  meets  the  «(ni^ll 

ntine  given  in  position  it  given,  as  alto  the  rectangle  ci 

Mm  OH-    ttdbjf  thefrst  ilraigkt  line,  and  the  segment  of  ike  Mil^ 

hetKUTi  the  circumfa-enee  and  the  straight  line  giara  h 

position,  is  given. 

Let  tlie  stniiglit  line  CD  be  druwn  frum  the  given  pcNot  C, 
in  the  straight  line  AB  given  in  position,  to  the  circnmfeKOM 
of  the  cirele  DEK  given  in  poaitiun,  uf 
which  G  iH  the  centre ;  join  CH,  und  from 
the  point  D,  let  DF  be  tlrawn,  making  the 
ongle  CDF  equal  to  the  difference  of  a 
right  angle,  and  the  angle  BCO ;  and  from 
the  point  F  let  FE  be  drawn,  making  the 
angle  DEE  equal  to  CDF,  meeting  AB  in 
H  :  the  point  H  ia  (^iven ;  as  also  the 
rectangle  CD,  FU. 

Let  CO,  FH  meet  one  luiother  in  the 
point  K,  from  which  draw  KL  perpendi- 
cular tu  DF ;  und  let  DC  meet  the  cir- 
cumference again  in  M,  and  let  FH  meet 
the  same  in  E,  onci  join  MO,  tsF,  GH. 

Because   the  angles  MDF,    DFE  are 
equal  to  one  another,  the  circumferences 
MK,  DE  are  equal  •  ;  and  adding  or  taking  away  the  o 
part  ME,  the  circumference  DM  is  equal  tu  EF;  therefore  U* 
straight  line  DM  is  equal  to  the  straight  line  EF,  and  t[ 
angle  GMD  to  the  angle  *  GFE;  and  the  angles  GilC,  OTM 


pRDPoeiTroN  r. 


are  equal  to  une  uiiuther,  liei'nuM  they  ore  either  the  name 
with  tlie  angles  (jMD,  UF£,  or  adjacent  to  them ;  and  beaiuiie 
the  angles  KD1>,  LKD  arc  together  equal  *  to  a  right  angle,    ' 


tiiat  JH,  by  the  hypothei 
gle  UCD  or  UCII  ih  equal  I 
^e)  L.KF  or  UKH  ;  tliercf 
circumference  i>f  n  cirdt 
equal  to  the  angle  GFU  : 
and  the  straight  line  GM  1 


the  angles  KDl.,  GCB  ;  the 
the  augle  (LKD,  that  is  to  the  ui- 
re  the  points  C,  K,  U,  u  are  in  the 
and  the  angle  UCK  is  therefore 
id  the  angle  UMC  is  equal  to  0¥H, 
OF ;  therefore  *  (JO  is  equal  to   ' 


OH,  and  CM  to  HF :  and  because  C(I  is  equal  to  OH,  the  an- 
lOllC;  but  the  an^cle  GCU  is  given:  thcre- 
und  consequently  the  angle  COH  is  given ; 
position,  and  the  point  O;   therefure*  OH    ' 
;  and  CB  is  also  given  in  position,  wbere- 

And  because  HF  is  equal  to  CM,  the  rectangle  DC,  PH  is 
equul  to  DC,  CM  :  hut  DC,  CM  is  given  *,  because  the  point   ] 
C  is  giren,  thereliire  the  rectangle  DC,  Ffi  is  given. 


gle  OCn  is  equal  t< 
forvGHC  is  given, 
mad  CO  is  given  in 
18  given  in  position 
the  point  H 


'   THE    DATA. 


NOTES 


EUCLIDS     DATA. 


DEFINITIONS. 


II.  This  is  made  more  explicit  than  ui  the  Greek  text,  U 
prevent  a  mistake  wliieh  the  author  of  the  second  detnoa-   i 
stnition  of  the  24th  Prop,  in  the  Greek  edition  has  foUni  1 
into,  of  thinking  that  a  ratio  is  given  to  which  anotW  ■ 
ratio  is  shewn  lo  be  equal,  though  this  other  be  not  ec 
hiblted  in  given  magnitudes.     See  the  Notes  on  the  Prop, 
which  is  the  13th  in  this  edition.      Besides,  by  this  defini- 
tion, as  it  is  now  given,  some  propositions  are  demonstraudi 
which  in  the  Greek  are  not  so  well  done  by  help  of  Prop.  3> 


IV.  In  the  Greek  text,  Def.    4.  is  thus: 
"  spsccB,  and  angles,  arc  said  to  be  gii 


■  Puints,  lino, 
position  whidi 
have  always  the  same  situation;"  but  this  h  iniperfMt 
and  useless,  becuuse  there  are  innumerable  cases  in  wbid 
things  may  be  given  according  to  this  dclinition,  and  jtt 
their  position  cannot  be  found:  for  instance,  let  the  tn> 
angle  ADC  be  given  in  position,  and  let  it 
be  proposed  to  draw  a  straight  line  BD  A 

from  the  ongle  at  B  to  the  opposite  side         ^-^  \i, 

AC,  which  shall  cut  off  the  angle  DBC,     jp- :~^| 

which  shall  be  the  seventh  part  of  the 
angle  ABC ;    suppose  this  is  done,  therefore  the  strai^ 
line  BD  is  invariable  in  its  position,  that  is,  has  always  tks 
same  situation  ;    for  any  other  straight  line  drawn  iiVff 
the  point  B  on  either  side  of  I3D  cuts  off  an  angle  greaUt 


I  rnopoBiTioNs  i.  ii. 

*  or  laaa  thou  the  uveiith  part  of  t)ie  angle  ABC ;  theredre, 
according  tu  this  definition,  the  straight  line  BD  is  given 

L  position,  as  bImi  *  the  point  D  iti  which  it  meets  the  * 
Btrnight  line  AC,  which  is  given  in  position.  But  from  the 
things  here  given,  neither  the  straight  line  BD,  nor  the 
point  D  can  be  found  hy  the  help  of  Euclid's  Elements 
only,  by  which  every  thing  in  hiit  Data  is  supposed  may  be 
found.  This  dffiniiion  is  therefore  of  no  use.  We  have 
amended  it  by  adding,  "  nnd  which  are  cither  actually  ex- 
hibited, or  can  be  found,"  for  nothing  is  to  be  reckimed 
given,  which  cannot  be  found,  or  is  not  actually  exhibit- 
ed. 

The  definition  of  an  angle  given  by  position  is  taken  out  of 
the  4th,  and  given  more  distinctly  by  itself  in  the  detini- 
tion  marked  A. 


XI  tn  XV.  The  11th  and  I2th  are  omitted,  because  they  can- 
not be  given  In  English  so  as  to  have  any  tolerable  sense : 
and  therefore,  wherever  the  terms  defined  occur,  the  words 
which  eJipresa  their  meaning  are  made  use  of  in  their 
place. 

The  13th,  14th,  ISth,  are  omitted,  as  being  of  no  use. 

It  is  to  be  observed  in  general  of  the  data  in  this  book  that 
they  are  to  be  undenitood  to  be  given  geometrically,  not 
always  arithmetically,  that  is,  they  cannot  always  be  exhi- 
bited in  numbers ;  for  instance,  if  the  side  of  a  square  be 
given,  the  ratio  of  it  to  its  diameter  is  given  geometrically  ",  • 
I  **  lint  not  in  numbers ;  and  the  diameter  is  given  ' ;  but  * 
H '  though  the  number  of  any  equal  parts  in  the  side  be  given, 
for  example  10,  the  number  of  them  in  the  diameter  cannot 
be  given ;  and  the  like  holds  in  many  other  cases. 

PROPOSITION   I, 

In  this  it  is  shown  that  A  is  to  B  as  C  to  D,  from  this,  that 
A  is  to  C  as  B  to  D,  and  then  by  permutation ;  but  it  follows 
Erectly  without  these  tno  steps,  from  7-  ^■ 

PROPOSITION  II. 

The  limitation  added  to  the  end  of  this  proposition  be- 
tween the  inverted  commas,  is  ijiilte  necessary,  becansc  with- 
out  it  the  proposition  cannot  always  be  demonstrated :  For 


NOTES   UN    EUCLID  8     DATA. 

the  author  having  said  J,  "  because  A  is  given,  a  uagniludf, 
"  equal  to  it  can  he  fiiuait  * ;  let  this  be  C  ;  aud  because  th^. 
"  ratio  of  A  to  B  is  given,  a  ratio  which  is  the  same  to  it  cau  be; 
"  found  ","  adds,  "  let  it  be  found,  and  let  it  be  the  r< 
"  C  to  i."  Now,  from  the  Becond  definition,  nothing 
follows  than  that  some  ratio,  suppose  the  ratio  of  E 
can  be  found,  which  is  the  same  with  the  ratio  of  A  to  I 
when  tlie  author  supposes  that  the  ratio  of  C  to  A,  which  II 
alao  the  same  ivith  the  ratio  uf  A  to  B,  can  be  found,  he  nti 
cessarily  supposes  that  to  the  three  magnitudes,  E,  2,  C,  t 
fourth  proportional  A  may  be  found  ;  hut  thiK  cannot  alwty* 
he  done  by  the  Elements  of  Euclid  ;  from  which  it  is  ^iUn 
Euclid  must  have  understood  the  proposition  nnder  the  Uavt*' 
ation  which  is  now  added  to  his  text.  An  example  wB 
make  this  clear  :  Let  A  be  a  given  angle, 
and  B  another  angle  to  which  A  has  a 
given  ratio  ;  for  instance,  the  ratio  of  the 
given  straight  line  E  to  the  given  one  Z  ; 
then,  having  found  nn  angle  c;  equal 
to  A,  how  can  the  angle  &  be  found  to 
which  C  has  the  same  ratio  that  £  has 
to  Z  ?  Certainly  no  way,  nntil  it  be 
shewn  how  to  tind  an  angle  to  which  a  given  m^c  !■!# 
given  ratio,  which  cannot  be  done  by  Euclid's  Elements,  o0 
probably  by  any  Geometry  known  in  his  time.  Therefine  it 
all  the  propositions  of  this  book  which  depend  upon  (his  w^ 
cond,  the  above-mentioned  limitation  must  be  undcnrtml 
though  it  be  not  explicitly  mentioned. 

PROPOSITION  V. 

The  order  of  the  Propositions  in  tlic  Greek  text  betK^ 
Prop.  4.  and  Prop.  25.  is  now  changed  into  another  whicii  il 
more  natural,  by  placing  those  which  arc  more  simple  beftH' 
those  which  arc  more  complex  ;  and  by  placing  together  dMtf 
which  are  of  the  sanae  kind,  some  uf  which  were  naatk 
among  others  of  a  dilTcrent  kind.  Thus,  Prop.  12.  in  ilk 
Greek  is  now  niade  the  flth,  and  those  which  were  the  ^i 
and  23d  arc  made  the  1 1th  and  J2th,  as  they  are  more  simpb 
than  the  propositions  concerning  magnitudes,  the  cxcen  d 

1  See  Di.  Gregot)  lodiMoii  otlhs  Vila. 


A- 


pnoPOsiTiONs  VI.  VII.  rii.  xni. 

e  of  n-bich  nbnve  a  given  magnituile  bos  s  given  ratio  to 
the  other,  after  which  these  l«-o  were  pluceil  ;  and  the  24th 
in  the  Greek  text  in,  for  the  same  reason,  made  the  13th, 

PROPOSITIONS  VI.  VII. 
These  are  universally  trac,  thoiigh,  in  the  Greek  text,  they 
are  demonstrated  by  Prnp.  2.  which  has  a  limitation ;  they  are 
therefore  now  shewn  without  Jt. 

PROPOSITION  xn. 

,  In  the  23d  Prop,  in  the  Greek  text,  which  here  is  the  1 2th, 
the  words  "  fii  tsiIj  avrsu;  ii"  arc  wrong  translated  by  Claud. 
Hardy,  in  his  editiou  of  Euclid's  Data,  printed  at  Faris, 
anno  1C2'>,  which  was  the  first  edition  of  the  Greek  text ; 
and  Dr.  Gregory  follows  him  in  tronslBting  them  by  the 
words,  "  etai  non  easdein  ",  as  if  the  Greek  had  been  il  usi 
^i  Toii  airmu  as  in  Prop.  J),  of  the  Greek  text.  Euclid's 
meaning  is,  tliat  the  ratios  mentioned  in  the  propoeition  must 
not  be  the  same  :  for  if  they  ivere,  the  proposition  would 
not  be  true.  Whatever  relio  the  whole  has  to  the  ivholct  if 
the  ratios  of  the  parts  of  the  tirst  to  the  parts  of  the  other 
be  the  same  with  this  ratio,  one  part  of  the  first  may  be 
double,  triple,  &c.  of  the  other  part  of  it,  or  hove  any  other 
ratio  to  it,  and  consequently  cannot  have  a  given  ratio  to  it ; 
wherefore,  these  words  must  be  rendered  by  "  non  autem, 
"  eaadem  ",  but  not  the  same  ratios,  an  Zamhertus  has  trans- 
lated them  in  his  edition. 

PBOPOSITION  XIII, 

Some  very  ignorant  editor  has  given  a  second  demonstra- 
tion of  this  proposition  in  the  Greek  text,  which  has  been  as 
ignorantly  kept  in  by  Claud.  Hardy  and  Dr.  Gregory,  and  hat 
been  retained  in  the  translations  of  Zambcrtus  and  others. 
Carolus  Renaldinus  gives  it  only.  The  author  of  it  has 
tiioitgfat  that  a  ratio  was  given,  if  another  ratio  eould  be 
ibewii  to  be  the  same  to  it,  though  this  last  ratio  be  not 
fbtind.  But  this  is  altogether  absurd,  because  from  it  would 
be  deduced  that  tlie  ratio  of  the  sides  of  any  two  squares  is 
given,  and  the  ratio  of  the  diameters  of  any  two  circles,  &c. 
And  it  is  to  be  observed  that  the  modems  freequently  take 
given  ratios,  and  ratios  that  are  always  the  same,  for  one  and 


N0TK9  ON   ! 

tli«  samu  thing ;  Bud  8ir  Tsftac  Neivton  has  f.iUra  into  thu 
tnisbike  in  tlie  17th  Lemms  of  hia  Prindpia,  edit.  1713.  «nd 
in  other  places ;  Init  this  shoDld  be  carefuUy  avwdrd,  u  it 
may  lead  into  other  errors- 

PHOPOSITIONS  XIV.  XV. 

Euclid  in  thia  book  has  several  propositions  concerning  mag- 
nitudes, the  excess  of  one  of  which  Qbove  a  given  magnitude 
has  a  given  ratio  to  the  other;  but  he  hits  given  none  eoaoeui' 
ing  mogaitudea  whereof  one  together  with  a  given  magnitude 
has  a  given  ratio  to  the  other ;  though  these  last  o 
qucntly  in  the  solution  of  prublems  as  the  first ;  tt 
which  is,  that  the  last  may  be  all  demonstrated  by  the  help  of 
the  first ;  for  if  a  magnitude,  together  with  a  given  magnitude, 
htts  ■  given  ratio  to  another  magnitude,  the  excess  of  tbisirtbA 
above  a  given  magnitude  shaU  have  a  given  ratio  to  the  Unt,' 
and  OH  the  contrary  ;  as  we  have  demonstrated  m  Prt^  11' 
And  fur  a  L'lte  reason.  Prop.  15.  has  been  added  to  \ht  Data' 
One  eiumple  ivill  make  thu  thing  clear:  Suppose  it  ti 
be  demonstrated,  that  if  a  magnitude  A  together  with  a  given 
magnitude  has  a  given  ratio  to  another  magnitude  B,  that  tkt 
two  magnitudes  A  and  B,  together  with  a  given  magaitode, 
have  a  given  ratio  to  that  other  magnitude  B  ;  wbit^  is  iba 
same  proposition  with  respect  to  the  last  kind  of  magnitudd 
above-mentioned,  that  the  first  part  of  Prop, 
edition,  is  in  respect  of  the  first  kind :  this  is  sbeim  thaSi 
from  the  hypothesis,  and  by  the  first  part  of  Prop  14.  the  ex- 
cess of  D  above  a  given  magnitude  has  unto  A  a  given  ratio; 
and,  therefore,  by  the  first  part  of  Prop.  17-  the  excess  of  B 
above  a  gii-en  magnitude  has  unto  B  and  A  leather  a  given 
ratio ;  and  by  the  second  part  of  Prop.  1 4.  A  and  B  together 
with  a  given  magnitude  have  unto  B  a  given  ratio  ;  which  it 
the  thing  that  was  to  be  demonstrated.  In  like  manner,  the 
other  propositions  concerning  the  last  kind  of  magnitada 
may  be  shewn. 

PROPOSITIONS   XVI.  XVII. 

In  the  tliird  part  of  Prop.  If),  in  the  Greek  text,  wbidi  ii 
the  16th  in  this  edition,  after  the  ratio  of  EC  to  CB  hutitM 
shewn  to  be  given  ;  iram  this,  by  inversion  and  eonvtmiaBt 
the  ratio  of  BC  to  BE  is  demonstrated  to  be  givm ;  but  wilh^' 


pnopoaiTioNS  s 
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out  these  two  steps,  the  conclusion  sliuuld  h«*e  been  made 
only  by  citing  the  6th  PrnpoKition.  And  in  like  manner,  in 
the  first  part  of  Prop.  11.  in  the  Greek,  which  in  this  edition 
is  the  17th,  from  the  ratio  of  DB  to  DC  being  given,  the  ratio 
al  DC  to  DB  is  shewn  to  be  given,  by  inversion  and  composi- 
tion, instead  of  citing  Prop.  7-  and  the  same  fault  occurs  in 
the  second  part  of  the  same  Prop.  1 1 . 

PROPOSITIONS  xxr.  XXll. 

These  now  arc  added,  as  being  wanting  to  complete  the 
subject  treated  of  in  the  four  preceding  propositions. 

PROPOSITION  xxirr. 

This,  which  is  Prop.  20.  in  the  Greek  text,  was  separated 
bom  Prop.  14. 15.  16,  in  that  text,  after  which  it  should  have 
bc«n  immediately  placed,  as  being  of  the  same  kind  ;  it  is 
npw  put  into  its  proper  place  ;  but  Prop.  21.  in  the  Greek  is 
left  out,  as  being  the  same  with  Prop.  14.  is  that  text,  which 
is  here  Prop.  18. 

pKOPOsiTiON  xxrv. 

This,  which  is  Prop.  lH.  in  the  Greek,  is  now  put  into  its 
proper  place,  having  been  disjointed  from  the  three  following 
it  in  tbi>  edition,  which  are  of  the  same  kind. 


PROPOSITION  XXVIII. 

This,  which  in  the  Greek  text  is  Prop.  25.  and  several  of 
the  following  propositions,  are  there  deduced  from  Def.  4. 
which  is  not  auUicieut,  as  has  been  mentioned  in  the  note  on 
that  definition.  They  are  therefore  now  shewn  more  expli- 
citly. 

PROPOSITIONS  XXXIV.   XXXVI. 


Each  of  thes 


determination,  which  is  n 
;hange  in  their  demonstrations. 

PROPOSITIONS   XXXVII.  XXXiX.   XL.   XLI. 


V  added. 


The  35th  and  36th  Propositions  in  the  Greek  tett  arc  join- 

.   td  into  one,  which  makes  the  3£lth  in  this  edition,  because 

Ae  same  enunciation  and  demonstration  serves  both  ;  and  for 


.,4^6  NOTRs  ON  svcLia'f  rata. 

tbe  »Bine  roiuMi  Prop,  37.  ."W.  in  the  Greek  are  joined  iq^ 
one,  wliidi  is  here  the  40th. 

Propontion  37-  >s  w)<]ed  to  the  Data,  as  it  frequently  <^ 
curt  in  the  lolution  of  problems  ;  and  Prop.  41.  is  added,  H 
eoDipletc  the  rest. 

PROPOSITION  XLII.  ;  ^j,  ^ 

ThJR  ia  Prop.  3P.  in  the  Grrck  text,  where  the  wKUcori^ 
struction  of  Prop.  22.  of  Book  1.  of  the  Element*  is 
without  Deed,  into  the  demonstration,  but  is  uow  only  cil 

PROPOSITION   XLV. 

TUia  is  Prop.  42.  in  the  Greek,  where  the  three  attught 

made  UM  of  in  the  constroction  are  said,  but  notalie<KKi.,tf 

be  such  that  any  two  of  theiu  are  greater  than  the  third,  wiii4 

PROPOSITION  XLVII. 

This  ia  Prop.  44.  in  the  Greek  test ;  but  the  deRiomtn- 
tion  of  it  is  changed  into  another,  wherein  the  several  caMi 
of  it  arc  ahewn,  which,  though  necessary,  ik  »ot  done  In  tbt 
Ofvek.  1 

PROPOSITION   XLVIll.  ^ 

There  are  two  eases  in  this  Proposition,  arising  frwin  tht 

two  casen  of  the  third  part  of  Prop.  47-  on  which  the  4Sfll 

depends:  and  in  the  oompoBition  these  tw-o  canen  are  ei^ 

cilly  given.  ' 

PROPOSITION  Lll.  "! 

The  construction,  and  detnonstration  of  this,  which  ia  P»pl 

48.  in  the  Greek,  are  niade  something  ihorter  than  in  itnl 

text.  ' 

PROPOSITION  LIII. 

Prop.  63.  in  the  Greek  text  is  omitted,  being  only  a  mm 
of  Prop.  41*.  in  that  text,  which  is  Prop.  53.  in  this  editMi. 

PROPOSITION  LVlll.  -  „„  ^ 

'This  is  not  in  the  Greek  text,  bat  ita  demonalniMlHIF 
contained  in  that  of  the  firnt  part  of  Prop.  S4.  in  that  UMf  T 
which  proposition  is  concerning  figures   that  are  gim  in 


pnoroBiTiONg  lix.  i 


,    LTtfV.   LltTII.,   ETC. 


■pedes  ;  this  Sflth  ia  true  of  similar  figures,  though  they  be 
Dot  given  in  species,  and  as  it  frequently  occurs,  it  was  ne- 
cessary ts  add  it. 

PROPOSITIONS  LIX.   LXI. 

This  is  the  fi4th  in  the  Greek ;  and  the  77th  in  the  Greek, 
being  the  very  ume  with  it,  is  left  out,  and  a  shorter  de> 
auMUtratian  is  given  of  Prop.  61. 

PROPOSITION  LXII. 

This,  which  is  most  frequently  useful,  is  not  in  the  Greek, 
'taA  is  necessary  to  Prop.  87-  SS.  in  this  edition,  as  also 
fttoagh  not  mentioned,  to  Prup.  B6.  87-  in  the  former  edi- 
tions.    Prop.  66.  in  the  Greek  text  is  made  a  corollary  to  iL 


PROPOSITION  LXIV. 

'  This  eontftins  both  Prop.  74.  and  73.  in  the  Greek  text ; 
the  first  case  of  the  74th  >e  a  repetition  of  Prop.  5C.  from 
vvbidi  it  is  separated  in  that  text  by  mnny  propositions ;  and 
as  there  is  no  order  in  these  propositions,  as  they  stand 
in  the  Greek,  they  are  now  put  into  the  order  which  seemed 
most  convenient  and  natural. 

The  demonstration  of  the  first  part  of  Prop.  7^-  io  the 
Greek  is  grossly  vitiated.  Dr.  Gregory  says,  that  the  sen- 
teiicei  he  has  inclosed  betwixt  two  stars  arc  superfluous,  and 
ought  to  be  eancelfed ;  but  he  has  not  observed  that  what 
follows  them  is  absurd,  being  to  prove  that  the  ratio  [sec  his 
figure]  of  AF  to  FK  is  given,  which,  by  the  hypothesis  at  the 
beginning  of  the  proposition,  is  expressly  given :  so  that  the 
whole  of  this  part  was  to  be  altered,  which  is  done  in  this 
Prop.  fi4. 

PROPOSITIONS   LXVn.   LSVIIL 

Prop.  70.  in  the  Greek  text,  is  divided  into  these  two,  for 
the  sako  of  distinctness;  find  the  demonstration  of  the  67th 
is  rendered  shorter  than  that  of  the  first  part  of  Prop.  70.  in 
^e  Greek,  by  means  of  Prop.  23.  of  Booh  6.  of  the  Ele- 
VftW- ■•■■.    f  ■    -■•■  '^---i  '■•■"  '-'-■  "■  r«-.>  ...;Ar.,.j,^. 


PROPOSITION   LXS. 

This  is  Prop.  62.  in  the  Greek  teit;  Prop.  78-  in  thai 
text  is  only  a  particular  case  of  it,  and  is  therefiire  omitted. 

Dr.  Gregory,  in  the  demonstration  of  Prop.  62.  citi's  the 
49lh  Prop,  Dttt.  to  proTe  that  the  ratio  of  the  figure  AEB  to 
the  parallelogram  AH  is  given ;  whereas  this  was  shewn  a  few 
lines  before :  and  besides,  the  49th  Prop,  is  not  applicable  to 
these  two  figures  ;  because  AH  is  not  given  in  species,  but  i^ 
by  the  step  for  whicli  the  citation  is  brouglit,  proved  to  ba-  I 
given  in  species.  I 

PROPOSITION  LXXIII.  -"* 

Prop.  83,  in  the  Greek  text  b  neither  well  enanciatcd  nor 
demonstrated.  The  73d,  which  in  this  edition  is  put  in  plaec 
of  it,  is  really  the  same,  its  will  appear  by  considering  [m 
Dr.  Gregory's  edition],  thai  A,  B,  r,  E,  in  the  Greek  i 
arc  four  proporttonala,  and  that  the  proposition  is  to  iWwl 
that  /^,  which  lias  a  given  ratio  to  E,  is  to  r,  aa  B  is  Nt^ 
straight  line  to  whidi  A  has  a  given  ratio ;  or,  by  inre 
thiit  r  is  to  A,  as  a  straight  line  to  which  A  has  a  given  n 
is  to  B;  that  is,  if  the  proportionalu  be  placed  in  this  onlot^ 
viz.  r,  E,  A,  D,  that  the  first  T  is  to  &,  to  whicli  the  stonJ 
E  has  a  given  ratio,  us  a  straight  line  to  which  the  thiid  A 
has  a  given  ratio  is  tu  the  fourth  B;  which  is  tlic  enunciMJis 
of  this  73d,  and  was  thus  changed  that  it  might  be  imik 
like  to  that  of  Prop.  72.  in  this  edition,  whicli  is  the  &2il  in 
the  Greek  text :  and  the  demonstration  of  Prop.  73.  i*  t^ 
same  with  that  of  Prop.  72>  only  making  use  of  Ftop.  'iX 
instead  of  Prop.  22.  of  Book  5.  of  the  Elemcata. 

PROPOSITION  LXXVII. 
This  is  put  in  place  of  Prop.  79.  in  the  Greek  tMl,  vAU 
is  not  a  datum,  but  a  theorem  premised  as  a  I>emtna  to  Pf^ 
80.  in  that  U'xt :  and  Prop.  79.  is  made  Cor.  1 .  to  Prop.  Ti-  , 
in  this  edition.  CI.  Hardy,  in  his  cditiun  of  th«  l>atA.  t^ 
notice,  that  iu  Prop,  80,  of  the  Greek  text,  the  pnmtlel  U 
in  the  figure  of  Prop.  77-  'n  this  edition,  must  tut^t  the  o" 
cumierence,  but  does  not  demonstrate  it,  whicii  in  ihinehl' 
at  the  end  of  Cor.  3.  Prop,  77-  in  the  construction  for  fiwB"? 
a  triangle  similar  to  ABU. 


PROPOSITIONS   LXXVIIt.   LXXIX.    LXXX.   LXXXI.,    ETC. 

PROPOSITION  LXXVUI. 

Tlic  demon stnitian  of  thU,  which  ia  Prop.  80,  in  the  Greek, 
is  rendered  a  good  deal  shorter  by  help  of  Prop.  77. 

PROPOSITION'S    LXXIX.   LXXX.   LXXXI. 

These  nre  added  to  Euclid's  Data,  ns  propositions  which 
ore  often  useful  iu  the  solution  of  Prnhlcms. 

PROPOSITION  LXXXII. 
This,  which  is  Prop.  60.  in  the  Greek  text,  ia  placed  Iwfore 
the  83d  and  84th,  which  in  the  Greek  are  the  58th  and  59th, 
because  the  demonstratiuiu  of  these  two  in  this  edition  arc 
deduced  from  that  of  Prop.  82.  irom  which  they  naturally 
follow. 

PROPOSITIONS  LXXXVIII,  XC. 

'  Dr.  Gregory,  in  his  preface  to  Euclid's  works,  which  lie 
published  at  0?( ford  in  1703,  after  having  told  that  he  hod 
supplied  tlie  defects  of  the  Greek  text  of  the  Data  in  innu- 
mervlile  places  from  several  manuscripts,  and  corrected  Ci. 
Hardy's  translation  by  Mr.  Bernard's,  adds,  that  the  86tli 
theoreui,  "  or  proposition  ",  seemed  to  be  remarkably  vitiated, 
bot  which  could  not  be  restored  by  help  of  the  manuscripts  ; 
ibea  he  gives  three  different  tninslatiuns  of  it  in  Latin,  ac- 
coiding  to  which  he  thinks  it  may  be  read ;  the  two  first  have 
no  distinct  meaning,  and  the  third,  which  he  says  is  the  best, 
tliougli  it  contains  a  true  proposition,  which  is  the  POth  in 
tlie  edition,  has  no  connexion  in  the  least  with  the  Greek 
text.  And  it  is  strange  that  Dr.  Gregory  did  not  observe, 
that,  if  Prop.  86.  were  changed  into  this,  the  demonstration 
of  the  66th  must  be  cancelled,  and  another  put  into  its  place ; 
but  the  truth  is,  both  the  enunciation  and  the  demonstration 
of  Prop.  86.  are  quite  entire  and  right,  only  Prop.  87-  which 
ia-tnoie  simple,  ought  to  have  been  placed  before  it ;  and  the 
deSciency  which  the  Doctor  justly  observes  to  be  in  this  part 
of  £udid's  Data,  and  which,  no  doubt,  is  owing  to  the  care- 
Icnness  and  ignorance  of  tlie  Greek  editors,  should  have  been 
sopplied,  not  by  changing  Prop,  86.  which  is  both  entire  and 
MoMsary,  but  by  adding  the  two  propositions,  which  are  the 
QBth  and  dOth  in  this  edition. 


NOTES    OK   BO0LID8   DATA. 


'  'PROKIBIVICIW'Kbnil.C. 


These  were  communioaUd  tv  me  by  two  cxvclUnt  gmate- 
tera,  the  6tA  of  them  by  the  Right  Iloouurable  the  £ul 
Stanhope,  aod  the  other  by  Dr.  MatLbew  Stewart ;  tw  whieb 
I  have  added  the  demniiBtrationa. 

Thouf;h  the  order  of  the  propositions  has  bnMi  ini  nmi 
places  changed  from  that  in  former  editions,  yet  tbia  wjH  be 
of  little  disadvantage,  as  the  ancient  goomcti-rii  never  cite  tlw 
Data,  and  the  moderns  very  rarely. 


As  that  part  of  the  composition  of  a  problem  which  ■  id 
construction  itmy  not  be  so  readily  deduced  from  the  asaijKi 
by  bt^nnem,  for  their  sake  the  following  ex&inplen  gira; 
in  which  the  derivation  of  the  several  parts  of  the 
tion  from  the  onolpia  is  particularly  slwwo,  tlial  they 
be  assisted  to  do  the  like  in  other  problems. 


Having  given  the  mngniludc  of  a  paralfeti^atn,  the  angit*( 
tehkk  ABC  U  given,  and  nlso  the  vxcets  of  Ike  Mpunt  t^m 
tide  BC  above  Ihc  square  of  Ifie  side  AB  ;  tojtnd  Ht'att 

and  describe  it.  ■■■' '  ■ 

The  analysis  of  this  is  the  same  with  the  rTrmniiitnitiillil 
the  87th  Prop,  of  the  Data,  and  the  constnictioii  ^atk 
given  of  the  problem  at  the  end  of  that  prupositiati  M  llHi 
derived  from  the  analysis.  > 

Let  EFG  be  equal  to  the  given  angle  ABC,  And 
in  the  analysis  it   is  said  that  the  ratio  of  fh& 
AD,  BC,  to  the  parallelo- 
gram AC,  is  given  by  the 
62d  Prop.  Dat.  therefore, 
from  a  point  in  FE,   the 
perpendicular  EQ  is  drawn 
,  as  the  ratio  of  FK 
is  the  ratio  of  thi 
AC,  bv  whi 


;tangle  AB,  HC,  to  the 
is  she-wn  at  the  end  of  Prop,  fi 


the  magnitude  of  AC  h  cxlii!)itcd  by  making  the  rectangle 
EO,  OH  equal  to  it ;  and  the  given  excess  of  the  » 
BC  above  the  square  of  BA,  to  which  excess  the  rectungle 
CB,  BD  is  equal,  is  exhibited  by  the  rpctangle  KG,  OL :  then, 
in  llie  analysis,  the  rectangle  AD,  BC  in  said  to  be  given,  and 
this  i*  equal  to  the  rectangle  FE,  OH,  beeause  the  rectangle 
AB,  BC  is  to  the  parallelugram  AC,  a»  (FE  to  EG,  that  Is,  as) 
tfec  rectangle  PE,  OH  to  EG,  GH  ;  and  the  parallelti^niin  AC 
is  equal  to  the  rectangle  £0,  GH ;  therefore  the  rectnngia  AO, 
BC  ia  equal  to  FE,  OH ;  and  consequently  the  ratio  of  the 
rectangle  CB,  BD,  that  is,  of  the  rectnngle  HG,  OL,  to  AB, 
BC,  that  is,  of  the  straight  line  DB  to  BA,  is  the  same  with 
the  ratio  (of  the  rectangle  OL,  OH  to  FE,  GH,  that  is)  of 
the  straight  line  OL  to  FE,  which  ratio  of  DB  to  BA  is 
the  next  thing  Baiil  to  be  given  in  tlie  analysis:  from  this 
it  ifi  plain  that  the  square  of  FE  is  to  the  squtre  of  GL,  as 
the  square  of  BA,  which  is  equal  to  the  rectangle  BC,  CD, 
iato  tiM  square  of  BD  :  the  ratio  of  which  sjiaccs  is  the  next 
Hang  «aid  to  be  given  r  and  from  this  it  follows,  that  four 
times  the  square  of  FE  is  to  the  square  of  OL,  as  four  times 
the  rectangle  BC,  CD  is  to  the  iiquarc  of  BD ;  and  by  com- 
position, four  times  the  square  of  FE,  together  with  the 
square  of  GL,  is  to  the  square  of  QL,  as  four  times  the  rect- 
aogle  BC,  CD,  together  with  the  square  of  BD,  is  to  the 
aqumre  vf  BD,  that  is  *  as  the  square  of  the  straight  lines  BC,  * 
CO,  taken  together  is  to  the  square  of  DD,  which  ratio  is  the 
next  thing  said  to  be  given  in  the  analysis :  and  bccaiisc  four 
times  the  square  of  FE  and  the  square  of  OL  arc  to  l>e  added 
together;  therefore,  in  the  perpendicular  EG  there  is  taken 
Kg  equal  to  FE,  and  MG  equal  to  the  double  of  it,  because 
tbercby  the  squares  of  MO,  OL,  that  is,  joining  ML,  the  square 
of  ML  is  equal  to  four  times  the  square  of  FE,  and  to  the 
•quare  of  OL ;  and  because  the  square  of  ML  is  to  the  square 
of  OL,  M  the  square  of  the  straight  line  made  up  of  BC  and 
CD  is  to  the  square  of  BD,  therefore  *  ML  is  to  I.G,  as  BC  ' 
together  with  CD  is  to  BD  ;  and,  by  composition,  ML  and  LO 
t<^tber,  that  is,  producing  OL  to  N,  so  that  ML  be  equal  to 
LN,  the  straight  line  NO,  is  to  GL,  as  twice  BC  is  to  BD  ;  and 
bfrfi^ijig  GO  equal  to  the  half  of  NO,  GO  is  to  GL,  as  BC  to 
BD,  the  ratio  of  which  is  said  to  be  given  in  the  analysis:  and 
t  ttim  tli0  it  follows,  that  the  rectangle  UG,  GO  is  to  HO,  UL, 
I  to'title  scpuire  of  BC  is  tf)  the  rectangle  CB,  BD,  which  is  equal 


to  the  rectangle  HO,  OL  ;  and  therefore  the  iqaarc  of  BC  b 
equul  to  the  rectaiigle  HO,  OO ;  and  BC  is  coiDtcquentljr 
fuund  by  taking  a  mean  proportional  betwixt  HO  and  GO,  M 
is  said  in  the  const nieti on :  and  because  it  was  shewn  tbil 
OO  is  to  OL,  as  BC  to  BO,  and  that  now  the  three  finit  m^ 
found,  the  fiturth  BD  is  found  hy  12.  6.  It  was  likvwm 
shewn  that  LO  is  to  FE,  or  OK,  as  DB  to  BA,  and  the  thiw 
ffTst  are  now  found,  and  thereby  the  fourth  BA.  Make  Ae 
angle  ABC  equal  lo  EFO,  and  eumplete  the  parallelngram  of 
which  the  sides  are  AB,  BC,  and  the  construction  is  finished; 
the  rest  of  the  composition  contains  the  dcmonst ration. 


As  the  propositions  from  the  I3th  to  the  28tli  may  be  thiniglft 
by  beginners  to  be  less  useful  than  tlie  rest,  becatise  thej 
cannot  so  readily  see  how  they  are  to  be  made  use  of  !n  the 
solution  of  problems  ;  on  this  account  the  two  foUomng  pni- 
blums  arc  added,  to  shew  that  they  arc  equally  useful  whh  tl* 
other  propositions,  and  from  which  it  may  be  easily  ^dgtd 
tlint  many  other  problems  dcpond  upon  thi!sc  propodtions.   ' 


Tojind  three  straight  lines  such,  that  the  ratio  o/'  tkejirti  to 
Ike  tecond  is  given  ;  and  if  a  given  straight  line  he  take* 
Jrom  the  second,  the  ratio  of  the  remainder  la  the  third  it 
given  ;  also  the  rectangle  contained  hy  thejirsl  and  third  is 
given. 

Let  AB  be  the  lirst  straight  line,  CD  the  accoud,  bdiI  Ef 
the  third :  and  because  the  ratio  of  AB  to  CD  is  given,  and 
that  if  a  given  straight  line  be  taken  from  CD,  the  ratio  of  the 
remiunder  to  EK  is  given  ;  therefore  •  the  excess  of  the  int 
AB  above  a  given  straight  line  has  a  given  ra- 
tio to  the  third  EF:  let  BH  be  that  given  A  ^.S 
Straight  line;  therefore  AH  the  excess  of  AB 
above  it,  has  a  given  ratio  to  EF  ;  and  conse- 
quently •  the  rectangle  BA,  AH  has  a  given  E_I 
ratio  to  the  rectangle  AB,  EF,  which  lost  rect- 


c  .  ftp 


angle  is  given  by  the  hypothesis :  therefore  " 

the  rectangle  BA,  AH  is  given,  and  BH  the  excess  of  ha  nJU 

is  given :  wlicrcfure  the  sides  AB,  AH  nre  givcii  *  :    And  b^ 


PBOBLRUS   I.   IE.  4i 

cause  the  ratios  of  AB  to  CD,  iind  of  All  to  EF,  arc  given,  CD 

aiiil  EF  are  •  given.  *  2  Dmi. 

Tub  Composition. — Let  the  giveii  ratio  of  KL  to  KM  be 
that  wiiich  AB  is  required  to  have  to  CD :  and  let  DO  be  the 
given  straight  line  which  ig  to  be  taken  from  CD,  and  let  the 
given  ratio  of  KM  to  KN  he  that  which  the  remainder  must 
ksve  to  EF ;  also  let  the  giveu  rectangle  NK,  KO  be  that  to 
which  the  rectangle  AB,  EF  is  required  to  be  equal :  tind  the 
given  straight  liae  Bll  which  is  to  be  taken  from  AB,  whicli  - 
is  done,  as  plainly  appears  from  Prop.  24.  Dat,  by  making  as 
SH  to  EL,  so  OD  to  HB.  To  the  given  straight  line  BH, 
apply  ■  a  rectangle  equal  to  LK,  KO,  exceeding  by  a  square,  •  sh.  o. 
and  let  BA,  AH  be  its  sides:  then  is  AB  the  first  of  the 
straight  lines  required  to  be  found,  and  by  making  as  LK  to 
OI,  so  AB  to  DC,  DC  wiU  be  the  second  :  and  lastly,  make 
as  KM  to  KN,  so  CG  to  EF.  and  EF  is  the  third. 

For  OS  AB  to  CD,  so  is  IIB  to  GD,  each  of  these  ratios  being 
the  same  with  the  ratio  of  LK  to  KM  ;  therefore  '  AH  is  to  *  I'J.  ^ 
(;G,  as  (AB  to  CD,  that  is,  as)   LK  to  KM  ;  and  as  CG  to  EF, 
so  ia  KM  to  KN ;  wherefore,  ex  o^juuli,  as  All  to  EF,  so  is  LK 
to  KN :  atid  as  the  rectangle  BA,  AH  to  the  rectangle  BA,  EF, 
»  is  •  the  reetangle  LK,  KO  to  the  rectangle  KN,  KO  :  and,  •  1.  li. 
by  the  construction,  the  rectangle  BA,  All  is  equal  to  LK, 
KO  :  therefore  •  the  rectangle  AB,  EF  ia  equal  to  ilic  given  "1^5. 
rectangle  NK,  KO  :   and  AB  has  to  CD  the  given  ratio  of  KL 
to  KJSr ;  and  from  CD  the  given  straight  line  GD  being  btken, 
the  remainder  CQ  has  to  EF  the  given  ratio  of  KM  to  KN. 

«.  E.  D. 

PROBLEM  II. 

To^nd  three  straight  lines  stick,  thai  the  ratio  ii/'lhejini  In 

the  second  is  gtuen  ;  and  if  a  given  straight  line  l/e  liikca 

'  Jrom  the  second,  the  ratio  of  the  remainder  to  the  third  it 

ghen  i  also  the  sum  uf  Ike  squares  of  Ihejirst  and  third  is 

given. 

Itet  AB  be  the  first  straight  line,  BC  the  second,  and  BD 
the  tiiird:  and  because  the  ratio  of  AB  to  BC  is  given,  and 
tkat  if  a  given  straight  line  he  taken  from  BC,  the  ratio  of  the 
rfmainder  to  BD  is  given ;  therefore  *  the  excess  of  tiie  first  '  H  Dai. 
Ab  above  a  given  straight  line,  has  a  given  ratio  to  the  third 
I  pp:  let  AE  be  that  given  straight  line,  therefore  the  reinaia- 
kg||r  £11  has  a  given  ratio  to  BD :  let  BD  be  phicud  at  right 
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angles  to  ED,  tad  join  DE ;  then  the  triiui^  BBD  is  *  gi«M 
in  ipedea;  wherefore  the  sngle  BED  is  given :  let  AE,  whl4(l 
is  given  in  magnitude,  he  given  also  in  position,  u  also  tli( 
paint  K,  and  the  atmight  line  ED  will  bo  gii-en  *  in  pMitioM 
join  AD,  and  bcciiust  the  sum  of  the  squares  of  AB,  BD, 
ia  ■,  the  square  of  AD  is  given,  tttcrefore  the  straight  line  Att, 
ia  given  in  magnitude  ;  and  it  k  also  given  *  in  poaitioa,  IliEr 
cause  from  the  givvn  point  A  it  is  drawn  to  the  straight  lias 
ED  given  in  position :  therefore  the  poiiit  D,  in  which  the  twn, 
straight  lines  AD,  ED  given  in  position,  cut  one  another,  i| 
given  * :  and  the  straight  line  DB,  which  is  at  right  angles  t» 
AB,  is  given  '  in  position,  and  AB  is  given  in  position,  then> 
fore  *  the  point  0  is  given :  and  the  [mints  A,  D  are  give^ 
wherefore  "  the  stmighl  lines  AB,  BD  are  given :  and  the 
tio  of  AB  to  BC  is  given,  and  therefore  "  BC  is  given. 

Thb  CoMroaiTiON. — Let  the  given  ratio  of  FQ  to  Gil  be- 
that  which  AB  is  required  to  have  to  BC,  and  let  HK  be  dmt 
given  straight  line  which  is  to  be  taken  from  BC,  and  let  tba< 
ratio  which  the  remainder  is  required  to  luve  to  DD  be  tbi^ 
given  ratio  of  HG  to  GL,  and  place  GL  at  right  angles  Ut  F^ 
and  join  LF,  Ltl :  next,  as  HG  is  to  OF,  so  make  HK  to  AS; 
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produce  AE  to  N,  so  that  AN  be  the  straight  line  to  the  square 
of  which  the  sum  of  the  squares  of  AB,  BD,  is  required  to  be 
equal;  and  make  the  angle  NED  equal  to  the  angle  OFL; 
und  from  the  centre  A,  at  the  distance  AN,  describe  a  circle, 
and  let  its  circumference  meet  ED  in  D,  and  draw  DB  per- 
pendtcutar  to  AN  and  DM,  making  the  angle  BDM  eqnal  to 
the  angle  OLII.  Lastly,  produce  BAl  to  C,  so  that  MC  be 
equal  to  HK  ;  then  is  AB  the  first,  BC  the  second,  and  BD  the 
third  of  the  straight  lines  that  were  to  be  found. 

For  the  triangles  EBD,  FGL,  as  also  DBM,  LOU,  being 
equiangular,  as  EB  to  BD,  so  is  FG  to  GL;  ondasDBto  BM, 
BO  is  LG  to  GU  ;  therefore,  ex  a:quali,  as  EB  to  BM,  so  is  (FO 
to  GH,  and  so  is)  AE  to  UK  or  MC ;  wherefore  *,  AB  is  to  BC, 
as  AE  to  HK,  that  is,  as  FO  to  GH,  that  is,  in  the  given  ratiot  , 
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iiftiffinolii  itbi  Jtrn^  line  BG  tikixfg  MC>  ^Akh  is  «qsdbCv       ^^^a  4^  • 
dM-gimgi  ¥ti«i^  jdtie  flK«:  the  raoaiiider  BM  fau  to  Birtbe 
§hsen«:imlio  of  HO  to  0L :  and  the  sum  tf  Ijm  aqnaiea  of  AB^ 
BO^^i^ofual*  tothesquareof  ADor AK^Drhkhiothegrrui;  *iT»'I.   :* 

^ri  Mieve  k  would  hoia  vtin  to  trj  to  dedsoe  the  pr^te^  ^  '^•^* 

diog  Moetriiotioii  from  an  algehndad  aoliition  of  the  problem.        -~-  ^^  * 
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PLANE    AND    SPHERICAL 
TRIGONOMETRY. 


PLANE  TRIGONOMETRY. 


LEMMA  I. 


Lbt  ABC  be  a  rectilineal  angle :  if  about  the  point  B  as  a 
oentre>  and  with  any  distance  BA,  a  circle  be  described,  meet- 
ing BA^  BC,  the  straight  lines  including  the  angle  ABC  in 
A^  C ;  the  angle  ABC  will  be  to  four  right 
angles^  as  the  arch  AC  to  the  whole  circum- 
ference. 

Produce  AB  till  it  meet  the  circle  again  in 
F^  and  through  B^  draw  DE  perpendicular  to 
AB,  meeting  the  circle  in  D,  £. 

By  33. 6.  Elem.  the  angle  ABC  is  to  a  right 
angle  ABD^  as  the  arch  AC  to  the  arch  AD ;  and  quadrupling 
the  consequents^  the  angle  ABC  will  be  to  four  right  angles, 
as  the  arch  AC  to  four  times  the  arch  AD,  or  to  the  whole 
circumference. 


I^t  ABC  be  B  plane  rectilineal  angle  as  before:  about  B 
as  a  centre  with  any  two  distances  BD,  BA,  let  two  circles 
be  described  meeting  BA,  BC,  in  D,  E ;  A,  C : 
the  arch  AC  will  be  to  the  whole  circumference 
of  which  it  ia  an  arch,  aa  the  arch  D£  is  to  the 
whole  circumference  of  which  it  is  an  arch. 

By  Lemma  1.  the  arch  AC  is  to  the  whole 
circumference  of  which  it  ia  an  arch,  as  the 
angle  ABC  ia  to  four  right  angles;  and  by  the  same  Lemma  1. 
the  arch  DE  is  to  the  whole  circumference  of  which  it  ia  an 
arch,  OS  the  angle  ABC  ia  to  four  right  angles;  therefore  the 
arch  AC  is  to  the  whole  circumference  of  which  it  is  an  arch, 
as  the  arch  DE  to  the  whole  circumference  of  which  it  h  an 
arch. 

DEFINITIONS. 

I.  Let  ABC  be  a  plane  rectilineal  an- 
gle; if  pbout  B  aa  a  centre,  with 
BA  any  distance,  a  circle  ACF  be 
described,  meeting  BA,  BC,  in  A,  C ; 
the  arch  AC  is  called  the 
of  the  angle  ABC. 

II.  The  circumference  of  a  circle  is  supiwaed  to  be  divided 
into  360  equal  parts  called  degrees,  and  each  degree  into 
60  equal  parts  called  minutes,  and  each  minute  into  GO 
equal  parts  called  seconds,  &c.  And  as  many  degrees, 
minutes,  seconds,  &c.  as  are  cootaincd  in  any  arch,  of  so 
many  degrees,  minutes,  seconds,  &c.  is  the  angle,  of  which 
that  arch  is  the  measure,  said  to  be. 

CoBOLLARY.  Whatever  be  the  rttdiua  of  the  circle  of  which 
tie  measure  of  a  given  angle  is  au  arch,  that  arch  will  con- 
tain the  some  number  of  degrees,  minutes,  seconds,  &c.  as 
is  mauifest  from  Lemma  2. 

III.  Let  AB  be  produced  till  it  meet  the  circle  again  in  F ;  the  See  Hg.  S 
angle  CBF,  which  ti^ther  with  ABC  is  equal  to  two  right 
angles,  ia  called  the  Supplcmeni  of  the  angle  ABC. 

IV.  A  straight  line  CD  drawn  through  C,  one  of  the  extremi-   Su:  fit'  u- 
ties  of  the  arch  AC,  pcrpeudieular  upon  the  diameter  passing 
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Umwgh  the  other  extt«mtty  A,  is  called  the  Sme  of  dr 
■r«h  AC,  or  of  ibe  aogJe  ABC,  of  whicb  it  U  thi 
Cor.  Tb»  Sinf  of  a  ijiuutnuit,  or  of  a  rigiit  ang^  is  cqajl  M 
the  radios. 

V.  The  B^ment  DA  of  the  diameter  patsing  thjoti^  A,  qaC 
exlTemity  of  tlie  arch  AC,  betneea  the  kine  CD,  and  ikrt 
extremity  is  called  the  Vtrttd  Sincof  the  vch  AC,  eraB^ 
ABC. 

VI.  A  straight  line  AE  touching  thccircle  at  A,  one  extrendty 
of  the  arch  AC,  and  meeting  the  diameter  BC  [tasaing  thm^^ 
the  other  extremity  C  in  £,  in  called  the  Tangent  uf  theudk 
AC,  or  of  the  angle  ABC. 

VII.  The  straight  line  BE  bet^veen  the  centre  and  t>t«  etl 
tremilT  of  the  tangent  AE,  is  called  the  Secant  <tf  the  ai 
AC  or  angle  ABC. 

Cob.  to  Def.  4.  6.  ?.     The  sine,  tangent,  and  Becant  of  iw 

' 'angle  ABC,  arc  likewise  the  sine,  tangent,  and  eceuitw 
its  supitlcnient  CBF. 

It  is  manifest  from  Def.  4.  that  CD  is  the  sine  of  the  an^ 
CBF.  Let  CB  be  produced  till  it  meet  the  circle  again  ii 
G ;  and  it  ia  manifest  that  AE  is  the  tangent,  and  BE  Ac 
Kecont  of  the  angle  ABG  or  EBF,  from  Def.  6.  7. 

Cor.  to  Bef.  4.  5.  6.  ?.  The  sine,  versed  sine,  tangent,  ni 
secant,  of  any  arch,  which  is  the  measure  of  vaj  ^iM 
angle  ABC,  is  to  the  sine,  versed  sine, 
tuDgeiit,  and  secant,  of  any  other  arch 
which  is  the  measure  of  the  saiiic  angle, 
as  the  radius  of  the  lirst  is  to  the  radius 
of  the  second. 

Let  AC,  MN  be  measures  of  the  angle 
ABC,  according  to  Def.  l.j  CD  the  sine, 
DA  the  versed  sine,  AE  the  tangent,  and  BE  the  seuuutfS 
the  arch  AC,  according  to  Def.  4.  fl.  6.  7- ;  and  NO  the  aiD^ 
OM  the  versed  sine,  MP  the  tangent,  and  BP  the  eeealK  J^ 
the  arch  HN,  according  to  the  same  definitions.  SiaceQi 
NO,  AE,  MP  arc  parallel,  CD  is  to  NO  as  the  radioa  CW" 
the  radius  NB,  and  AG  to  MP  as  AB  to  BM,  and  BC  o^tt' 
to  BD,  as  BN  or  BM  to  BO ;  and  by  conversion,  DA  t«lflt 
as  AB  to  MB.  Hence  the  corollary  fs  manifest:  ibarriisw 
)f  the  radius  be  supposed  tv  be  divided  into  aity  gl*tl 
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number  of  equal  parts,  the  sine,  versed  aine,  taageat,  and 
secant  of  nny  given  snglc  will  eaah  contain  a  given  uudI' 
ber  of  these  parts ;  and,  by  trigonometrical  tables,  the 
length  of  the  sine,  versed  sine,  tangent,  and  secant  of  an; 
angle  may  be  found  in  parts  of  which  the  radius  contains  a 
given  number ;  and,  Wee  versa,  a  number  expressing  the  M 

length  of  the  sine,  versed  sine,  tangent,  and  secant,  being 
given,  the  angle  of  which  it  is  the  sine,  versed  sine,  tan- 
gent, and  Mcunt,  may  he  found. 

vnr,  TTie  difference  of  an  angle  from  a  right  angle,  is  called  See  fig.  S, 
the  complfmcnt  of  that  angle.     Thus,  if  BH  be  drawn  pcr- 
^ndicnlar  to  AB,  the  angle  CBH  will  be  the  complement 
of  the  angle  ABC,  or  of  CBF. 

Vt.  Let  HK  be  the  tangent ;  CL  or  DB,  which  is  equal  to  it,    Sec  Bg.S. 
the  Kine ;  and  BE  the  secant  of  CBH,  the  complement  of 
ABC,  according  to  Def.  4,  6.  7.  HK  is  called  the  cotangent, 
BD  the  cosine,  and  BK  the  cosecant,  of  the  angle  ABC. 

Cob.  1.  The  radius  is  a  mean  proportional  between  the  tan- 
gent and  cotangent. 

For,  since  HK,  BA  are  parallel,  the  angles  HKB,  A&C  will  be 
equal,  and  the  angles  KUB,  BAE  are  right;  therefore  the 
tnanglea  BAE,  KUB  are  similar,  and  therefore  AE  is  to  AB, 
as  BH  or  BA  to  HK. 

CoH.  2.  The  radius  is  a  mean  proportional  between  the  codne 
and  secant  of  any  angle  ABC. 

Since  CD,  AE  are  parallel,  BD  is  to  BC  or  BA  as  BA  to  BE. 


'1^'rH 


PROPOSITION  1 


tr—Tigbt-anglcd  plane  triangle,  if  the  hyjiotlienuse  he  made 
'ra&U,  the  sides  become  the  sines  of  the  angles  opposite  to 
tJuM :  and  if  either  side  be  made  radius,  the  remaining  side 
it  the  tangent  of  the  angle  opposite  to  it,  and  the  kypothenute 
^' '  the  secant  of  the  same  angle. 

'<<'I>et  ABC  bearigbt-angled  triangle:  if  the 

hf^otbenuse  BC  be  made  radius,  either  of 

ike  aides  AC  will  be  the  aine  of  the  angle 

ABC  opposite  to  it ;  and  if  either  side  BA 

(m  luade  radius,  the  other  side  AC  will  be  the 

tangent  ef  the  augle  A  ItC  opposite  to  it,  and  the  hypothcj 

BC  the  secant  of  the  same  angle. 
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About  B,  as  a  centre,  with  BC,  BA  &r  distances,  let 
circles  CD,  EA  be  described,  meeting  BA,  BC,  in  D,  E;  i 
CAB  is  a  right  angle,  BC  being  radius,  AC  if  the  sine  of 
angle  ABC,  by  def.  4.  and  BA  being  radius,  AC  is  I 
and  BC  the  secant,  of  the  angle  ABC,  br  ilef.  G.  ?. 

Cor.  1.    Of  the  hypothanse,  a  side,  and  an  angle  qt 
right-angled  triangle,  any  two  being  given,  the  tlmditi 
gi»en. 

Cor.  2.    Of  the  two  sides  nnd  on  angle  of  a  right-SDj 
triangle,  any  two  being  given,  the  third  is  also  given, 

PROPOSITION  II. 

Tie  tidet  ijf  a  plane  triangle  are  to  one  anot&cr,  at  tU  t 
of  the  angle)  o^tos'ite  to  them. 


In  right-angled  triangles,  this  Proposition 
Prop.  1-  for  if  the  hypothenuse  be  made  radius,  the  side* 
the  sines  of  the  angles  opposite  to  them,  and  the  rafus  a 
r.  DcC    sine  of  a  right  angle  ■  which  is  opposite  to  the  hypolheituti 
''"*■  In  any  obliqne-anglcd  triangle  ABC,  any  two  sides  AB, 

will  be  to  one  another  as  the  sines  of  the  angles  ACB,  Al 
which  arc  opposite  tii  them. 

From  C,  B,  draw   CE,    BD,  perpcndicnlar  C 

upon  the  opposite  sides  AB,  AC,  produced  if 
need  be.  Since  CEB,  CDB  are  right  angles. 
BC  being  radius,  CE  is  the  sine  of  the  angle 
CBA,  and  BD  the  sine  of  the  angle  ACD ;  but 
the  two  triangles  CAE,  DAB  have  each  a  right 
angle  at  D  and  E ;  and  likewise  the  comuioa 
angle  CAB;  therefore  they  are  similar,  and 
consequently,  CA  is  to  AB,  aa  CE  to  DB ;  that 
is,  the  fides  are  as  the  sines  of  the  angles  opposite  tliev> 

Con.  Hence  of  two  sides,  and  two  angles  opposite  to  thi 
in  a  plane  triangle,  any  three  being  given,  the  fourth  is  i 
given. 

PROPOSITION   III. 

In  a  plane  triangle,   the  turn   of  any  two  tides  lit  to  tluSr  l 
fcrence.  as  the  tangent  of  half  the  num   <f  the  angle  nfj 
base,  to  the  tangent  of  half  I  heir  difference. 
Let  ABC  be  a  plane  triangle,  the  sum  of  any  two  udn 
AC  will  be  to  their  ditference  as  the  tangent  of  half  (Iw 
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of"the  angles  at  tlie  base  ABC,  ACB,  to  the  tangent  of  balf 
their  difference. 

About  A  OS  a  centre,  witli  AH  the  greater  side  for  a  dis- 
tance, let  a  circle  be  dcscribeil,  meeting  AC,  produced  in  E,  F, 
and  nc  in  D  ;  join  DA,  EB,  FU  ;  and  draw  FG  pualiel  to  SC, 
meeting  EB  in  G, 

The  angle  EAB  *  ia  eqnal  to  the  sum  of 
the  angle*  at  the  base,  and  the  angle  EFB 
at  the  circumference  is  equal  to  the  hiitf  of 
EAB  at  the  eentre  • ;  therefare  EFB  is  half 
the  sum  of  the  angles  at  the  base ;  but  the  \  FigS. 
angle  ACB  *  is  equal  to  the  angles  CAD 
and  ADC  or  ABC  together :  therefore  FAD  is  the  difference  of 
the  angles  at  the  base,  and  FBD  al  the  circumference,  or  BFO, 
on  account  of  the  parallels  FO,  BD,  is  the  half  of  that  dif- 
ference :  but  since  the  angle  EDF  in  a  semicircle  ia  a  right 
angle  ',  FB  being  radius,  BE,  BO  are  the  tangents  of  the  an-  ■ 
gles  EFB,  BFO ;  but  it  is  manifest  that  EC  is  the  sum  of  the 
sides  BA,  AC,  and  CF  their  difference ;  and  since  BC,  FU  me 
parallel ',  EC  is  to  CF,  as  EB  to  BG  ;  that  is,  the  sum  of  the  ' 
sides  is  to  their  difference,  as  the  tangent  of  half  the  sum  of 
the  angles  at  the  base,  to  the  tangent  of  half  their  difference. 

PROPOSITION   IV. 

In^any  plane  triangle  BAC,  tvhose  two  aiiUs  are  BA,  AC,  and 
bate  BC,  the  lets  of  the  two  sides,  which  let  be  BA,  m  to  the 
greater  AC,  as  the  radiun  is  to  the  tangent  of  an  angle ;  and 
the  radius  is  to  the  tangent  of  the  excess  of  this  angle  ahote 
half  a  right  angle,  at  the  tangent  of  half  the  sum  of  the 
angles  B  and  C  at  the  base,  it  to  the  tangent  of  half  their 
d^erence. 

At  the  point  A,  draw  the  straight  line 
BAD  perpendicnlar  to  BA  ;  make  AE,  AP, 
each  equal  to  AB,  and  AD  to  AC;  join  BE, 
BF,  BD,  and  from  D  draw  DO  perpendicular 
upon  BF.  And  because  BA  is  at  right  an- 
gles to  EF,  and  EAj  AB,  AF  arc  equal,  each 
nf  the  angles  EBA,  ABF  is  half  a  right  an- 
gle, and   the  whole    EBF    is  a  right  angh 

t  The  Ggurcn  ill  ihc  margin  ccll'r  to  Hit  ElemeulE  of  Eucli 
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equal  to  BF.  And  since  EBF,  FOD  ore  right  ai^ks,  SB  u 
parallel  to  GD,  and  the  triangles  EBF,  FOD  ve  mauia; 
therefore  EB  is  to  BF,  aa  DG  to  OF,  and  EB  being  eqniti  U 
BF,  FQ  ronat  be  equal  to  GD.  And  becaose  BAD  is  a  light 
angle,  BA  the  less  tide  is  to  AD  or  AC  the  greatn-,  n  the 
radius  is  to  the  tangent  of  the  angle  ABD  ;  and  becaoM  BOD 
is  a  right  angle,  BO  is  to  GD  or  GF,  as  the  radios  is  In  tlw 
tangent  of  OBD,  whirb  is  the  excess  of  the  angle  ABD  tbort 
ABF  half  a  right  angle.  But  because  EB  is  parallel  to  GD, 
BO  is  to  GF,  as  ED  is  to  DF ;  that  is,  since  ED  is  the  inn  of 
the  sides  BA,  AC,  and  FD  their  difference  *,  as  the  tangent «( 
half  the  snin  of  the  angles  B,  C,  at  the  bafe,  to  the  laogott  tt 
half  their  difference.     Therefcve,  in  anj  plane  triangl«>  &h 
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PROPOSITION  V. 

In  any  Irimgte,  tnike  the  rectangle  contained  by  any  two  tiin, 
ii  to  ikt  difference  of  ike  «unt  of  the  s^aaret  of  Ohm  t** 
ttdes,  and  the  square  of  the  base,  at  the   radiut  m  (o  tb 
cotine  of  the  angle  included  hy  the  two  a'ldet. 
Iiet  ABC  be  a  plane  triangle,  tivice  the  rectangle  ABC 
tained  by  any  two  sides  BA,  BC,  is  to  the  difference  ttf  the 
of  the  squares  of  BA,  BC,  and 
the  square  of  the  base  AC,  as 
the  radius  to  the  cosine  of 
the  angle  ABC. 

Prom  A,  draw  AD  perpen- 
dicular upon  the  opposite  side 
BC,  then  *  the  difference  of  the  sum  of  the  squares  «f  AB,  Bf- 
and  the  square  of  the  base  AC,  is  equal  to  twice  the  rectng^ 
CBD;  but  twice  tlie  rectangle  CBA  is  to  twice  the  i«Gtaiii^ 
CBD,  that  is  to  the  difference  of  the  sum  of  the  sqoaiot' 
AD,  BC,  and  the  square  of  AC  *  as  AB  to  BD  ;  that  is  *,  ■ 
radius  to  the  sine  of  BAD,  which  is  the  complement  of  tk 
angle  ABC ;  that  is,  as  radius  to  the  cosine  of  ADC. 

PROPOSITION  VI. 

In  any  triangle  ABC,  mkose  two  lidet  are  AB,  AC,  and itt 

BC,  the  rectangle  contained  by  half  the  perimeter,  andlk 

fxcos  of  it  above  the  base  BC,  in  to  the  rectangle  eoiOioMi 

by  the  *lraighl  line*  by  which  the  half  of  the  perimetrr  a- 
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■rerfj  the  oilier  tirn  tidei  AB,  AC,  as  the  xqjutrc  of  l/ic  radim 
,J  ,~n  lo  the  sqnaT€  ^ihe  ttmgmt  of  half  the'^nglc^BAC  oppo- 
^^r  tite  tolkc  base. 

"i  Let  the  angles  BAC,  ABC  be  biMCted  by  the  etraiglit  lines 
,%G,  BO ;  and  producing  the  side  AB,  iet  the  exterior  angle 
^jCBJI  be  bisected  by  the  straight  line  BK,  meeting  AG  in  K ; 
«nfl  from  the  points  G,  K,  let  there  be  drawn  perpendicular 
L  mSIf*'*  ^^  sides,  the  Gtraight  lines 
h  'Sp,  GE,  OF,  KH,  KL,  KM.  Since 
I  ^therefore  •  O  is  the  centre  of  the 
^rcle  inscribed  in  the  triangle  ABC ; 
%p,  OF,  GE  will  be  equal,  and  AU 
vain  be  equal  to  AE,  BD  to  BF,  and 
life  In  CF.  In  like  m^inuer  KH, 
KL,  KM  will  be  ciiual,  and  BH  will 
be  equal  to  BM,  and  AH  to  AL,  be- 
cause the  angles  HBM,  HAL  are  **"  , 
liiseeted  by  the  straight  lines  BK,  KA  ;  and  because  in  the 
triangles  KCL,  KCM,  the  sides  LK,  KM  are  equal,  KC  in  com- 
mon, and  KLC,  KMC  are  right  angles,  CL  will  be  equal  to 
CM  :  since  therefore  BM  is  equal  to  BH,  and  CM  to  CL  ;  BC 
vrill  be  equid  to  BH  and  CL  together  ;  and,  adding  AB  and 
AC  leather,  AB,  AC,  and  BC  will  together  be  equal  to  AH 
and  AL  together  :  hut  AH,  AI.  are  equal :  wherefore  each  of 
them  is  equal  to  half  the  perimeter  of  the  triangle  ABC :  but 
sinoe  AD,  AE  are  equal,  and  BD,  BF,  and  also  CE,  CF;  AB, 
together  with  FC,  will  be  equal  to  half  the  perimeter  of  the 
triangle  to  which  AH  or  AL  was  shewn  to  be  equal;  taking 
away  therefore  the  common  AB,  the  remainder  FC  will  be 
equid  to  the  remainder  BH  :  in  the  same  manner  it  is  demon- 
strated, that  BF  is  equal  toCL:  and  since  the  points  B,  D, 
a,  F  are  in  a  circle,  the  angle  DGF  will  be  equal  to  the  ex- 
terior and  opposite  angle  FBH  •  ;  wherefore  their  halves  BOD,  ' 
UBK  will  be  equal  to  one  another ;  the  right-angled  triangles 
BOD,  HBK  will  therefore  be  equiangular,  and  OD  will  bi-  to 
BD,  as  BU  to  UK:  and  the  rectangle  contained  by  GD,  HK, 
will  lie  equal  to  the  rectangle  DBH  or  HFC  :  but  since  AH  is 
to  HK,  as  AD  to  DG,  the  rectangle  HAD  ■  will  bo  to  the  rect-  ■ 
angle  contained  by  UK,  D6,  or  the  rectangle  BFC,  (as  the 
Mu^rc  of  AD  is  to  the  square  of  DG,  that  ia,)  as  the  square  of 
U«,CMJ^  ^M  ^t^c  square  of  the  tangent  of  the  angle  DAG, 
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thot  is,  tlie  half  of  BAC :  bnt  ilA  is  liolf  tlie  periineler  of  tk^ 
triangle  ABC,  and  AD  is  the  excrss  uf  the  same  above 
that  IB,  above  the  base  BC  ;  but  BF  or  CL  is  tbe  excess  of  H^ 
or  AL  above  the  side  AC ;  aiij  FC,  or  HB,  is  the  esccss  of  0» 
same  HA  above  the  side  AB :  therefore  the  rectangle  containeo 
by  half  the  perimetor,  and  the  excess  of  the  same  above  tlifct 
base,  vie.  the  rectangle  HAD,  is  to  the  rectaugle  contained  In 
the  straight  lines  by  which  the  half  of  the  perimeter  exveea 
the  other  ttvo  sides,  that  is,  the  rectangle  BFC,  as  the  sqnan, 
of  the  radius  is  to  the  square  of  the  tangent  of  half  the  an^ 
BAC  opposite  to  the  base.     «.  £.  t>.  ,r 

PROPOSITION  VII, 

Jii  n  plane  triangle,  the  bai»  is  to  the  sum  of  the  sides  as  dt 
difference  of  Ike  sides  is  to  Ike  sum  or  difference  of  tke  st^ 
nients  uf  tke  base  made  by  the  perpendicular  upon  it  frm 
the  vertex,  according  as  the  square  of  the  greater  tide  ii 
greater  or  less  than  Ike  turn  of  tke  squares  of  the  Utscr  ok 

I ,  and  the  base.  •  i 

Let  ABC  he  a  plane  triangle;  if  from  A  the  vertex  te 
{IrBWiiaBtraightline  AD  perpendicular  upon  the  base  BC,  tM 


aides  BA,  AC,  as  the  dill^ 
r  difference  of  the  sep' 


base  BC  will  be  to  the  e 
ence  of  the  same  sides  is  to  tl 
ments  CD,  BD,  according  as 
the  square  of  AC  the  greater 
side  is  greater  or  less  than  the 
sam  of  the  squares  of  the 
lesser  side  AB,  and  the  base 
BC. 

About  A,  as  a  centre,  with 
AC  the  greater  side  for  a  distance,  let  a  circle  be  describti 
meeting  AB  produced  in  E,  F.andCBin  O:  it  is  manifest,  thii 
KB  is  the  sum,  and  BE  the  difference  of  the  sides  ;  and  slnS 
AD  is  perpendicular  to  OC;  QD,  CD  will  be  equal;  come- 
quently  GB  will  be  equal  to  the  sum  or  difference  of  the  s^- 
ments  CD,  BD,  according  as  the  perpendicidar  AD  meets  the 
base  produced,  or  the  base ;  that  is  (by  Conv.  12.  13.  2.),  ac- 
cording as  the  square  of  AC  is  greater  or  less  than  the  sum  of 
the  squares  of  AB,  BC  :  but  *  the  rectangle  CBO  is  equal  tw 
the  rectangle  EBF  ;  that  is  •  BC  is  to  BF,  as  BE  is  to  BO ; 
that  is,  the  base  is  to  the  sum  of  the  sides,  as  the  differeuceof 
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the  sides  is  to  the  sum  or  difference  of  the  segments  of  the  bnse 
made  by  tJie  perpendicular  from  the  vertex,  according  as  the 
square  of  the  greater  aide  is  greater  or  less  than  the  sum  of  the 
squares  of  the  lesser  side  and  the  base.     q.  e,  d. 

PROPOSITION  viir, 

Prob. —  The  sum  and  difference  of  Iko  magnitudes  being  given, 

to  find  them. 

Half  the  given  sum  added  to  half  the  given  difference,  will 
be  the  greater,  and  half  the  difference  subtracted  from  half  the 
sum,  will  be  the  less. 

For  let  AB  he  the  given  sum,  AC  the  greater,  and  BC  the 
l«es.     Let  AD  be  half  the  given  sum;  and  to  AD,  DB,  which 
are  equal,  let  DC  be  added ;  then 
AC  will  be  equal  to  BD  and  DC  Tigis.      D    C 

togrthcr :  that  is,  to  BC,  and  twice      '*■'  '      '  '* 

DC  ;  consequently,  twice  DC  is  the  difference,  and  DC  half 
that  difference ;  but  AC  the  greater  is  equal  to  AD,  DC ;  that 
is,  to  half  the  sum  added  to  half  the  difference,  and  BC  the 
less  IB  equal  to  the  excess  of  DD,  half  the  sum,  above  DC  half 
the  difference.    9.  e.  d. 


parts  of  a  plane  triangle  (the  three  sides  and 
any  three  being  given,  to  find  the  other  three  is 
of  plane  trigonometry  ;  and  the  several  cases  of 
may  be  resolved  by  means  of  the  preceding  pro- 
in  the  two  foUowing,  with  the  tables  annexed. 
solution  is  expresssed  by  a  fourth  proportional  to 
lines;  but  if  the  given  parts  he  expressed  by 
]  trigonometrical  tables,  it  may  be  obtained  arith' 
Rule  of  Three. 


Ofthi 
three  angles) 
the  business 
that  problem 

In  these,' the 
three  given 
numbers  fror 
metically  by 

Note.     In  &e  tablet  Ihe  folloqing  Bbbrcviations  are  uied :  R.  ii  put  for  the 
a^ut;  T.  for  Tangent;  and  S.  for  Sine.      Degree^  mintilej,  seconrji.&c. 
■re  wrinen  in  this  manner ;  SO"  !6'  IS",  ftc  which  ilgiufy  SO  degreei,  B5 
I    q|i|iute^  13  ucoods,  &c. 


1^. 


1 


!■ 
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Solution  of  the  Cases  of  RigbT'Anolbd  Trianglbi. 
general  proposition. 

In  a  righl-angUd  triangle,  of  the  three  sides  and  three  anglei, 
any  trvo  being  given  besidet  the  right  angle,  the  other  ihrn 
may  be  found,  except  when  the  twn  acute  anglet  are  giten; 
in  which  ctiie  the  ratios  of  the  aides  are  only  giren,  being  tkt 
same  with  the  ratios  of  the  sixes  of  the  anglet  oppontt  to 

It  is  manifest  from  47>  1- that  of  the  two  sides  and  h3rpotIw- 
jiUBe,  if  any  two  be  given,  the  third  may  also  be  found.  It 
is  also  manliest  from  32.  1.  that  if  one  of  the  acute  angles  of 
a  right-angled  triangle  be  given,  the  other  is  also  given,  for  it 
is  the  complement  of  the  former  to  a  right  angle. 

If  two  angles  of  any  triangle  he  given,  the  third  it  ab> 
given,  being  the  supplement  of  the  two  given  angles  to  two 
right  angles. 

The  other  cases  may  be  resolved  by  help  of  the  pretxiUag 
progKBitionE,  as  in  the  following  table  : 


Cue 

Given. 

Soughi. 

1 

Twosides,AB, 
AC. 

The  angles 
B,  C. 

AB:  AC::  R  :  T,   B,  rf 

■1 

AD,  BC,  aside 
and  the  hypo- 
thenuse. 

The  angles 
B,  C. 

BC  :  DA  :  :  R  :  S,    C,   »( 
which  B  is  the  complemest. 

3 

AB,  B,   a  side 

and  an  angle. 

The    other 
side  AC. 

R  :  T,  B : :  BA  :  AC. 

4 

AB  and    B,   a 
aide  and  on  an- 
gle. 

The  hypo- 
thenuse  BC 

S,  C  :  K  : :  BA. :  BO.     , 

5 

BC  and  B,  the 

The     Kide 
AC. 

R  :  S.  B  :  :  BC  :  CA. 

1 

e  cases  are  resolved  by  Prop,  1. 
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Solution  op  thb  Case*  of  Oblique-/ 


GENERAL  PROPOSITION. 

In  an  ohliqite- angled  triangle,  of  the  three  sides  and  three  an- 
gles, any  three  being  given,  the  other  three  may  be  found, 
except  when  the  three  angles  are  given ;  in  nthich  case  the 
ratios  of  the  sides  are  only  given,  being  the  same  rvith  the 
ratios  of  the  sines  of  the  angles  opposite  to  them. 


FiglT. 


^^ 


Ej.1!. 


c.» 

Giren. 

Soiiel"- 

1 

A,  B,  and  there, 
ore  C,  and  the 
side  AB. 

BC,  AC. 

S,    C  ;  S,    A;;AB  :  BC, 
iLndalsoS,  C  :  S,    B::AB  : 
AC.  (2.) 

2 

AB,  AC.andB, 
two  Rides   itnd 
an  angle  oppo- 

The  angles 
A  and  C. 

AC:  AB::S,    B  :  S,    C. 
(2.)     This  case  admits  of 
two  solutions;  for  C  may  he 
^eater  or  less  than  a  qua- 
drant. (Cor.  todcf.4.) 

3 

AB,  AC.andA, 
two  sides,  and 
the      included 
angle. 

The  angles 
B  and  C. 

AB  +  AC  :A8— AC::  T, 
^l  :  t.   S^.  (3.)  the 
sum  and  difference  of  the 
ingles  C,  B,  being  given, 

each  of  thorn  is  given.  (7-) 

OlherwUe; 

BA:  ACr:R  :  T.    ABD, 
and   also  R  :  T,  ABD-45'' 

::T,^:T,  L_£(4.) 
therefore  B  and  C  are  given 
iis  before.  (7.) 

438 


Cim. 


SougliL 


Seefg.17. 


See  fig.  18. 


See  fig.  17. 


Sae%18. 


4   -AB,  BC.CAtbe  A,  B^  C  the'      2  AC  X  CB  :  ACq  +  CBq 
\\hTee  sides.        three  angles.  — ABq : :  R  :  CoS,    C.     If 

ACq+CBq  be  greater  than 
ABq. 

2  AC  X  CB  :  ABq— ACq 
—CBq  : :  R  :  CoS,  C.  If 
ABq  be  greater  than  ACq 
+CBq.  (4) 

Otherwise; 

Let  AB  4- BC  4- AC  zz2  P. 
PX(P— AB)  :  (P— AC)X 
(P— BC)::Rq  :  Tq,  ^  C, 
and  benoe  C  is  known.  (5.) 


Otkenvise; 

Let  AD  be  perpendicular 
to  BC.  1.  If  ABq  be  less 
thanACq+CBq.  BC  :  BA 
+  AC::BA  — AC  :  BD  — 
DC^  and  BC  the  sum  of  BD, 
DC  is  given;  therefore  each 
of  them  is  given.  (7.) 

2.  If  ABq  be  greater  than 
ACq+CBq.  BC  :  BA+AC 
::BA— AC:BD  +  DC;  and 
BC  the  difference  of  BD,  DC, 
is  given^  therefore  each  of 
them  is  given.  (7.) 

And  CA  :  CD  : :  R  :  CoS, 
C.  (1.)  and  C  being  found, 
A  |ind  B  are  found  by  case 
2  or  3. 


CONSTRUCTIONS 


TRIGONOMETRICAL  CANON. 


A  Trigunometrical  Canon  is  &  Tabk,  wliicli,  beginning  from 
.  one  second  or  one  minute,  orderly  expresses  the  lengths  that 
every  sine,  toiigcnt,  und  secant  have,  in  respect  of  the  ra- 
'  dius,  which  is  supposed  unity;  and  is  conceived  to  be  di- 
vided into  lOOOOOOO  or  more  decimul  parts.  And  so  the  . 
sine  tangent,  or  secant  of  iin  arc,  may  be  hud  by  the  hdp 
of  this  table;  and,  contrariwise,  a  sine,  tangent,  or  secant  j 
being  given,  we  may  find  the  arc  it  eicprcsses.  Take  notice 
that  in  the  following  tract,  R  signifies  the  radius,  S  a  sine, 
Cos.  a  cosine,  Ta  tangent,  and  Cot.  a  cotangent  ;  also  ACq 
signifies  the  square  of  the  right  line  AC  ;  and  the  marks  or 
characters,  +,  — ,  =,  :  ,  : : ,  and  ^,  are  severally  used  to 
signify  addition,  subtraction,  equality,  proportionality,  and 
the  extraction  of  the  square  root.  Again,  when  the  sum  or 
difference  of  two  quantities  is  between  parentheses,  then 
that  sum  or  difference  is  to  be  considered  us  one  quantity. 


PROPOSITION  I.  j 

Tbborkh. —  The  Imo  sides  of  any  right-angled  triangle  being 
given,  the  other  side  is  also  gieen. 

For"  ACq=ABq  +  BCq,  and   ACq— IiCq=ABq,  '^     ' 

and  interchangeably  ACq— ABq=BCq.       Whence,    ^'S-^J 
by  the  extraction  of  the  square  root,  there  is  given       "" 
AC=  v'(ABq  +  BCq);    and  AB=  v' (ACq— BCq); 
and  BC  —  v"  (ACq—  ABq). 


CTIONB  OP   THB 


PROPOSITION  II. 

PaoBLEK.—  The  tine  DE  of  the  arc  BD,  and  the  rtaSmt  Cr, 
being  gicen,  to  find  ike  coMMe  DF. 


The  radios  CD,  and  tlie  sine  DE,  being 
given  in  the  right-angled  triangle  CDE, 
there  mil  be  given  (by  the  last  Prop.) 
VCCDq  — DEq)={CE=)  DF. 

PROPOSITION  III. 


PaoB.~T/ic  sine  DE  of  any  arc  DB  being  givett,  to  JmdNt 
or  BM,  the  iim  of  half  the  are. 

DE  being  given,  CE  (by  the  lagt  Prop.)  will  be  giTen,  and 
accordingly  EB,  which  is  the  dilTcrencc  between  th«  o 
and  rudius.     Therefi>re  DE,  EB,  being  given,  in 
unglcd  triangle  DDE,  there  will  he  given  DB,  wbuse  half  OX  | 
is  the  sinu  of  the  arc  DL= 4  the  urc  BD. 


PROPOSITION  IV. 

le  sine  DM   of  the  arc  DL  being  given,  to  Jiad  Atfl 
tine  of  double  that  arc. 

BM  being  given,  there  will  be  given  (by  Prop.  £ 
the  cusine  CM.  But  the  triangles  CBM,  DBE  ar 
bi-causc  the  tingles  at  £  and  BI  are  right  angles,  and  the  i 
nt  B  common  :  wherefore  "  we  have  CB  :  CM  :  :  (BD,  ar)t 
BM  :  DE.  Whence,  since  the  three  first  terms  of  this 
](^  arc  given,  the  fourth  alw),  which  is  the  sine  of  the  ri 
DB,  will  be  knon-n. 

CoROLLARV.  Hence  CB  :  2  CM  ^  ;  BD  :  2  DE  ;  that  ia 
radius  is  to  double  the  cosine  of  one  half  of  the  arc  DB,  ae  B 
snbtcnsc  of  the  arc  DB  is  to  the  subtense  of  double  tbat  n 
Also  CB  ;  2  CM  :  :  (2  BM  :  2  DE  :  .)  DM  :  DE  :  ;  J  CB : 
Wlierefore  the  sine  of  an  arc,  and  the  sine  of  its  duuUcj  b 
given,  the  cosine  of  the  arc  itself  is  given. 

PROPOSITION  V. 

■  tm>   iirrii   BD,  FD,  being  givm,   hi  i 
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FI,  the  sine  of  llie  sunt,  as  likewise  EL,  the  si 


0/  their 


rig.n. 


Let  the  radius  CD  be  drawn,  ond  then   CO  is  the  cosine  of 
the  arc  FD,  which  accordingly  la  giren,  and  draw  OP  through 
O  parallel  to  DK  ;  also  let  OM,  QE  be  drawn 
parallel  to  CB,     Then  because  the  triangles 
CDK,  COP,  CHI,  FOH,  FORI  are  equiangular; 
in  the  first  place,  CD  :  DK  :  :  CO  :  OP,  which, 
consequently,  is  known.     Also  we  haye  CD  : 
CK  :  :  FD :  FM ;  and  so,  lihewiae,  this  will  be 
known.     But  because   FO=KO,   then  will 
FM-MO  =  ON;  and  so  OP  +  FM=:FI=sine 
of  the  sum  ofthearcs;  andOP— FM  :  that  is,OP— ON=EL=: 
sine  of  the  ditTerence  of  the  area  ;  which  were  to  be  found. 

Cor.    Because  the  ditfcrcnces  of  the  arcs  BE,  BD,  BF  are 
equal,  the  arc  BD  is  an  arithmetical  mean  between  the  arcs 


PROPOSITION  VI. 

Tbeor.-   The   same  things  being   supposed,  the  radius  is  to   £ 
double  the  cosine  of  the  mean  are,  as  the  sine  of  the  differ- 
ence is  to  the  difference  of  the  sines  of  the  extremes. 

For  we  have  CD  :  CK  :  :  FO :  FM  ;  whence  by  doubling  the 
consequents,  CD  :  2  CK  :  :  FO  :  (2  FM,  or]  to  FO,  which  iathe 
difference  of  the  sines  EL,  FL     q.  e.  d. 

Cob.  1.  If  the  arc  BD  be  60  degrees,  the  difference  of  the 
sines  FI,  EL,  will  be  equal  to  the  sine  FO  of  the  difference. 
For,  iu  this  case,  CK  is  the  sine  of  30  degrees;  the  double 
whereof  is  equal"  to  the  radius;  and  so,  since  rD=2  CK,  " 
we  shall  have  FO  =  FO.  And,  consequently,  if  the  two  area 
BE,  BF  be  equidistant  from  the  arc  of  GO  degrees,  the  differ- 
ence of  the  sines  will  be  equal  to  the  sine  of  the  difference 
FD. 

Cob.  2.  Ilence  if  the  sines  of  all  arcs  distant  from  one 
another  by  a  given  iuterval,  be  given,  from  the  beginning  of 
a  quadrant  to  60  degrees,  the  other  sines  may  be  found  by 
one  addition  only.  For  the  sine  of  61  degrees  =  the  sine  of 
59  degrees+the  sine  of  one  degree;  and  the  sine  of  62  de- 
grees =:  the  sine  of  58  degrees  -f  the  sine  of  two  degrees.  Also, 
the  sine  of  63  degruts  —  the  sine  of  57  degrees  +  the  sine  of  3 
d^recs,  and  so  on. 


Prop.  15.+. 
of  the  Elc- 


CONBTRUCTIONS    OP    THE 

Cot.  3.  If  the  sinea  of  all  arcs,  from  the  banning  nfi 
quadrant  to  any  pnrt  of  a  quadrant,  distant  from  each  otbti'' 
by  a  given  interval,  be  given,  thence  we  may  find  the  tint^ 
of  all  arcs  to  the  double  of  that  part.  For  eicatnple  :  let  d 
the  eincs  to  15  degrees  he  given;  then,  by  the  prendia| 
anali^y,  all  the  sines  to  30  degrees  may  he  found.  Pot  t)H 
radius  is  to  double  the  cosine  of  15  degrees,  as  the  sine  oft 
degree  is  to  the  difference  of  the  sines  of  14  degrees,  and  !• 
degrees  ;  so,  also,  is  the  sine  of  3  degrees  to  the  difference  b 
tween  tlie  sines  of  12  and  18  degrees ;  and  so  un  continuftllyi 
until  you  come  to  the  sine  of  30  degrees. 

After  the  same  manner,  as  the  radius  is  to  double  the  oi 
sine  of  30  degrees,  or  to  double  the  sine  of  60  degrees.  J 
is  the  sine  of  1  degree  to  the  difference  of  the  sines  of  39  u 
31  degrees  :  :  sine  2  degrees  to  the  difference  of  the  sines  i 
28  and  32  degrees; :  sine  3  degrees  to  the  difference  of  tW 
sines  of  27  and  33  degrees.  But,  in  this  case,  the  radius  ff 
to  double  the  cosine  of  30  degrees,  as  1  tv  ^/  3. 

For  •  the  angle  BOC=60  degrees,  as  the   arc  Bi 
measure,  is  a  sisth  part  of  the  whole  circumference ;  and  tlif 
straight  line  BC=R.     Hence  it  is  evident  that  the  sine  of  ST^ 
degrees  is  equal  to  hoilf  the   radius  ;  aud  therefore,  by  Prn 
V3R>     _j. 


2.  the 
doubli 


le  of  30  degree 


=^(-•-1)=- 


v'  3  R*=  R  X  ^/3.  Consequently,  radius  is  to 
the  cosine  of  SO":  :  R  :  Rx  \/3  : :  1  :  y'S- 

And,  accordingly,  if  the  sines  of  the  distances  fttwn  I 
arc  of  30  degrees,  be  multiplied  by  ^  3,  the  differencea 
the  sines  will  be  had. 

So,  likewise,  may  the  sines  of  the  minutes  in  I 
ning  of  the  quadrant  be  found,  by  having  the  sines  aiid  e 
sines  of  one  and  two  minutes  given.  For,  as  the  radius 
to  double  the  cosine  of  2* :  ;  sine  1'  :  diff'erence  of  the  sines  i 
r  and  3  : ;  sine  2'  :  diff'erence  of  the  sines  of  0'  and  4';  tb 
is,  to  the  sine  of  4'.  And  so,  the  sines  of  the  first  fofir  n 
nutes  being  given-,  we  may  thereby  Und  the  sines  of  ll 
others  to  8',  and  from  thence  to  16',  and  so  on. 

PROPOSITION  VII. 

TiiEon.— /n  tmall  aret,  Ike  nines  and  langwtt  of  tht  tM 
arcs  are  nearly  lo  one  another,  ill  a  ratio  <^  eipialiltf. 


For,  because  the  trianglus  CED,  CBQ,  are  equiangular, 
CB  ;  CB  :  :  ED  ;  BO.  But  as  the  point  E  approaches  B,  EB 
will  vanish  io  respect  of  the  arc  BD ; 
whence  CE  will  become  nearly  equal  to 
CB,  and  so  ED  will  be  also  nearly  e. 
BG.  If  EB  be  less  than  the  f 
part  of  the  rudiuji,  then  the  difference 
tween  the  sine  and  the  tangent  will  be 
also  IsBB  than  the   n,|,„'„„tm  part  of  the  tangent. 

Cor.  Since  any  arc  is  less  than  the  tangent,  and  greater 
than  its  sine,  and  the  sine  and  tangent  of  a  very  small  arc  are 
nearly  equal ;  it  follows,  that  the  arc  will  be  nearly  etjual  to 


y  equal  to                        „  G 
ference  be-     ^ EB 


:   and  SI 


n  very  small  arcs,  it  will  be,  as  arc  is  to  ai 


Phob. 


PROPOSITION   Tin. 


-To^find  the  sine  of  ihe  arc  oj oi 


The  side  of  a  hexagon  inscribed  in  a  circle,  that  is,  the 
subtense  of  00  degrees,  is  equal  to  the  radius  (by  Cor.  15th  of 
th«4th);  and  BO  the  half  of  theradius  will  be  the  sine  of  the 
arc  of  31)  degrees.  Wherefore  the  sine  of  the  arc  of  30  degrees 
being  given,  the  sine  of  the  arc  of  15  degrees  may  be  fonnd 
(by  Prop,  3.).  Also  the  sine  of  the  arc  of  15  degrees  being 
given,  (by  the  some  Prop.)  we  may  have  the  sine  of  7  degrees 
30  minutes.  So,  likeivise,  can  we  find  the  sine  of  the  half  of 
this,  viz.  3  degrees  45  minutes  ;  and  so  on,  until  12  bisections 
being  made,  we  come  to  an  arc  of  52^  44',  03*,  45',  whose 
cosine  is  nearly  equal  to  the  radius ;  in  which  case  (as  is  ma- 
nifest from  Prop.  7')  arcs  are  proportional  to  their  sines :  and 
so,  as  the  arc  of  52",  44',  03',  45',  is  to  an  arc  of  one  minute, 
so  will  the  sine  before  found  be  to  the  sine  of  an  arc  of  one 
minute,  which  therefore  will  be  given.  And  when  the  sine 
of  one  minute  is  found,  then  (by  Prop.  2.  and  4.)  the  sine  and 
cosine  of  two  tniuutcs  ivill  be  had. 


PROPOSITION  IX, 

Tbeor. — If  llie  angle  ai^C,  being  in  the  periphery  of  a  circle, 
bt  biseelcd  liy  Ike  right  Um  AJ>,  and  ifAB  he  produced  wn- 
lil  DB=AD  mcels  it  in  E  ;  iken  rvill  C.E=AB. 


CONSTHUCTIONS   OP    TDE    TBIHONOMBTRICAI,   CASOH. 

Ill  the  quadrilateral  figure  ABDC  the  angles  B  Af^i 

ond  DCA  •  are  equal  to  two  right  aDgles=  DCE -|-  j^S 

DCA  •  whence  the  angle  B=:  DCE.     But,  likewise.  yV} 

angle  E=DAC*=:DAU,and  DC  =  DB:   wherefore  \* 

the  triangles  BAD  and  C£D  are  congTuous,  flod  so  '-pT/ 

CE  is  equal  to  AB.     g.  e.  D.  j[ 

PROPOSITION  X. 

Theor.— Le(  Ihe  arcs  AB,  BC,  CD,  DE,  EF,  ^c.  he  e^M 
and  let  the  ttiblmsa  of  Ihe  arcg,  AB,  AC,  AD,  AE,  ^.  it 
drawn;  then  mil  AB :  AC  :  fAC  :  AB-j- AD  : :  AD  :  AC+Al 
::AE  :  AD+AF; :  AF  :  AE  +  AO. 

Let  AD  be  produced  to  H,  AE  to  I,  AF  to  K,  and  AO  to  L, 
so  that  the  triangles  ACH,  ADI,  AEE,  AFL,  be  isosceles 
then  because  the  angle  BAD  is  bisected,  we  shall 
have  DH=AB  (Ly  the  last  Prop.):   so  likewise     '^ 
EI^AC,  FK=AD,  also  (1L=:AE.  ^^ 

But  the  isosceles  triangles  ABC,  ACH,  ADI,  I  Vv 
AEK,  AFL,  because  of  the  equal  angles  at  the  I  ^ 
bases,  are  equiangular  :  wherefore  it  will  be,  as  1—^ 
AB  :  AC::AC;  (AH  =  )AB  +  AD; :  AD  :  CAI  =  )  RgS 
AC  +  AE::AE:  {AK  =  )AD  +  AFi:  AF  :  (AV=:} 
AE  +  AO.     0.  E.  O. 

Cor.  1.  Because  AB  is  to  AC,  as  radius  is  to  dooblc  ihl 
cosine  of  }  the  arc  AB  (byCoroll.  Prop.  4.),  it  will  alsoh^fl 
radius  is  to  double  the  cosine  of  1  the  arc  AB,  so  is  )  AB  t} 
AC::i  AC:  i  AB  +  i  AD::|  AD:  J  AC  +  l  AE::j  AJi:i  A* 
-hi  AF,  &c.  Now  let  each  of  the  arcs  AB,  BC,  CD,  &«.!» 
2';  then  will  1  AB  be  the  sine  of  one  minute,  t  AC  the  ■■■• 
of  2  miuutes,  i  AD  the  sine  of  3  minutes,  )  A  E  the  sine  of  i 
minutes,  &c.  Whence  if  the  sines  of  one  and  two  tn 
be  given,  we  may  easily  find  all  the  other  sines  in  the  I 


Let  the  cosine  of  the  arc  of  une  minute,  that  is,  the  i 
the  arc  of  8d  deg.  59',  he  called  Q;  and  make  the  f(dIoinl|^ 
nnalt^es;  R.  :2Q::Sin.  S':  8.  I'  +  S.  3.  Wherefore  the  a 
of  3  minutes  will  be  given.  Also,  R. :  2  Q : :  S.  3'  :  S.  S'-fS^ 
\Pherefore  the  S.  4' is  given.  And  R. :  2Q: :  S.4  :  S.3'+»._ 
and  80  the  sine  of  5'  will  be  had.  Likewise,  R.  :  2Q::S.f  I 
S.  4'+S.  G;  and  so  we  shall  hare  the  sine  of  G.  And 
like  manner,  the  sines  of  every  minute  of  the  qoadraitt  <i4 
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be  given.  And  because  the  radiu);,  or  tlie  first  term  of  the 
analogy,  is  nnity,  the  operations  will  be  with  grent  ease  and 
expedition  calculated  by  multiplication,  and  contrncted  by  ad- 
dition. When  the  sines  are  found  to  60  degrees,  all  the  other 
sines  may  be  had  by  addition  only,  by  Car.  1.  Prop.  B, 

The  sines  being  given,  the  tnngents  and  secants  may  be   S.^  fig.  3. 
Tound  from  the  following  analogies  ;    because  the  triangles  P"  *^" 
BDC,  BAE,  BHK,  are  eqaiaiiguIaT,  we  have 

DD  :  DC  : :  BA  :  AE  ;   that  ia,  Cos.  ;  S. : :  R. :  T. 
AE  :  BA  ; :  BH  :  HK ;  that  is,  T.      :  R. : :  R. :  Cot. 
BD  :  BC::BA  :  BE;  that  is,  Cos.  :  R.:  :R. :  Secant. 
CD  :  BC : :  BH  :  BK  ;  that  is,  S.      :  R. : :  R.  :  Coscc. 


OF  LOGARITHMS. 


Article  1.  The  indices  or  exponents  of  a  scries  of  numbers 
in  geometrical  progression,  proceeding  from  ],  are  also  called 
the  It^rithms  of  the  numbers  in  that  scries  *.  Thus  if  a 
denote  any  number,  and  the  geometrical  series,  1,  a',  a*,  a', 
a*,  &c.  be  produced  by  actual  multiplication,  then  1,  2,  3,  4, 
See,  arc  called  the  logarithms  of  the  tirst,  second,  third,  and 
fourth  powers  of  a  respectively.  Consequently,  if,  in  the 
above,  a  be  equal  to  the  number  2,  then  1  is  the  logarithm  of 
3,  2  is  the  li^ritlim  of  4,  3  Is  the  logarithm  of  8,  4  is  the 
If^rithm  of  16.  &c.  Butif  a  he  equal  to  10,  then  1  is  the  lo- 
garithm of  10,  2  18  the  logarithm  of  100,  3  is  the  logarithm 
of  1000,  4  is  tlm  l(^irithni  of  10000,  &c.     The  series  may  be 


.  1, 


continued  both  ways  from  1.     Thus  — j.  —,•  — ^.  — 

a',  a*,  &c.  constitute  a  series  in  geometrical  progression,  and, 
agreeable  to  the  established  notation  in  algebra,  the  indices, 
or  bigarithms  are,  —4,  —3,  —2,  —1,  0,  1,  2,  3,  4,  &c.  If 

*  The  rciidrr  ought  to  be  ac^qualnteil  wfth  luithmtilical  and  geomctrinl  pro* 
gtenoii  and  the  binomid  Iheorem,  befbte  he  eaten  on  a  penual  of  aDy  >o 
room  of  logariilims. 


■   LOOAHITHMe. 

a  l»e  vqiial  to  the  number  2,  Oien  —  4  is  the  It^rithm  of  f^-, 
—  3  is  the  logSTtthm  of  j^.  — 2  is  thel<^rithin  of  ^,  — 1  it 
the  logarithm  of  i,  0  is  the  li^arithm  of  1,  !  is  the  logarithm 
of  2,  Stc.  I  f  a  be  equid  to  10,  then  —  4  is  the  Iciftarithm  of 
ttiiWd'  —  3'*  ^^'^  logarithm  of  xhVb-  —  ^  '*  *^^  logarithm  of 
ihti'  — ^  '^  ^^^  lugaritlimof -jlg,  0  is  the  logarithm  of  1.  and  1 
is  the  logarithm  of  10,  &c 

Art.  2.  From  the  above  it  is  evident  that  the  Ifigarithmi 
of  a  series  of  numbera  in  geometrical  projiresBion,  imiistitute 
a  series  of  numbers  in  arithmetical  progression.  Banning 
with  I,  and  proceeding  towards  the  right  hand,  the  t^nas  in 
the  getxuetrical  series  are  produced  \>y  multiplication,  hut 
their  corresponding  logarithms  are  produced  by  addition.  On 
the  contrary,  beginning  with  1,  and  proceeding  towardi  tht 
left  hand,  the  terms  in  the  geometrical  progression  are  pro- 
duced by  division,  but  their  corresponding  lagaritbmi  are 
produced  by  subtraction. 

Art.  3.  The  same  observations  apply  to  li^rithms  when 


they  are  fractions.     Thus  if  a*  denote  any  number,  - 


1     1 


9  of  number! 


in  geometrical  progression,  of  which  ^  t  ^  V  —  ^'  — V  ^'  7 
£,  1,  i,  S:c.  are  the  logarithms ;  and  it  is  evident  that  the  av 
sertions  in  the  last  article  hold  true,  both  with  respect  to  the 
numbers  in  geometrical  progression  and  tlieir  corresponding 
logarithms.  As  a  and  n  may  be  taken  at  pleasure,  it  follow! 
that  numbers  in  very  different  geometrical  progresdona  ntay 
have  the  same  logarithms;  and  that  the  same  series  of  num- 
bers in  geometrical  progression  may  have  dilferent  series  of 
logarithms  correspondmg  to  them. 

AnT.  4.  If  0  be  an  indefinitely  small  decimal  fraction,  ani. 
successive  powers  of  1  +n  be  raised,  then  the  excess  of  any, 
power  of  1  +  0  above  that  immediately  preceding  it  wiD 
be  indefinitely  small.  Thus  let  «  =-00000000001,  ani 
then  (l  +  (i)"=l.O00O00OO002O0O0000O00l;  aud  {l  +  flj; 
=  I-00OOOOOO003000OOO000030O000000001  ;  and  proceed-, 
ing  by  actual  multiplication  to  obtain  higher  powers  <£ 
100000000001,  it  wiU  be  found  that  the  difference  between 
e  powers  ia  very  small.     If,  instead  of  supposing, 


aaalMive,  that  <i=-0000000000],  we  suppose  it  only  one  mil- 
lionth part  of  this  vnlne,  then  the  successive  powers  of  l  +  o 
will  differ  from  one  another  by  much  smaller  deeimal  fractions. 
Art.  •').  If,  therefore,  a  he  indefinitely  small,  and  sueees- 
sive  powers  of  \-\-a  be  raised]  a  series  of  numbers  in  geo- 
metrical progression  will  be  produced,  of  which  the  common 
numbers,  2,  3,  4,  5,  &c.  will  become  terms.  For  on  every 
maltipli cation  by  1  -|-  n,  an  indefinitely  small  addition  is  made 
*  to  the  power  multiplied,  and  by  this  indelinitely  small  addi- 
tion, the  next  higher  power  is  prodnced.  Some  power  of 
l-j-o  mil,  therefore,  be  equal  to  the  number  2,  or  so  nearly 
equal  to  it  thst  they  may  be  considered  as  equal.  Continuing 
the  advancement  of  the  powers  of  1  H-a,  the  numbers  3,  4,5, 
&C.  for  the  same  reasons,  will  fall  into  the  aeries. 

Art.  6.  The  sum  of  the  logarithms  of  any  two  numbers  is 
equal  to  the  logarithm  of  the  product  of  the  same  two  num- 
bers. Thus  if  1  -I-  a  raised  to  the  h'*"  power  be  equal  to  the 
number  N,  and  if  ]  +0  raised  to  the  wi""  power  be  equal  to 
number  M,  then,  by  the  preceding  articles,  n  is  the  logarithm 
of  (,1  +")"  or  of  its  equal  N,  and  for  the  same  reason,  m  is  the 
logarithm  of  SI.  Ilcnce  it  follows  that  n  +  ni^  the  Ic^arithm 
of  NXM,  for  NXM=  (H-n)"  (1 -fa)"=  (1 +a)"+~  by  the 
nature  of  indices.  If  the  logarithm  of  N  be  subtracted  from 
the  logarithm  of  M,  the  difference  is  equal  to  the  logarithm 
of  the  quotient  which  arises  from  the  division  of  M  by  N. 

F'"-#=^T?r"='^' +  ">""■'  ^^  ^''^  ""^"^^  "f  '"^'"^■ 

>        (!  +  ") 
The  addition  of  logarithms,  therefore,  answers  to  the  multi- 
plication of  the  natural  numbers  to  which  they  belong ;  and 
the  subtraction  of  logarithms  answers  to  the  division  by  the 
natural  numbers  to  which  they  belong. 

Art.  7.  If  the  logarithms  of  a  series  of  natural  numbera  be 
all  multiplied  by  the  same  number,  the  several  products  will 
have  the  last- mentioned  properties  of  logarithms.  Thus,  if 
the  indices  of  all  the  powers  of  1  -f  fl  he  multiplied  by  /,  then, 
using  the  natation  stated  in  the  lost  article,  the  logarithm  of 
N  is  nl,  and  the  logarithm  of  M  is  ml,  and  the  logarithm  of  N  X 
SI  is  1/ -)-»(/,-  for  NXM=  (l+a)"'(l +«)■'  =  {l  +  a)"'+"-', 
by  the  nature  of  indices.     Also  ml—nl  =.  the  logarithm  of 


,  for 


=  c4+«r 


Hence  the  products 
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arising  ftnm  the  malti plication  of  /  into  the  ii 
poivcrB  of  1+a,  arc  termed  logarithms,  aa  are  also  ull  nnmb^ 
which  have  the  propurties  stated  at  the  end  of  article  B.  It 
is  on  account  of  these  properties  that  logarithms  are  so  vaj 
useful  in  calculations  of  the  highest  importance.  ,f 

Aht.  8,  If  the  indices  of  the  powers  of  1  +a,  be  niiiltl> 
plied  by  a,  the  products  are  called  the  hyperiwlic  logaritbn 
of  the  numbers  equal  to  the  powers  of  1  +a.  Thus  if  tbft 
number  N  he  equal  to  (l  +  a)*,  then  na  is  the  hyperbolic  )s^ 
arithm  of  N ;  and  if  the  number  M  be  equal  to  ( 1  +a)',  lh~ 
ma  is  the  hyperbolic  logarithm  of  M.  Hyperbolic  logarithi 
are  not  those  in  common  use,  but  they  can  be  calculated 
less  labour  than  any  other  kind,  and  common  lugarilhma 
obtained  from  them. 

Abt,  9.  If  succesaive  powers  of  a  very  small  fraction 
be  nuGcd,  they  will  successively  be  less  and  leas  in  vsliHi. 
This  truth  appears  most  evident  by  putting  the  value  in  Hk 
form  of  a  vulgar  fraction.      Thus  (7^)'  =iooooo!)ooco 

/       ■        \'  _  T 

ViOOOOO/    ~iOUOOOOO(H>nniHKW  ., 

Art.  10.  Let  it  be  required  to  determine  the  hypertdif 
logarithm  L,  of  any  number  N.  Using  the  same  natBtioB* 
in  the  preceding  articles,  (1  -|-n)''=N,  and  by  cztractiiig  At 
m"'  root  of  each  side  of  the  equation,  1  +a:=N-l.  Put  "1=^ 
and  l+i  —  N,   and   then  Ni  =  (I +x)"'r:(by  the  Unoniu 


the<ffeni)    l+tnx    4-  mx   . 


=  {l+x)"=(by  the  1 


XX*  +&c.  =1  +1.  Now,  as  a  is  indelinitely  small,  the 
power  of  1  +a,  which  is  equal  to  the  number  N,  mnst  be  m- 
definitely  high;  or,  which  is  the  same  thing,  n  must  be  indc^ 
nitely  great.  Consequently  m  must  be  indefinitely  snuB,  uA 
therefore  may  be  rejected  from  the  expressions  tn  —  l,  ■»— 1 
m— 3,  &C.     Hence  1  being  taken  from  each  side  of  the  abvft 

equation,  we  have  a  ="m: q"*'~^ J"^  ~K~^*^  ^^ 

side  of  this  equation  being  divided  by  m,  we  have  _ — f-.- 

-0-+-S- — A-+-r — *^'='     But  m=L  and  therefore  — 

+-g T'^'k~^'^-  — '"  ''"^  hyin-rbolic  logaritluD 


OP  i.oojiiiiTirifs. 

N,  by  article  a  This  series,  however,  if  j  be  it  wliulc  num- 
ber, doea  not  oanverge.  Let  M  be  a  whole  number,  and  M  = 
_- — ,  and  then  j  is  les«  than  1.  For,  multiplying  both 
■ides  of  the  equation  by  I— j,  we  hare  M — Mj=I,  and  tlicre- 
fiweJ =j,=:iNuw,  let  M=; =(l+4-)\      Then  we 


"1- 


I 


have    l+a=    — — ■— (1— *)     ^  =(l—i)'  {by putting  r= 

— i)  =1 — rx  +  rx  ^  ytx* — r  X  ^  X  ^  X  x'+  &c. 
But  for  tlic  name  reasons  as  above,  r  must  be  indefinitely 
Rnall,  and  therefore  mny  be  rejeeted  from  the  factors  r— 1, 
r— 2,  r— 3,  Stc.     Consequently,  taking  1   from  each  side  "f 

the  above  equation,  az=~rx~^  _—  _--  _— .  _ic.  Bat 

—r=-,  and  therefore,  dii-iding  the  left  hand  side  nf  the 

equation  by  -,  and  the  other  by  — r,  we  have  ap^j  + -g  T. 

«*     jr*    x' 

—  +  ^  4-  —  +  Ac.  =  the  hyperbulic  li^rithm  of  M- 

Art.  11.  As,  by  the  lust  a 


hyperbolic  logarithm  of  M  < 


icle,  the  hyperbolic  logarithm 
--  +  -^-  +  -~  &c  and  as  the 


+  -+  &c.  the  hyperbolic  li^rithm  of  NXM,  or —-  is 

G(]uiil  to  the  nun  of  these  two  series,  that  is,  equal  to  2x  + 

0-'     2x'     2j^ 
--(-— --f  — 4-    &c.      This  series    converges   faster  than 

either  of  the  preceding,  and  its  value  may  be  expressed  thus : 

9x  (*  +  H+'r+^+  *^-)- 


Art.  12.    The  li^arilhm  of   ■ 


=2  X  logarithm  of 


Y+  the  logarithm  of 


i;?"t-y-' 


Hence  the  logiirithn 


tinti  uf  logarithms  Ansivers  tn  the  niultiplication  of  the  ntin- 
bers  to  nhich  they  brl'ing,  the  litgafithm  of  the  square  of  «ny 
number,  in  the  logarithm  of  the   number   multiplied  bv  3. 

(2»  +  l)-    (2.  +  ])'_l-l2.,  +  ])'-i-    4.'  +  4»  - 
r.'  +  2»  +  l_(»  +  l)  (■.  +  1)_.4-1  I 

»•+»  «    („+l)       n   ■  ) 

From  the  preceding  articles,  hyperbolic  logarithms  may  be 
cakulated,  as  in  the  following  examples. 

Example  1.  Required  the  hyperbglic  logocitliin  of  2. 

— =.     In  order  to  proceed  by  the  series  in   article  II,  1(S    j 
r :==,  and  then  .Tz=-.    Consequently,  '   I 

-c  =0.14285714286 

^=0.OO(»7iai73O 

■^'  ^=0.00001 188980 

f  C= 0.00000017347 

''  J=0.OO00O000275 

-0.00000000004 


II 


Sum  i)f  the  aboi'c  terms  - 


-  0.14384)03622 


,  1+^ 


2«+2 


The  double  of  which  is  0.5753C414488,  and  ansneK.lo-A 
lirat  part  of  the  expression  in  article  12. 


Secondly,  let 


Consequently, 


andthen8+8j=9— 9x,  I 


^  =0.00006784721 


n  of  the  above  terms  -  - 


W-of  -i-^ 


.  0.1 17783035G6 


(2„  +  iy-l  « 
which  answers  to  the  aecnnd  part  of  the  expression  in  article 
12.  Consequently  the  hyperbolic  logarithm  of  the  number  2 
is  0.57536414488+0.1 177«3035fi6=0.69314718054. 

The  hyperbolic  logarithm  of  2  being  thns  found,  that  of  4, 8, 
16,  and  all  the  other  powers  of  2  may  be  obtained  by  multi- 
plying the  Ic^arithm  of  2,  by  2,  3,  4,  See.  respectively,  as  is 
evident  from  the  properties  of  logarithms  stated  in  article  6. 
Thus  by  multiplication,  the  h}'perbDlic  logarithm  of 
4=1.38629436108 
of  0=2.07944154162 
&c. 
From  the  above,  the  logarithm  of  3  may  easily  be  obtained. 

For  4  -i-  q  =  ■*  >*  ^  =  3 ;  and  therefore  as  the  logarithm  of  s 

was  determined  above,  and  also  the  logarithm  of  4, 

From  the  It^rithm  of  4,  viz.  -  -  1.38629436108, 


Subtract  the  logarithm  of  -,  viz 
And  the  It^urithm  of  3  it 


-  -  1 


Having  found  the  logurithms  of  2  and  3,  we  can  find,  by 
addition  only,  the  logarithms  of  all  the  powers  of  2  and  3, 
and  flibo  the  logarithms  of  all  the  numbers  which  can  be  pro- 
duced  by  multiplication  from  2  and  3.     Thus, 

To  the  logarithm  of  3,  viz 1.09861228864 

Add  the  logarithm  of  2,  riz,  ...  0  60314718054 
And  the  sum  is  the  logarithm  of  6-  1.79175940918 
To  this  last  found  add  the  logarithna  of  2,  and  the  sum 
3.48490664972  is  the  logarithm  of  12. 


OP    LOGARITHMS. 

The  hyperbolic  logarithms  of  other  prim 
more  reudily  calculutcd  by  utteiidiDg  to  the  following  & 

Art.  13.  Let  n,  h,  r,  be  three  numberH  in  arithmctlai 
progresaiun,  whose  common  difference  is  1.      Let  £  be  t 
[irime  number,  whose  logarithm  is  sought, 
nuiiibers  whose  logarithmn  are  known,  or  enisily  obtained  b 
others  already   computed.     Then,  a  being  the    last  of  t 
three,    and   the    common   difference   being   1,   a 
c-=b  +  l.     Consequently  (iXi:^(6—l)  (ft  +  1)  : 

ac  +  l=6*:  and  therefore  — =: This  is  a  eeneralex- 

ac         ac  " 

prcssion  for  the  fraction  which  it  will  be  proper  to  pul= 
,    that  the  series  expressing  the  hyperbolic  logarithiD 


!-(■ 


M 


may  converge  quickly.     For  ai 

+  1— ocj— J,   and  therefore  2flM+j-=l,  and  i— 

2ac  +  l 

ExiiiHjitc  2.   Required  the  hyperbolic  logaritlim  of  5. 

Here  (f=.4,  c  —  G,  and  .r=^ — -— .=^-=ConseqtientIy, 

j-=0.O204O81633 

^  =O.0OO0O283.*» 


—=0.0000000007 


Sum  of  the  iibove 

.  1+^ 


But 


Log- of 
x8x3; 


24 


0-04062  I9»U 


=  2[i,  and  the  additiim  of  logoritliniM 

kwers  to  the  muUiplicution  of  the  u:itural  ouaibers  to  wboj 
thev  belong.     Cousequently, 
25 
To  the  log.  of  24  ------  -  0.04082)9942 

Add  the  log.  of  8 2.0794415422 

And  also  the  log.  of  3 I -OiKfOl  22890 

And  the  sum  is  the  log.  of  25  -  3.21687uUS»i 


OP   LOOASlTHMa. 

The  half  of  this,  viz.  1.6094378127,  is  the  hyperbolic  lo- 
garithm of  5  ;  for  5x5=25. 

Example  3.  Required  the  hj^rbolic  logarithm  of  7- 

Here  a=.6,  c=8,  and  . 
-j^      Consequently, 


~2ac+l-97,  ac    ~l- 


1=0.01030927835 
t  =0.00000036523 

^=0.00000000002 


Sum  of  the  terms  -  -  -  -  - 

2 

L(^.  of  H 0.02061928718 

To  which  add  log.  of  8 2.07944154162 

And  also  lug.oi6 1-79175946918 

The  sum  is  the  1<^.  of  49  -  -  3.89182029798 
49 
For  jo  X  6  X  8  =  49.      Consequently  the  half  of  this,  riz. 

1.94591014899,  is  the  hjperholic  logarithm  of  7 ;  for7x7 
=49. 

If  the  reader  perfectly  understand  the  investigations  and 
examplen  already  given,  he  will  find  no  dithculty  in  calculn- 
ting  the  hyperbolic  logarithms,  of  higher  prime  numbers.  It 
will  only  be  necessary  for  liini,  in  order  to  guard  against  any 
embarrassment,  to  compute  them  as  they  advance  in  succes- 
sion above  those  already  mentioned.  Thus,  after  what  has 
been  done,  it  would  be  proper,  first  of  all,  to  calculate  the 
hyperbolic  logarithm  of  1 1,  then  that  of  13,  &c. 

Proceeding  according  to  the  method  already  explained,  it 
tvill  be  found  that 

The  hyperbolic  logarithm  of  11  is  2.397895273016 
of  13  is  2.564999357538 
of  17is2.8332ia'H4878 
of  19  is  2.9444369/9941 
Logarithms   were  invented  by  Lord  Nojicr.  Huron  of  Mer- 
chiston  in  Scotland.  In  the  year  1614,  he  published  at  Edin- 
lurgh  a  small  quarto,  containing  tables  of  them,  of  the  hyper- 


^ 
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boUc  kind,  and  an  nccount  of  their  eonatniCtion  and  use.  The 
discovery  aRbrited  the  highest  pleasure  to  mathematiciuis  u 
thcv  were  fully  seosibleof  llie  very  great  otility  of  logarittiDiB: 
but  it  was  soon  sug^cisted  by  Mr.  Itriggs,  afterwards  Savrtiim 
Professor  of  Geometry  in  Oxford,  that  another  kind  oflo- 
garithms  would  be  more  convenient,  for  general  pnrpnses, 
iban  tlic  hyperbolic.  That  one  set  of  logarithms  may  be  ob- 
tained from  another  will  rciidily  appear  from  the  foUowing 
article. 

Art,  14-  It  appears  from  articles  1,  3,  and  7.  that  if  all 
the  logarithms  of  the  geometrical  progression  1,  (J  -{-ii)', 
(l+fl)^  {I^-o)^  (!+«)*,  (l+a)\&c.  be  multiplied  ot 
divided  by  any  given  number,  the  products  and  also  the  qno- 
tients  will  likewise  be  logarithms,  for  their  addition  or  siib- 
tniction  will  answer  to  the  multiplication  nr  division  of  die 
termB  in  the  geometrical  progression  to  whidi  they  belong. 
The  same  terms  in  the  geometrical  progression  may  tlierefcKT 
be  represented  with  different  eete  or  kinds  of  logarithms  in  tiu 
following  manner : 
1-  (1  +»)',  (!  +«)',  (1  +")",  (!  +  «)•.  (1  +«)',  (1  +")',  fc 

f-ii(n-o)',  (1 +0)".  (1 +«)";  (i+«r.i.i +''r.  (1 +«)••*' 

,*;!,  (1  +a)k  (1  +«)i  {1  +«)=,  (1  +•)%  (1  +<.)=.  (I  +,)T.4.. 
In  these  esprcssions  /  and  »i  denote  any  numbers,  whole  or 
fractional ;  and  the  positive  value  of  the  term  in  the  grane- 
trical  pri^ression,  under  the  same  number  in  the  Index,  ii 
understood  to  be  the  same  in  each  of  the  three  series.  Thm 
if  (l+fl)*be  equal  to  7.  then  (1 +17)"  is  equal  to  7.  as  iiib* 
(1  +a)'.  If  (1  +a)*  be  equal  to  10,  then  (1  +0)"  is  e^uil 
to  10,  as  is  also  (l-f«)=,  &c.  If  therefore  /,  2^  3/,  &c- h 
hyperbolic  logarithms,  calculated  by  the  methods  alreadv  n- 

plained,  the  logarithms  expressed  by  --   -.    -.    Acmaybt 

derived  from  them  ;  for  the  hyperbolic  logarithm  of  any  gttri 
othe  logarithm  in  the  la«(-ment!onedsn,oftiicHai 


n  ratio.     Thus  4/ 


number,  ii 
6/  :    -: :  : 

AiiT.  1£.  Mr.  Briggfi's  suggestion,  above  alluded  to,  wa»  tht 

1  should  be  put  for  the  logarithm  of  10,  anil  conseauUUJT 

2  for  the  logarithm  of  100,  3  for  the  logarithm  of  1000,  At 


"--:-=E^H 


op   LOQAHITIIUS. 

Tills  proposed  alteration  appears  to  have  met  with  the  full 
,, approbation   of  Lord  Neper;  and  Mr.    Bri^s   afterwards, 

.with  incredible  labour  and  perseverance,  calculated  extensive 
j,teble8of  logarithms  of  this  new  kind,  which  are  now  called 
_jraDiinon  logarithma.  Jf  the  eipeditious  methods  for  culcula- 
^:^(ig  hyperbolic  logarithms  explained  in  the  furegoing  articles', 
,,)uii  been  Iinuirii  to  Mr.  Briggs,  hit)  trouble  would  have  been 
jjpHTparatively  trivial  with  that  which  lie  niust  have  experi- 
"  enccd  in  his  operations. 

J',  Akt.  IC.  It  has  been  already  determined  that  the  hyper- 
.'^c  logarithm  of  u  h  l.(i094379127,  and  that  of  2  ii 
,„Oi6931471«0o4.  and  therefore  the  sum  of  these  logarithms, 
_„7a».  2.30258509324  is  the  hyperbolic  logarithm  of  10.  If, 
,,^eT?fore,  for  the  sake  of  illustration,  as  in  article  14,  we 
f,,fPffP0tt{i +o)^  ^  10,  and  allow,  iu  additiuu  to  the  hypo- 

-Sffi^tbcre  formed,  that  -I  ->  -.  -  >  &c.  denote  commOH 
aj,:r:-,  m     III     »i     ra 

"'logarithms,  then  6/=2.3025R.^09324,  and  -   =  1  ;  and  the 

icatio  for  reducing  the  hyperbolic  li^rithm  ufauynumber  to  the 
-  eunmoii  logarithm ofthesamenumber.isthatuf  2^258509324 
to  1.  Thus  in  order  to  find  the  commun  li^arithm  of  2, 
2.30250500324  :  I  :  :  0.60314718054  :  0,3010299056,  the 
common  log-.irithin  of  2.  The  common  logarithms  of  10  and 
2  being  known,  wc  obtain  the  common  logarithm  of  5,  by 
subtracting  the  common  logarithm  of  2  from  1,  the  common 
Ii^rithm  of  10;  for  10  being  divided  by  2,  the  quotient  is  5. 
Hence  the  common  logarithm  of  5  is  0.6989700044.  Again, 
to  find  the  common  logarithm  of  3,  2.30258509324  :  1  ;  : 
1.09861228864  :  0.4771212546  the  common  logarithm  of  3. 
Aut.  17'  As  the  constant  ratio,  for  the  reduction  of  hyper- 
bolic to  common  logarithms,  is  that  of  2.30258509324  to  I ,  it 
M  evident  that  the  reduction  may  be  made  by  multiplying  the 
hyperbolic  li^rithm,  of  the  number  whose  commun  logarithm 

Thus  1.94591014899  the  hyperbolic  logarithm  of  7.  being 
multiplied  by  .4342944818,  the  product,   viz.  .8450980378, 

&c.  ii  the  common  logarithm  of  7- 

.i  ,,  -Someof  ibe  prindiialparlici 
fd  bj-  li.e  etlrfiralPil  Thuniaa  Sir 
.  Esuys  (iublisli*d  ill  I7BS. 


The  cummon  logurithma  of  prime  numbers  lieinga 
from  the  hyperbolic,  the  common  logoFithms  of  other  11114 
bcrs  may  be  obtained  from  those  bo  derived,  merely  bj  si 
tion  or  subtraction-  For  additiou  of  li^arithms,  in  any 
ur  kind,  aiitiwers  to  tbe  multiplication  uf  the  natural  naml 
to  which  they  belong,  and  conscqueutly  subtraction  of  It 
rithms  to  the  division  of  the  natural  numbers.  Hyperbofit 
lof^rithms  ere  not  only  niteful  as  a  medium  through  nhid 
ciiDimon  logarithms  may  be  obtained :  they  are  absolutely  afr- 
cessary  for  UnJing  the  fluents  of  many  duxtunal  expressioosi 
of  the  highest  importance. 

It  is  deemed  unneeessary  in  this  place  to  show  the  ntili^ 
of  li^arithms  by  examples.     Being  once  calculated  and  1 
ranged  in  tables,  not  only  for  common  numbers,  but  also  Av 
natural  sines,  tangents,  and  secants,  it  is  manifest  that  aeon 
putcr  may  save  himself  much  time,  and  a  greut  deal  of  b 
hour,  by  means  of  their  assistance ;  as  otherwise  muUiph'n 
tions  and  divisions  of  high  numbers,  or  of  decimals  to  a  cva> 
sidemble  number  of  places,  would  enter  into  bis  inqoirios-   1 
The  writer  of  the  foregoing  articles  now  considers  the  d> 
(ligii  iiith  which  he  set  out  as  completed.     He  has  cnd< 
ed  to  explain,  with  perspicuity,  the  first  principles 
rithms,  and  their  relations  to  one  another  when  of  ditfcKot 
sets  or  kinds ;  and  he  lias  laid  before  the  young  mathematical 
student  the  most  improved  and  expeditious  methods  by  whidi 
they  may  be  calculated.      If  the  reader  should  be  desiroiutf 
farther  information  on  the  euhjcct,  be  may  meet  with  h&  j 
grutilication  by  the  perusal  uf  the  history  of  discoi 
writings   relating   to    li^rithms,    prefixed  to  Dr.  HuttmVl 
Mathematical  Tables.     He  will  also  find  the  Tables  of  I 
rithms,  contained  in  that  volume,  the  most  useful  for  calcv- j_ 
lation,  if  in  his  computations  he  does  not  go  beyond  d«grMl^ 
and  minutes:  if  he  aims  at  a  higher  degree  of  accuracy,  1m I 
will  have  recourse  to  Taylor's  Tables,  in  which  the  Logarittl 
mic  Sines  and  Tangents  are  calculated  to  every  second  of  tl 
Quadrant. 

A.  ROBERTSON, 


SPHERICAL  TRIGONOMETRY. 


DEFINITIONS. 

I.  Thk  pole  of  a  circle  of  the  sphere  is  a  point  in  the  siipcr- 
ficies  of  the  sphere,  from  which  all  straight  lines  drawn  to 
the  circumference  of  the  circle  aro  equal. 

II.  A  great  circle  of  the  sphere  is  any  ivliose  plane  passes 
through  the  centre  of  the  sphere,  and  wha.se  centre  therefore 
in  the  Moie  with  that  of  the  sphere. 

in.  A  spherical  triangle  is  a  figure  upon  the  supcrlicics  of  a 
sphere  comprehended  by  three  arches  of  three  great  drcles, 
each  of  which  is  less  than  a  semicircle. 

IV.  A  spherical  angle  is  that  which  on  the  EupcrRcies  of  a. 
sphere  is  contained  by  two  arches  of  ^eat  circles,  and  is 
the  same  mth  the  inclination  of  the  planes  of  these  great 
areies. 
,  PROPOSITION  I. 

Great  circlts  bisect  one  another. 

As  tbey  hare  a  common  centre,  their  common  section  will 
be  a  diameter  of  each  which  will  bisect  them. 

PROPOSITION  II. 

The  arch  of  a  great  circle  betwixt  the  pole  and  the  circum- 
ference of  another  ii  a  quadrant. 

Let  A  BC  be  a  great  circle,  and  D  its  pole :  if  a  great  circle 
DC  pass  through  D,  and  meet  ABC  in  C,  the 
arch  DC  will  be  a  quadrant.  f-,,. 

Let  the  great  circleCD  meet  ABC  again 
iu  A,  and  let  AC  be  tbe  common  section  of 
tbe  great  circles,  which  will  pass  throtigh 
E,  the  centre  of  tho  sphere  :  join  DE,  DA, 

E:  by  Uef.  1.  DA,  DC  are  etiual,  and  AE,  EC  are  alsocqual, 
DE  is   common;   therefore'   iho  angles  DEA,   DEC  are 


BPH8BICAL   TBIGOKtlMETBY. 

cquiil ;  wherefore  the  arches  DA,  DC  are  equal,  aud  o 
(juently  fach  of  them  is  a  quadrant,     q.  b.  i 

PROPOSITION  III. 

IJ  a  great  circle  be  descrittrd  mteting  two  great  eirdet^V, 
AC  patiiHg  throKgk  its  pole  A  Jn  B,  C,  the  angle  at  the  eta- 
tre  of  the  tphert  upon  the  tircumfercnce  BC,  it  the  tame  mth 
the  ipkerical  aagle  BAG,  and  ike  arch  UC  ii  called  the  vwa- 
fure  of  the  tpherical  angle  UAC. 

Let  the  planes  of  the  great  circles  AD,  AC,  intersect  lHll^ 
onother   in  the  straight  line  AD,  passing 
through  D  their  cammon  centre:  join  DB, 
DC. 

Since  A  is  the  pole  of  BC ;  AB,  AC  will  be 
quadrants,  oud  tke  angWs  ADB,  ADC  right 
'  , angles ;  therefore  *  the  angle  CDB  is  the  iii' 
clination  of  the  planes  of  the  circles  AB,  AC ;  tliat  is  (d«f.  4.), 
the  sphuriuil  angle  BAC.     Q.  s.  d. 

Corollary.  If  through  the  points  A,  tii'o  quadrants  A8, 
AC  be  drawn,  the  point  A  nill  be  tbc  pule  of  the  great  circle 
BC,  passing  through  thetr  extremities  D,  C. 

Join  AC,  and  draw  AE  a  straight  line  tu  any  other  point 
E,  in  BC  ;  join  DE  :  since  AC,  AB  are  quadrants,  the  angjes 
ADB,  ADC  are  right  angles,  and  AD  will  be  perpendicular  to 
the  plane  of  BC  :  therefore  the  angle  ADK  In  a  right  angle, 
aud  AD,  DC  are  equal  to  AD,  DE,  each  to  each ;  tltcre- 
fore  AE,  AC  are  equal,  and  A  is  the  pole  of  BC,  Uy  Drf.  1 


PROPOSITION  IV. 

In    isosceles    spherical  Iritiiigtes,   /Ac  aiiglri  nl  the  Ikisc  i 
e<iu<il. 

Let  ABC  be  an  isosocles  triangle,  and  AC,  CB  tbe  e^ 
sides ;  the  angles  BAC,  ABC,  ut  the  bnse  AB,  are  equal. 

Let  D  be  the  centre  oC  the  sphere,  and  join  DA,  DB,  OC;  i 
ill  DA  take  any  point  E,  from  which  dmw,  in  the  plane  A9C, 
the  straight  line  EF  at  right  angles  to  ED,  meeting  CD  in  F, 
and  draw  in  the  plane  ADB,  EO  at  right  angles  to  the  same 
•6  Dcr.ll.  ED;  thi'refure  the  rectilineiil  angle  FEC  *  is  the  iacliiifltiuB 
iif  the  pl;ines  ADC,  ADB,  anil  thcicfore  is  the  same  w-itb  the 


PROPOSITIONS  V.   VI. 

spherical  angle  BAG  :  from  F  draw  FH  perpendicular  to  DB, 

and  from  H  draw,  in  the  plane  ADB,  the  straight  line  HG  at 

Tight  angles  to  HD,  meeting  EG  in  G,  and  join  GF.     Because 

DE  IB  at  right  angles  ta  £F  and  EU,  it  is 

perpendicular    to  the   plane   FBO  ",  and 

therefore  the  plane  FEG  is  perpendicular 

to  the  plane  ADB,  in  which  DE  "  is :  in 

the  same  manner,  the  plane  FHO  is  pcr- 

pemliciilar  to  the  plane  ADB;  and  therefore  OF,  the 

mon  section  of  the  planes  FEG,  FHG,  is  perpendicular  to  the 

phine  ADB  •  ;   and  hccnuse  the  angle  FHG  is  the  inclination    •  19.  11. 

of  the  planes  BDC,  BDA,  it  is  the  same  with  the  spherical 

angle  ABC;  and  the  sides  AC,  CB  of  the  spherical  triangle 

being  equal,  the  angles  EDF,  HDF,  which  stand  upon  them 

at  the  centre  of  the  sphere,  are  equal ;  and  in  the  triangles 

EDF,  HDF^  the  side  DP  is  common,  and  the  angles  DEF, 

DHF  are  right  angles  ;  therefore  EF,  FU  are  equal:  and  in 

the  trianglea  F£a,  FHO  the  mdc  QF  i&  common,  and  the  aidei 

EG,   OH  •  will  be  equid  ;    and  therefore  the  angle  FEG   is   •  *7.  1. 

etjual  to   FHG  *  ;  that  is,  the  spherical  angle   BAC  is  equal    *  B.  1. 

to  the  sphericiil  angle  ABC. 

PROPOSITION   V. 

If,  ill  a  ij)herical  triangle  ABC,  Itpo  of  the  angles  BAC,  ABC    See  fig.  8 
he  equal,  the  sides  BC,  AC,  opposite  to  them  are  equal. 

Read  the  construction  and  demonstration  of  the  preceding 
proposition,  unto  the  words,  "  and  the  sides  AC,  CB",  &c. 
and  the  rest  of  the  demonstration  will  be  as  follows,  via. 

And  the  spherical  angles  BAC,  ABC  being  equal,  the  recti- 
lineal angles  FEG,  FHG,  nhich  are  the  same  with  them,  are 
equal ;  and  in  the  triangles  FGE,  FOH,  the  angles  at  U  are  right 
angles,  and  the  side  FG  opposite  to  two  of  the  equal  angles  is 
common ;  therefore  '  EF  is  equal  to  FU  :   and  in  the  right  •  as.  I. 
Mgled  triangles  DEF,  DIIF,  the  side  DF  is  common ;  where- 
fore* ED  is  equal  to  DH,  and  the  angles  EDF,  HDF  are   "i?,  i, 
therefore  eqnal*,  and  consequently  the  sides  AC,  BC,  of  the  •  i,  i. 
spherical  triangle  are  equal. 

PROPOSITION  VI. 

ri'urfdyi  fttw  lidet  of  a  spherrenl  triangle  are  greater  than  /Ac' 
■.Hi  -ttWi  lliiril. 


'M 


Let  ABC  be  a  splicricol  triangle:  aaf  two  sides  AB,  BCl 
will  be  greater  than  the  otiier  side  AC. 

Let  D  be  ibe  centre  of  the  sphere:  join 
DA,  DB,  DC. 

The  solid  angle  ut  D  is  contained  by  three 
plane  angles,  ADB,  ADC,  DDC ;  and  •  any 
two  of  them  ADD,  BDC,  are  greater  than  the 
third  ADC;  that  is,  any  two  aides  AB,  BC  of  tbe  spherio^l 
triangle  ABC,  arc  greater  than  the  third  AC. 

PROPOSITION  VII. 

The  three  ndei  of  a  spherical  triangl-e  are  lets  than  a  circteJ^_^ 

Let  ABC  be  a  spherical  triangle  as  before :  the  tbr«e  sidt 
AB,  BCj  AC  are  less  than  a  circle. 


Let  D  be  the  cent 
contained  by  three  j 
gether*  are  less  tha 
AB,  BC,  AC  togethe 
is,  less  than  a  circle. 


c  of  the  sphere:  the  solid  angle  at  Dpi 
ane  angles  BDA,  BDC,  ADC,  which  trnTl 
I  four  right  angles;  therefore  the  wIm 
,  will  be  lesa  than  four  quadrants,  thai 


pnoposiTioN  vni. 
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la  a  splieitval  triangle,  the  greater  angle  i 
greater  side ;  and  converseli/. 

Let  ABC  be  a  spherical  triangle :  the  greater  ang;1e  A  is  op- 
posite to  the  greater  side  BC. 

Let  the  angle  BAD  he  made  equal  to  the     FigjEft,^—^ 
S.ofihis.    angle  B,  and  then  BD,  DA  will  be  equal  •,      j'^^^-W^^~-\ 

and  therefore  AD,  DC  are  equal  to  BC  ;  but      °  ^ 

B. of  ihi<.  AD,  DC  are  greater  than  AC  *,  therefore  BC  is  greater  tliu 
AC,  that  is,  the  greater  angle  A  is  opposite  to  the  gteolCT 
side  BC.  The  converse  is  demonstrated  as  Prop.  19.  1.  El. 
«.  R.  D. 

PHOPOSITION  IS. 

In  any  spherical  triangle  ABC,  if  the  mm  of  the  tidta  AB,  BC, 
be  greater,  equal,  or  lets  than  a  semieircle,  the  inlfrnnl  angit 
at  the  base  AC,  will  be  greater,  equal,  or  less  thitn  the  ex- 
ternal and  ojtjMisite  BCD  ;  and  therefore  the  sum  of  tV 
angles  A  find  ACB  «'ill  be  greater,  equal,  or  Us*  Iham  1m 
right  angles. 


PROPOSITIONS    IX.    X. 

Let  AC,  AB  produced  meet  in  D, 

1.  If  AB,  BC  be  equal  to  a  semicircle,  tbat  is,  to  AD  ;  BC, 
BD  will  be  equal,  that  is  *,  the  angle  D,  or  the  augle  A,  will  * 
be  equal  lo  the  angle  BCD. 

a.  If  AB,  BC  together  be  greater  b^ ..^^^ 

than  a  semicircle,  that  is,  greater  than      a /"X,     Fie30\-n 
ABD,  BC  will  be  greater  than  BD;         X^   \       ,/ 
and  therefore  •,  the  angle  D,  that  is,  — -^^-""'^  ' 

the  angle  A,  is  greater  than  the  angle 
BCD. 

3.  In  the  same  manner  it  is  shewn,  that  if  AB,  BC  to- 
gether be  less  than  a  semicircle,  the  angle  A  is  less  than  the 
angle  BCD.  And  since  the  angles  BCD,  BCA  are  equal  to 
two  right  angles,  if  the  angle  A  he  greater  than  BCD,  A  and 
ACB  tc^ether  will  he  greater  than  two  right  angles.  If  A  be 
equal  to  BCD,  A  and  ACB  together  will  be  equal  to  two  right 
angles  ;  nncl  if  A  be  lesa  than  BCD,  A  and  ACB  will  be  less 
than  two  right  angles.      «.  e.  d. 


PROPOSITION  X. 


ff  the  angular  points  A,  U,  C  of  the  .ipherical  triangle  ABC, 
be  the  poles  of  three  great  circles,  these  great  cWcUs  by  thcW 
intersections  mil  form  another  triangle  FDE,  ivhich  is  called 
tupplemental  lo  the  former ;  that  is,  the  sides  FD,  DE,  EF 
are  the  supplements  of  the  measures  of  the  opposite  angles 
C,  B,  A  of  the  triangle  ABC,  and  the  measures  of  the  angles 
F,D,E  of  the  triangle  FDE,  mill  be  the  stippkmtmts  of  the 
sides  AC,  BC,  BA  in  the  Irinnglr  ABC. 

Let  AB  produced  meet  DE,  EF,  in  Q,  M  ;  and  AC  meet 
FD,  FE,  in  K,  L;  and  BC  meet  FD,  DE,  in  N,  H, 

Since  A  is  the  pule  of  FE,  and  the  circle  AC  passes  through 
A,  EF  will  paw  through  the  pole  of  AC  •  ;  ■ 

and  since  AC  passes  tlirougli  C,  the  pole  of 
FD,  FD  will  pass  through  the  Jiole  of  AC; 
therefore  the  puie  of  AC  is  in  the  poiut  F,  in 
which  the  arches  DE,  EF  intersect  each  other. 
In  the  same  manner  D  is  the  pole  of  BC,  and 
E  the  pole  of  AB.  ^ 

And  since  F,  E  are  the  poles  of  AL,  AM,  FL  and  EM  are 
quadrants^  and  FL,   EM  together,  that  is,  FE  and  ML  to- 


i 


BPHBHICAI.   TRTOOMOKCTRV. 

^her,  are  equal  to  a  semicircle.  Bat  aiuco  A  is  the  polcuF 
Hh,  ML  is  the  mcaiur«  of  the  nagle  BAC,  consequeallv  FK  n 
the  supplement  of  the  measure  of  the  angle  BAC.  In  the 
Siime  manner,  ED,  DF  arc  the  siippicments  uf  the  measures  tl 
the  angles  ABC,  BCA. 

Since  likewise  CN,  BH  are  qiiadmits,  CN,  BlI  togetheTt 
that  IB,  NU,  BC  together,  are  equal  lu  a  Kmicircle ;  and  «inM' 
I)  is  the  pole  of  NH,  NH  is  the  meuure  of  the  angle  FDB^ 
therefore  the  measure  of  the  angle  FDE  is  the  supplement  at 
the  side  BC,  In  the  some  manner,  it  is  shewn  that  the  meft- 
Mires  nT  the  angles  DEF,  EFD,  are  the  supplements  of  the  sides 
AB,  AC.  in  the  triangle  ABC,     Q.  e.  d.  • 


PROPOSITION  XI. 

7'Ae  llircf  anglei  of  a  spherical  IriangU,  are  greater  than  liti 
right  angles,  and  leas  than  tix  right  angles, 

iccDg.SI.  The  measures  of  the  angles  A,  It,  C  in  the  triangle  AB^ 
together  with  the  three  sides  of  the  supplemental  trian^ 
'  10.  of  ihii.  DEF,  nrc  ■  equal  to  three  semicircles ;  but  the  three  sides  of 
'  7.  ofiliiii.  the  triangle  FPE,  are  *  less  than  two  semicircles  ;  therefore 
the  measures  of  the  angles  A,  B,  C,  aregreater  than  a  seinV 
circle ;  and  hence  the  angles  A,  B,  C  are  greater  thaa  two 
right  angles. 

All  the  external  and  internal  angle*  of  any  triangle  are 
equal  tu  six  right  angles;  therefore  all  the  internal  angles  are 
less  than  six  right  angles. 

PROPOSITION   XII. 

If  from  ang  jioinl  C,  vhirh  is  not  the  pole  of  the  great  eirrfi 
ABD,   (Acre  be  drarvn  arches  of  great  circles  CA,  CD,  Ck, 
CF,  ^c  the  greatest  of  these  isCA,  which  passes  through 
the  pole  of  ABD,  aud  CB,  tlte  remainder  of  ACB  is  the  la 
and  of  any  others   CD,  CE,  CF,  ^e.  CD,  whief 
CA,  is  greater  than  CE,  which  is  more  remote. 

Let  the  common  section  of  the  planes  of  the  great  cii 
ACB,  ADB,   be  AB  ;  und  from  C,  draw  CO  perpend iml:ir  ill 
■IDef.  II.   AB,  which  will  also  be  perpendicular  to  the  plane  AI>A 
join  OD,  GE,  GF,  CD,  CE,  CF,  CA,  CB. 


PBOPOHiTrona  xi 


.  Of  uU  tlic  Ktmight  lines  drawn 
LaDB,  GA  is  the  ^eatest. 


more  remote.  The  tritingli 
e  right-angled  at  O,  mid 
kfOmmDnsideCO;  therefore 

i,  OA  tugetber,  that  is,  the  square  o< 

;r  than  the  squares  of  CG,  GD  to- 
gether, that  is,  the  square  of  CD :  and  CA 
ig  greater  than  CD,  nnd  therefore  the  nreh  CA  is  greater  than 
CD.  In  the  same  manner,  since  GD  is  greater  than  GE,  and 
GE  than  GF,  &c.  it  ia  shewn  that  CD  is  greater  than  CE, 
and  CE  than  CF,  &c.,  and  consequently,  the  arch  CD  greater 
than  the  arch  CE,  and  the  arch  CE  greater  than  the  arch  CF, 
&c.  And  since  GA  is  the  greatest,  and  GB  the  least  of  all 
the  straight  lines  drami  from  G  to  the  circuniierence  ADB,  it 
is  nnanifest  that  CA  is  the  greatest,  and  C:B  the  least  uf  all  the 
straight  lines  drawn  from  C  to  the  eircum  fere  nee :  and  there- 
fore the  arch  CA  is  the  greatest,  and  CB  the  least  of  all  the 
circles  drawn  through  C,  meeting  ADB.     q,  e,  d. 

PROPOSITION  XII!, 

In  a  right-angled  -qihcririd  triangle,  ifie  sidei  arc  of  the  s, 
affection  ivitk  the  opposite  angles;   that  is,  if  the  sides  be 
greater  or  less  than  quadrants,  the  opposite  angles  nilt  be 
greater  or  kss  than  right  angles. 
Let  ABC  be  a  spherical  triangle,  right-angled  e 

aide  AB,  will  he  of  the  same  affection  with  the  opposite  angle 

ACB. 

Case  1 .  Let  AB  be  less  than  a  (|uad-  G 

rant,  let  AE  be  a  quadrant,  and  let 

EC  he  a  great  circle  passing  through 

E,  C.     Since  A  is  a  riglit  angle,  and 

AE  a  quadrant,  E  is  the  pole  of  the 

great  circle  AC,  and  EGA  a  right  angle ;  but  ECA 

than  BCA,  therefore  BCA  is  less  than  a  right  angle 
Case  2.  Let  AB  be  greater  than  a 

quadrant,  make  AE  a  quadrant,  and 

let  a  great  circle  pass  through  C,  E, 

BCA  ia  a  right  angle   as  before,  and 

BCA   is  greater   than  ECA,  that  is, 

greater  than  n  right  angle,      p.  e.  d. 


4dlt 


,,.  PROPOSITION   XIV.  I         „  ,.     I        J 

If  the  liiio  sides  of  a  'ripftt-angJeA  rphmedi  triOifgUhrvfl 
tame  qfeclion,  ihc  %i/porhmr:iei»^l  f>t  l«»tlh&»  h^^ 
and  iftlicy  be  of  dijercnt  nffection,  the  hypol' 
greater  than  a  iptadrn^it. 

Jjet  ABC  be  a  riglit-angled  spherical  triangle :  If"  the 
sides  AB,  AC  Lc  of  the  same  ur  uf  dilTerent  atTectiim. 
bjpothenuHe  BC  will  be  less  or  greater  than  a  tj^uadrant. 
C>ue'l.  Let  AB,  AC  be  each  less  than  a  quadrant. 
AE,  AG  be  quadrants  ;  G  will  be  the  pole  of  AB,  and  E  d^ 
pole  of  AC,  and  EC  a  qnadrant ;  but  by  Prop.  12,  cSr\ 
greater  than  CB,  since  CB  is  ferther  off  from  COD  than  C^ 
In  the  same  manner  it  is  shewn,  that  CB  in  the  triangle 
where  the  two  sides  CB,  BD  are  «ac1i  greater  than  a  qnsdrt 
is  less  than  CE,  that  is,  less  than  a  quadroiit. 

Cage  2.  Let  AC  be  lesa,  and  AB  greater  than  a  qmulranV; 
then  the  hypolhcnuse  BC  will  be  greater  than  a  qusditut  ^  ftr 
let  AE  be  a  quadrant,  then  E  is  the  pole  of  AC,  and  ^C  will 
l>c  a  quadrant.  But  CB  is  greater  than  CE  by  Prop.  12,  iiin'- 
AC  posses  through  thi;  pole  of  ABD.     «,  s.  a. 

PROPOSITION  XV. 

If  Ihc  hypolhenuse  of  a  rigkt-angtcd  spherical  triangk^h* 

greater  or  less  than  a  quadrant,  the  tides  will  be  of  d^ernl 

6r  the  same  affection. 

This  is  the  converse  of  the  preceding,  and  demonstrated  in 
thuMime  manner. 

PROPOSITION  XVI. 

In  any  tpherical  triangle  ABC,  if  the  perpendtcvtar  av  frim 
A,  oil  the  base  BC,  fall  nilhin  the  triangle,  theangtrs  Haiti'  I 
C  at  the  base  tvill'le  of  the  same  nffectkm  ;   and  if  the  ^  I 
jicndieulaT  full  jrilhoiit  ih-  triangle,  the  anklet  B  and  C  tf'' I 
be  of  different  affection.  •  ■.■■'*iM 

1.  Let  AD  fall  within  the  triangle;  then  %      wr/r 
sinoo  ADB.  ADC  arc  right-angled  8phei>«4,tli,-,.j„*%'! 
angles,  the  DngieBB,C  must  oacliibe.u£^UKa|e-.,^ 
uHection  as  AD.  ■  .  .  ,  .,,  ,,,1,^^.     ' 

2.  I«t  AD  lall  witUoql  the  tziong^.  >^an.f^  tl 


PROKMITION  JtVlI- 

of  the  iuinic  alTection  an  AD  ;  mid  \>y  the  Etiine 
the  angle  ACD  in  of  the  »iine  afTection  to  AD ; 
therefore  the  angle  ACBnni)  AD  are  of  different 
affection,  and  the  angles  B  and  ACB  of  different 
affection. 

CoK.    Hence  if  the  angles  B  and  C  be  of  the 
same  affection,  the  perpendicular  will  fall  within 
the  base  ;  for,  if  it  did  not  •,  B  and  C  would  be  of  diiferent   ' 
affection.     And  if  the  angles  B  and  C  be  of  opposite  affection, 
the  perpendicular  will  fall  without  the  triangle ;  for,  if  it  did 
not*,  the  angles  B  and  C  would  he  of  the  same  affection,    ■ 
contrary  to  the  supposition. 

PROPOSITION   XVII. 

/»  right-angkd  spherical  triangles,  the  sine  of  either  of  the 

sidet  abonl  the  right  angle,  is  to  the  radtus  of  the  sphere,  ns 

the  tangent  of  the  remaining  side  in  to  tlie  tangent  of  the 

angle  opyontte  to  thai  side. 

Let  ABC  be  a  triangle,  having  the  right  angle  at  A  ;  and 
let  AB  be  either  of  the  sides :  the  sine  of  the  side  AB  »i]I  be 
to  the  mdius,  as  the  tangent  of  the  other  side  AC  to  the  tan- 
gent of  the  angle  ABC,  opposite  to  AC, 

Let  D  be  the  centre  of  the  sphere;  join  AD,  BD,  CD,  and 
let  AE  be  drawn  perpendicular  to  BD,  which  tlicrefore  will 
be  the  sine  of  the  arch  AB;  and  from  the 
point  E,  let  there  be  drawn  in  the  plane 
BDC,  the  straight  line  £F  at  right  angles 
to  BD,  meeting  DC  in  F,  and  let  AF  he 
joined.     Since  therefore  the  straight  line 
DE  is  at  right  angles  to  both  EA  and  EF, 
it  will  also  be  at  right  angles  to  the  plane 
AEF  •  ;  wherefore  the  plane  ABD,  which 
pwoes  through   DE,  is  perpendicular  to  the  plane  AEF 
the  plane  AEF  perpendicular  to  ABD  :   the  plane  ACD  o; 
is  fthw  perpendicular  to  the  same  ABD  :  therefore  the  ci 
section,   viz.   the  straight  line  AF,  is   at  right  angles  to  the 
pIuieABD*;  and  FAE,  FAD  are  right  angles";  therefore  ' 
At  is  the  tangent  of  the  areh  AC,  and  io  the  rectilineal  tri-    ' 
angle  AEF  having  a  right  angle  at  A,  AE  will  be  to  the  radios 
a*  AF  to  the  tangent  of  the  angle  AEF  "  ;  but  AE  is  the  sine   • 
of  the  arch  AB,  and  AF  ibc  tangent  of  the  arch  AC,  and  the 
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*  6Def.  11.  angle  AEF  is  the  inclination  of  the  planes  CBD,  ABD  *,  or 

the  spherical  angle  ABC :  therefore  the  sine  of  the  arch  AB 
is  to  the  radius,  as  the  tangent  of  the  arch  AC  to  the  tangent 
of  the  opposite  angle  ABC. 

Cor.  1.  If  therefore  of  the  two  sides^  and  an  angle  oppo- 
site to  one  of  them,  any  two  be  given^  the  third  will  alM  be 
given. 

Cor.  2.   And  since  hj  this  propodtion  the  sine  of  the  Mt 

AB  is  to  the  radius^  as  the  tangent  of  the  other  side  AC^fke 

tangent  of  the  angle  ABC  opposite  to  that  side ;  and  «b  the 

radius  is  to  the  cotangent  of  the  angle  ABC>  so  is  the'tan^^ 

•Cor  sDef.  of  the  same  angle  ABC  to  the  radius  *,  by  equality,  A^vSak 

PI* Trig.       ^f  ^^^  gj^^  ^3  lg  ^^  ^^^  cotangent  of  theangle  ABCadJie^ 

to  it>  as  the  tangent  of  the  other  side  AC  to  the  radids.     "  - 

PROPOSITION  XVIII. 

In  right-angled  spherical  triangles,  the  sine  of  the  hypothinuse 
is  to  the  radius,  as  the  sine  of  either  side  is  to  the  itii^  <^ 
the  angle  opposite  to  that  side. 

See  fig  87.  Let  the  triangle  ABC  be  right-angled  at  A,  aad  1*  ISC  be 
either  of  the  sides:  the  sine  of  the  hypothedoaf  BO  wttlriK 
to  the  radius^  as  the  sine  of  the  arch  AC  is  ta-Ae  aine  >of  ^ 
angle  ABC.  -  - 

Let  D  be  the  centre  of  the  sphefa,  and  let  GO  be'^brBM 
perpendicular  to  DB,  which  will  tberefore  be  the  siae  ef  Hat 
hypothenuse  BC ;  and  from  the  point  O,  let  there  be  dkiwn 
in  the  plane  ABD^  the  straight  line  6H  perpendicular  to  M> 
and  let  CH  be  joined ;  CH  will  be  at  right  angles  to  the  plane 
ABD^  as  \va8  shewn  in  the  preceding  proposition  of  the  atnd^ 
line  FA :  wherefore  CHD^  CHO  are  right  angles,  and  CH  is  die 
sine  of  the  arch  AC ;  and  in  the  triangle  CHG^  having  thinigbt 
angle  CHO^  CO  is  to  the  radius  as  CH  to  the  sine  of  tfaeaa^ 

*  1.  PI  Trig.  CGH  * :  but  since  CO^  HG  are  at  right  angles  to  DGB^  irtfch 

is  the  common  section  of  the  planes  CBD,  ABD>  tbe  taii^ 

*  6  Def.  11.  CGH  will  be  equal  to  the  inclination  of  these  planes  *>  tlislf  % 

to  the  spherical  angle  ABC.  The  sine  therefore  of  the  Irff^ 
thenuse  CB,  is  to  the  radius  as  the  sine  of  the  aide  ACiir't» 
the  sme  of  the  opposite  angle  ABC.     q.  s.  D, 

CoR.  Of  these  three>  viz.  the  hypothenuse^  a  side,  ioid'^ 
angle  opposite  to  that  side^  any  two  being  given^  the  third 
also  is  given  by  Prop.  2. 


,;,,    .  PEOPOSITION  XIX. 

In  right-angled  spherical  Irianglm,  the  cosine  of  the  kypo- 

tkenuse  is  lo  the  radius,  as  the  cotangent  of  either  of  tlie 

tingles  is  lo  the  tangent  of  the  remaining  angle. 

Let  ABC  be  a  8p}ierical  triangle,  having  a  right  angle  at  A  : 
the  cosine  of  the  hypothenuse  BC  will  be  to  the  radius,  as  the 
cotangent  uf  the  angle  ARC  to  the  tangent  of  the  angle  ACB. 

Describe  the  circle  DE,  of  which  B  is  the  pole,  and  let  it 
tn«et  AC  in  F,  and  the  circle  BC  in  £  ;  and  since  the  circle 
BD  pasecs  through  the  pole  B  of  the  circle 
W,  DF  will  also  pass  through  the  pole  of 
BD.  (13.  15.  l.Theod.Sph.)  Aiid  since 
AC  is  porpendiculur  to  DB,  AC  will  also 
pass  through  the  pole  of  BD ;  n-herefore 
the  pole  of  the  circle  BD  will  be  found  ia 
the  point  where  the  circles  AC,  DE  meet, 
that  is,  in  the  point  F :  the  arches  FA, 
FD  are  therefore  qnadnints,  and  likewise  the  arches  BD,  BE : 
in  the  triangle  CEF,  right-angled  at  the  point  E,  CE  is  the 
complement  of  the  liypothenuso  BC  of  the  triangle  ABC,  EF  is 
the  ctimplenicnt  of  the  arch  ED,  wliich  is  the  nieasare  of  the 
angle  ABC,  and  FC  the  hypothennse  of  the  triangle  CEF,  is 
the  complement  of  AC,  and  the  arch  AD,  wliich  is  the  measure 
of  the  angle  CFE,  is  the  conipleoient  of  AB. 

But  '  in  the  triangle  CEF,  the  sine  of  the  side  CE  is  to   • 
Uie  radius  as  the  tangent  of  the  other  side  is  to  the  tangent  of 
the  angle  ECF  uppot>ite  to  it,  that  is,  in  the  triangle  ABC.  the 
cosine  of  the  hypothenu^  BC  is  to  the  radius,  as  the  cotangent 
of  the  angle  ABC  is  to  the  tangent  of  the  angle  ACB.    ?.  E.  a. 

Cob.  1.  Of  these  three,  viz.  the  hypothenuse  and  the  two 
oufics,  any  two  being  given,  the  third  will  also  be  given. 

Cor.  2.  And  since  by  this  propositJou  the  cosine  of  the 
bj-pothenuse  BC  is  to  the  radius,  as  the  cotangent  of  the  angle 
ABC  to  the  tangent  of  the  angle  ACB  ;  but  ns  the  radius  is 
to  the  cotangent  of  the  angle  ACB,  so  is  the  tangent  of  the 
wmn  to  the  radius  *  ;  and,  ex  squo,  the  cosine  of  the  hypo-  * 
tbenuse  BC  is  to  the  cotangent  of  the  angle  ACB,  as  the  cotan- 
^Vit  of  the  angle  ABC  to  the  radius. 
tniHI '.'i^(  .iij*i-j.u:-p  <."i   I,'.     ■.■!..   ■■ 
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IPROPOSITION  XX. 

In  right-angled  spherical  triangten,  tke  aabie  tftditm 
lo  the   radius,  at   Ihe   liingeiit  of  the  side  adjacent  la  UUt 
angle,  is  lo  tlie  tangent  o/'lAa  hypothenuse. 

See  tig.  33.        Tlic  sume  construction  remaining ;  in  the  triangle  CET  •, 
•l7.ofiliii.  tlio  sine  of  tlie  side  EF  is  to  the  radius,  as  the  tangent  of  lie 
Qtiicr  side  CE  is  to  the  tangent  of  the  angle  CFK  opposite  it 
it ;  tlmt  is,  in  t)l(^  triangle  ABC,  the  cosine  of  the  angle  ABC 
is  lo  the  radius  as  (the  cotangent  of  the  hypothpmise  Bt? 
the  cotangent  of  the  side  AB,  adjacent  to  ABC,  or  an)  tW" 
gent  of  tlie  side  AB  to  the  tangent  of  tlie  hypotli 
the  tangents  of  two  arches  are  reciproenlly  proporti 
•Cur.lDer.   their  cotangents *. 
■    "*■  CoH.  Aod  since  by  this  proposition,  the  cosine  of  ttc 

ABC  is  to  the  radiUE,  as  the  tangent  of  the  side  ABt$to. 
tnngciit  of  the  liypothenuse  BC  ;  and  as  the  radiua  is  tii' 
eotiingent  of  BC,  so  is  the  tangent  of  BC  to  the  radins 
equality,  the  cosine  of  the  angle  ABC  will  be  to  the 
uf  the  hypothenuse  BC,  as  tlie  tangent  of  tte  side  !4K 
cent  to  the  angle  ABC,  to  the  radius.  ''  ''■'^.  " 

PROPOSITION  XXT. 

/«  righl-augled  spherical  triangles,  the  cosine  of  diher  qJ  ii» 
,    ndes  is  lo  the  radius,  as  the  cosine  of'  the  htfiiothentut  it  ti 
ihe  cosine  of'  t/ie  other  side. 

Seefig.38.  The  sanic  construction  remaining;  in  the  tnangle  (  rr.  l!-' 
siue  of  the  hypothenuse  CF  is  to  the  radius,  as  the  sijio  uft'' 

•  18  of  iliit.  side  CE  to  the  sine  of  the  opposite  angle  CFE  *,  that  i-,  in  it 
triangle  ABC,  the  cosine  of  the  side  C A  is  to  the  radius,  as  A 
cosine  of  the  hypothenuse  BC  to  the  cosine  of  the  other  ■JJ 
BA.    e.  E.  D. 

PROPOSITION   XXII. 

In  rig/it-angled  spherical  triangles,  the  coiiue  of  eifh»r1^± 
fides  is  to  the  radius,  as  the  cosine  of  Ike  aiigte 

that  side  is  lo  the  sine  of  the  olhcrfoigfrr.         -'■■-• 

aetHg.SB.         The  same  construction  romuiniug ;  in  the  ' '•Jancla  CV-t. 
sine  of  tlio  hypothenuse  CF  in  to  the  radiua,  ns  tJie,si»c  « 
_llide  EFis  to  the  sine  of  the  Angle  ECJ''  npiweitc  t*»,it' 


or  TM«'  CittCVLAB'  I 


in  the  triangle  ABC,  the  cgsuie  gf  the  aide  CA  is  to  the 
radius,  as  thi!  cosine  of  the  angle  ABC  opimsitc  to  it,  is  to 
the  sine  of  the  other  anglu.     9.  e.  d. 


Mbl«jrr.-QF  THE  CIRCULAH  PARTS. 

In  (iny  fight-angled  spherical  triangle  ASC,  the  complemcut 
of  the  iiypolhenuse,  the  complements  of  the  angles,  and  the 
two  sides,  are  called  Ihe  circular  parU  1^  the  Iriaiiglc,  as  if  it 
wore  following  cacli  other  in  a  circular  order,  from  whatever 
[iiirt  we  Iiegin:  thus,  if  we  begin  ut  the  complement  of  the 
hypotlitnusc,  unci  proceed  towards  the  side  BA,  the  parts 
fttllowing  ill  order  will  he  the  complcnneut  of  -i  .     • 

tliE'Hvpotheiiuse,  the  complement  of  the  angle      ^^^'^^"/P 
^'^  the  aide  BA,  the  side  AC,  (for  the  right  angle  9^  { ' 

at  A  is  not  reckoned  among  the  parts,)  and,  ^:&__-^* 
Itistly,  tlic  complement  of  the  angle  C.  And 
ttufi,  at  whatever  part  wc  begin,  if  any  three  of  these  five  %e 
tslten,  tlicy  either  will  be  all  contiguous  or  adjacent,  or  one  oF 
them  will  not  be  contiguous  to  either  of  the  otLer  two :  m  the 
first  case,  the  part  which  is  between  the  other  two  is  called  the 
Middle  pari,  and  the  other  two  are  culled  Adjnccni  extremes. 
In  the  second  cusc,  the  part  which  is  not  contiguous  to  either 
rf  the  other  two  is  called  the  Middle  pari,  and  the  other  t>vo 
Op/Misite  exlrenics.  For  example,  if  the  three  parts  be  the 
complement  of  the  hypothenuse  BC,  the  complement  of  the 
allele  B,  and  the  side  BA ;  since  these  three  urc  contiguous 
to  each  other,  the  complement  of  the  angle  B  will  be  tM 
middle  part,  and  the  complement  of  the  hypothenuse  BC  and 
the  side  BA  will  be  adjucent  extremes :  but  if  the  comple- 
ment of  the  hypothenuse  BC  and  the  sides  BA,  AC  be  taken, 
since  the  complement  of  the  hypothenuse  is  not  ndjncent  to 
either  of  the  sides,  viz.  on  account  of  llie  comjilements  of  the 
t>TO  Bugles  B  und  C  Juterveniug  between  ib  and  the  sides,  the 
c^iqplepieot  of  the  hypothenuse  BC  will  be  the  middle  part, 
and  the  sides  BA,  AC  opposite  extremes.  The  most  acute  and 
ingenious  Buroii  Naper,  the  inventor  of  Logarithms,  coii- 
tl4*ed  ihe  two  fiillowing  rtiles  conceruiiig  these  parts,  by 
OMftiitt  of'  which  ull  the'  (.-U-its  of  right-angled  sphcricul'  trW 
anigles  iire  TC9oh-cd  irith  th«  greatest  ease. 
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RULE  I. 

The  rectangle  contained  by  the  radius  and  the  siHe  qfihemd- 
die  part,  is  equal  to  the  rectangle  contained  by  the  tangents 
of' the  adjacent  part, 

RULE  II. 

The  rectangle  contained  by  the  radius  and  the  sine  of  the  mii- 

die  part,  is  equal  to  the  rectangle  contained  6y  $he  €OiiMa 

of  the  opposite  parts. 

■ .   '      ■'  ■■"  -'■■  • 
These  rules  are  demonstrated  in  the  foUowing  manner : 

First,  let  either  of  the  sides,  as  BA  be  the  middle  part,  and 
therefore  the  complement  of  the  angle  B,  and  tlie  jside  AC, 
will  be  adjacent  extremes.     And  by  Cor,  2.        -    -^  •  i 
Prop.  17.  of  this,  S,  BA,  is  to  the  Co-T,  B,  as 
T,  AC  is  to  the  radius,  and  therefore  RXS, 
BAizCo-T,  B  X  T,  AC. 

The  same  side  BA  being  the  middle  part, 
the  complement  of  the  hypothenuse,  and  the  ooaaplement  of 
the  angle  C^  are  opposite  extremes:  and  by  Prop.  1$.  S,^ 
Is  to  the  radius^  as  S,  BA  to  S,  C;  therefore  RXS,  iBA=i$> 
BC  X  S,  C. 

Secondly,  let  the  complement  of  one  of  the  angles  asiB^ 
be  the  middle  part,  and  the  complement  of  the  bypothenioe, 
tmd  the  side  BA  will  be  adjacent  extremes:  and  by  Gor. 
Prop.  20.  Co-S>  B  is  to  Co-T,  BC  as  T,  BA  is  to  tfa^  xadiiis, 
and  therefore  R  X  Co-S,  BzzCo-T,  BC  X  T,  BA. 

Again,  let  the  complement  of  the  angle  B  be  the  middk 
part,  and  the  complement  of  the  angle  C,  and  the  side  AC 
will  be  opposite  extremes:  and  by  Prop.  22.  Co-S,  ACbtt 
the  radius,  as  Co-S,  B  is  to  S,  C ;  and  therefore  R  X  Co-S,  B= 
Co-S,  ACXS,  C. 

Thirdly,  let  the  complement  of  the  hypothenuse  be  the 
middle  part,  and  the  complements  of  the  angles  B,  C,  willbt 
adjacent  extremes:  but  by  Cor.  2.  Prop.  19.  Co-S^  BCiiti 
Co-T,  C  as  Co-T,  B  to  the  radius:  theref0re  RXCo-is,  BC- 
Co-T,  C  X  Co  T,  B.  '    i 

Again,  let  the  complement  of  the  hypothenuse  be  the  w^ 

die  part,  and  the  sides  AB,  AC  will  be  bpposite  e^trenie 

but  by  Prop.  21.  Co-S,  AC  is  to  the  radius,  as  Co^S,  BCto 

i    :Cd-S,    BA;   therefore  RX Co-S,    BCiz^^Co^S,  ©A/^cIhS,  A<^ 
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Solution  of  thb  Sixteen  Cases  of  Right-anolbd 

Spherical  Triangles. 


GENERAL  PROPOSITION. 


In  a  right-angled  Spherical  triangle,  of  the  three  sides  and 
three  angles,  any  two  being  given,  besides  the  right  angle, 
the  other  three  may  bejbtind. 

I 

In  tbe  following  Tables  the  solutions  are  derived  from  the 
preceiiing  propositions.  It  is  obvjous  that  the  same  solutions 
may  be  derived  from  Baron  Naper's  two  rules  above  demon- 
strated, which,  as  they  are  easily'  remembered  are  commonly 
used  in  practice. 

Case.      Given.    Sought  . 


); 


1. 


m  I  >»i 


AC,  C 


AC,  B 


B,  C 


BA,  AC 


B 


R  :  Cos,  AC : :  S,  C  :  CoS,  B ;  and  B  is 
of  the  same  species  with  CA,  by  22. 
and  13. 


AC 


BC 


»r«w       1 «  I 


BA,  BC 


BA^AC 


See  fig.  40. 


Cos,  AC  :  R : :  CoS,  B  :  S,  C  ;  by  22. 


S,  C  :  Cos,  B  : :  R  :  CoS,  AC^ ;  by  22. 
and  AC  is  of  the  same  species  \irith  B. 
13. 


R :  CoS,  BA  : :  CoS,  AC  :  CoS,  BC.  21. 
And  if  both  AB,  AC  be  greater  or  less 
than  a  quadrant,  BC  will  be  less  than  a 
quadrant.  But  if  they  be  of  different 
affection,  BC  will  be  greater  than  a  qua- 
drant*    14. 


AC 


B 


Cos,  BA  :  R  : :  CoS,  BC  :  CoS,  AC.  21. 
And  if  BC  be  greater  or  less  than  a 
quadrantj  BA,  AC  will  be  of  different 
or  the  same  affection.    15. 


S,  BA  :  R  : :  T,  CA  :  T,  B.  17-     And  B 
is  of  the  saine  affection  with  AC.    13. 


49» 


B  ■  ;rBA  ::"T,  B:T,  AC.    17-    And; 
AC  imrfilig«m)cafa;tMC»TU>.B,,.13.i 


8fAC,B      BA  ir,B:lt::T,CAi8,HA.  17^ 


Co*,   C  :  -.  T,  BC  :  T,  CA.    30, 
8C  be  las  or  grtttn  t)iu> : 
C  uiJ  B  wiD  be  of  the  ume 
13.  13. 


<jii>Jmiiij 

A 


jCM,  C  :  S  : :  T,  AC  :  T,  BC.  30.  Aatdi 
r  greater  than  «  tfoadEuWi 
C  snd  A  or  C  aod  B  vsc^ 

jdte  Mine  ur  diferrat  iflndoBi.   14J5.1 


T,  BC  :  K : :  T,  CA  :  CoS,  C-  2a.,  K 
JBC  be  leaa  or  greater  than  a  ^uajlngt^ 
rCA  and  AB,  and  titerefbre  CA  aa4  C 
We  of  tbe  nine  or  diffcreat  t 


B€,  B       AC 


S:S,BC::g,B:S,AC.   tS,  lAftB 
of  the  nine  sffectioa  with  B. 


8,  B  :  S,  AC  : :  R  :  ^  BC.    1& 


BC,  AC      B 


8,  BC  :  R  : :  5,  AC  :  S,  B.    18.     Afld.ft 
of  the  tunc  affection  with  AC  .' 


T,  C  :  R  :  :  CoT,  B  :  CoS,  BC.    19.   AJfA 

^f.    according  as  tlic  angles  G  nnd  C  are  of 

idiSerent  or  the  nsme  alfcction,  BC  vn'tl 

be  grmtcr  or  less  tfaann  quadruaL   I4.| 


R  :  Cots,  BC  : :  T,  C  :  CoT,  B.  18.  Ifj 
DC  be  lec8  or  grotn  than  a  qwulMDt, 
C  and  B  will  be  of  the  aanw  or  didEOEpni 
affectiun.      lit. 

S. -, . ._ . ..    ..     jhI      ' 


The  leoond,  c^htfai  tnd.  tbirteeptb  cases,  which  v^e  ouu,- 
TBoa]j  called  ambiguous,  admit  of  tivLi  ^nlutiims:  foj  in  thtic 
It  il  not  detcimined,  whether  the  uUcor  ni£a»ireT>f  lheAt>gl« 
iMiighthegrtator.o[lcwti)tW.9j4uadniH^  ,.<<,  ,^  f_  ,^  .j^,..,^ 


xxiii.  xxir. 


PROPOSITION    XXIII. 

fit  spherical  triangles,  nhether  right-angled  or  oblique-angled, 
the  nnc»  of  the  fidex  are  proportional  (a  Uie  sines  t^  the  an- 
gles  opposite  to  Ihem. 

First,  let  ABC  bu  a  riglit-angled  trUnglcj  having  a  right  Swlig.  io. 
angle  at  A;  therefore,  by  Prop.  18.  tW  sine  of  the  hypothe- 
ause  BC  is  to  the  radius  {or  tlie  sine  of  the  right  niigle  at  A) 
SB  thasiiie  of  the  side  AC  to  the  sine  of  the  angle  B.  And 
ia  like  manner,  tlie  sine  of  BC  Is  to  tluj  sine  of  the  angle  A, 
as  the  nne  of  AB  to  the  Hine  of  the  angle  C ;  wherefora  •  the  •II. 5. 
idneof  the  side  AC  is  to  the  sine  of  the  angle  B,  aa  the  sine 
of  AB  to  the  sine  of  the  angle  C. 

.Secondly,  let  BCD  be  nn  obliqne-angied  triangle,  the  sine 
of  eJlher  of  the  sides  BC,  will  be  to  the  sine  of  either  of  the 
other  twfl  CD,  fls  the  sine  of  the  angle  D  op- 
poiiite  to  BC  is  to  the  sine  of  the  angle  B  op- 
poMte  to  the  side  CD.  Through  the  point  C, 
let  there  be  drawn  an  areh  of  u  great  circle 
U^  ,perpendiuulur  upon  BU;  and  in  the 
right-angled  triangle  ABC  *  the  sine  of  BC  is 
to  the  radius  as  the  sine  of  AC  to  the  sine  of 
|the  angle  B ;  and  in  the  triangle  ADC  (by  18. 
of  this)  :  and,  by  inversion,  tlie  radius  is  to 
the  sine  of  DS  as  the  sine  of  the  angle  D  to 
the  sine  of  AC:  therefore,  ex  aequo  pert ur- 
l>ato,  the  sine  of  BC  is  to  the  sine  of  DC,  as 
^gte  ii  to  the  sine  of  the  angle  B.     9.  E.  u. 

'  PBOPOSITION  XXIV. 

/«  oLiiquc-aiigled  spherical  IriangleSi  having  drawn  a  prrpea- 
l'(  dicidar  arch  from  any  of  the  anglea  Hpau  the  opposite  siilf, 
■ '  the  cotiiies  of  the  angles  at  the  base  are  proportional  to  the 
'I  iirtea  of  the  vertical  anglet. 

—  ^>t  BCD  Ilea  triangle,  and  thfr  arcti  CA  perpendicular  to  Sw%.li 
the  base  BD ;  the  cosine  of  the  angle  B  will  be  to  the  cosine  »"''  **■ 
-«f  the  aitgle  D,  as  the  sine  of  the  ungle  BCA  tto  be  sine  of  the 
->il^e  DCA. 

^^o'TWlfcy  22;  the  6osine  of  the  angle  B  is  to  the  sine  of  the 
BCA  an  (the  ^OKtie  of  thesidb  Afi  Ib  to  the  radius ;  that 
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isy  by  Prop.  22.  as)  the  cosine  of  the  angle  D  to  the  dne  of 
the  angle  I>CA ;  and^  bj  permotatioiij  the  ooaine  of  the  angle 
B  is  to  the  cosine  of  the  angle  Pi  as  the  sine  of  the  an^e  BCA 
to  the  sine  of  the  an^  DCA.     q.  £.  d. 

PROPOSITION  XXV. 

The  same  things  remaUvig,  Ike  cosines  qf  Ike  sides  BC>  CD, 
are  propartiomal  to  the  cosines  qfthe  bases  BA,  AS^ 

See  fig.  4K         For  by  21 .  the  cosine  of  BC  is  to  the  cosine  of  BA^  as'^e 

*         cosine  of  AC  to  the  radins;  that  is^  by  21.  as)  the  ob^ne^of 

CD  is  to  the  cosine  of  AD :  wherefore^  by  pennntatiosi'  die 

cosines  of  the  sides  BC,  CD  are  proportional  to  the  cosing"  of 

the  bases  BA^  AD.    «.  e.  d. 

PROPOSITION  XX VL 

The  same  construction  remaining,  the  situs  ^  the  bases  BA, 
AD  are  reciprocally  proportional  to  the  tangents  of.  the  i^n- 
gles  B  and  D  at  the  base. 

Seefig.  41.         P<'r  by  17'  the  sine  of  BA  is  to  the  radius>  as  the  tatfi^t 

and  if.         of  AC  to  the  tai^^t  of  the  angle  B;  and  by  17-  ^M  mrtT^ 

sion^  the  radios  is  to  the  sine  of  AD,  as  the  tangent  of  b'to 

the  tangent  of  AC :  therefore,  ex  aequo  perturbato,  the  sine  of 

BA  is  to  the  sine  of  AD,  as  the  tangent  of  D  to  the  tangent  of 

B.      Q.  £.  D. 

PROPOSITION  XXVII. 

The  cosines  of  the  vertical  angles  are  reciprocally  proportional 

to  the  tangents  of  the  sides. 

See  fig.  41.  For  by  Prop.  20.  the  cosine  of  the  angle  BCA  is  to  tk^  ra- 
and  iSr  j2us  as  Uie  tangent  of  CA  is  to  the  tangent  of  BC ;  and  by  Ihe 
same  Prop.  20.  and  by  inversion^  the  radius  is  to  the  oo^ne 
of  the  angle  DCA^  as  the  tangent  of  DC  to  tbs  tangent  of  .^: 
therefore,  ex  sequo  perturbato,  the  cosine  of  the  angle  B(J4k  is 
to  the  cosine  of  the  angle  DCAj  as  the  tangent  of  DC  ia^lo  the 
tangent  of  BC.     q.  £.  d.  ,    i     .        .• 

LEMMA.  ■'■  '■■'■'  .'' 

In  right-angled  plane  triangles^  the  Jtypothenuse  is MJUf^ra- 
dius,  as  the  excess  of  the  hypothemnse  silmc.^ilhen:qfJhe 


^"   'HtSei'ti'^fric'veHi'd  ttlie  6f  the  acute  angrea^iicfnt'-lo'ti^al 
'    siHi,or  as  the  sum  of  Hie  Tii/imlfienuae  anil  eillur  oflhe  sides 
1o  Ike  versed  sine  of  the  exleriur  angle  of  the  triangle. 

Let  the  triangle  ABC  have  a  right  unglk;  at  B:  AC  will  be 
to  the  rudius  qh  the  exceas  of  AC  above  AB  to  the  versed  sine 
of  the  angle  A  adjacent  to  AB ;  or  as  the  eum  of  AC,  AB  to 
the  versed  sine  of  the  exterior  angle  CAK. 

With  any  radius  DE,  let  a  circle  he 
described ;    and  from  D  the  centre,  let 
Dl'  be  drawn  to  the  circumference,  ma- 
king  the  unglc  EDF  equal  to  tlie  angle 
BAC,  flud  from  the  point  F,  let  FG  bo 
draivn  perpendicular  to  DE :  let  AH,  AK 
be  made  equal  to  AC,  and  DL  to  DE: 
DU  therefore  is  the  cosine  of  the  &ng)c 
EDF  or  BAC,  and  UE  its  versed  sine: 
and  because  of  the  equiangular  trianj;Ies  ACB,  DFtt,  AC  or 
AH  is  to  DF  or  DE,  as  AB  to  DG :  therefore  •  AC  is  to  the  ni-   ' 
dius  DE,  us  BH  to  GE,  the  versed  sine  of  the  angle  EDF  or 
BAC  1  and  since  AH  is  to  DE  as  AB  to  DO',  AH  or  AC  will  ' 
be  to  the  radius  DE  as  KB  tu  L»,  the  versed  sine  of  the  angle 
LDF  or  KiVC.     «.  e.  b. 
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PROPOSITION  xxviir. 

In  any  spherical  triangle,  the  rectangle  contained  bg  the  sines 
of  tn'o  sides  is  to  the  square  of  the  radius,  as  the  excess  of 
the  versed  sines  of  the  third  side  or  base,  and  the  arch  which 
is  the  excess  of  the  sides,  is  to  the  versed  sine  of  the  angle 

opposite  to  the  base. 

Let  ABC  be  a  spherical  triangle:  the  rectangle  contained 
''Ky  the  sines  of  A  B,  BC  will  be  to  the  square  of  the  radius  as 
the  excess  of  the  versed  sines  of  the  base  AC,  and  of  the  arch, 
which  is  the  excess  of  AB,  BC  to  the  versed  sine  of  the  angle 
ABC  opposite  to  the  base. 

Let  D  be  the  centre  of  the  sphere,  and  let  AD,  BD,  CB  be 
joined,  and  let  the  sines  AE,  CF,  CG  of  the  arches  AB,  BC, 
AC  be  drawn;  let  the  side  BC  be  greater  than  BA,  and  let 
BH  be  made  equal  to  BC  ;  AH  will  therefore  be  the  excess  of 
the  sides  BC,  BA ;  let  HK  be  drawn  perpendicular  to  AD,  and 
since  AO  is  then-rsed  sine  of  the  base  AC,  and  AK  the  versed 


w 
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•19.11. 
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>n 


.  0^ 


SPHBBfCAIi  miOWCOMBVBY. 

tui^of'theaidb  AHj  KO:  iatbc  exot»of  dito  fnanedidtaB'^ 
l^bAfle  AG>  nd  «£  ti»  areh  ASl,  whicli  is  tbc'exeeas  r«Cr  tk^ 
aideft  BG>  BA :  Jel  aii  likewise  be  dsawnpftrgllffl.  to  IIH^  «■& 
let  H  meet  JTH  in  I^  letCLi  DH  be  joined,  and  let  AiD,  7& 
meet  each,  ether  in  M» 
...Since  there^e  In  the  trianglee 
PQF,  UOF^  the  aides  JDC.Dfi  ore 
equals  DF  is  common,  and  the  an- 
gle FDC  equal  to  the  angle  FDH, 
because  of  the  equal  arohea  BC> 
BH,  the  base  HF  will  be  eqnal  to 
tbe  base  FV^  and  the  angle  HPB 
eqnal  te  the  right  angle  CPB :  the 
strait  line  DF.  therefore  *  is  at 
right  angles  to  the  plane  CFH: 
wherefore  the  plane  CFH  is  at 
right  angles  to  the  plane  BDH, 
which  passes  through  DF*.  In 
like  manner,  since  DO'  is'  at  right 
angles  to  both    GC   and  GL,  DO  _ 

will  be  perpendicular  to  tibe  plane  ;  .   ^  ; .  .  .if,  ^;  at^t^i:- 

COJL:   therefore   the  plane   COL  is  at  right  ttttglebW^ 
pltoe  KbU,  which  passes  through  DO:   and  li'wtef  ib^fM^ 
that  the  plane  CFH  or  CFL  was  perpendicular  to  the  kike' 
plane  BDH :  therefore  the  common  section  of  the  planes  C1>%r 
COL,  viz.  the  straight  line  CL,  is  perpendicular  to  the'  ^lah^' 
BDA  */  and  therefore  CLF  is  a  right  angle  :  in  the''triyti^I& 
CFl«  having  the  right  angle  CLF,  by  the  Lemma,  OF  is  to^t£e 
radius  as  LH,  the  excess,  viz.  of  CF  or  FH  above  FL,is^tte' 
versed  sine  of  the  angle  CFL ;  but  the  angle  CFL  is  tbe  in* 
donation  of  the  planes  BCD,  BAD,  since  FC,  FL  aiie  dniwto  (ir 
them  at  right  angles  to  the  common  section  BF :  the  ]|][Aeri^ 
cal  angle  ABC  is  therefore  the  same  with  thte  -angle  Cl?h^  ^\^^ 
therefore  CF  is  to  the  radius  as  LH  to  the  versed  fihie  ^f  thlfc' ' 
spherical  angle  ABO;  and  idkice  the*  ttian^e  ABD^  ^  eq^eik^'^ 
gular  (to  the  triangle  MFD,  and  tJierefok<e)'V6'the^  t^&kj^^ 
MGL,  AS  will  be  to  the  radius  of  the  sphdletABrrfeis'iM'U)-' 
ML;  that  i^  because  of. the  paraillek)  as  OlCito  I^ :  -tli^lrtii^ 
tie  therefore  which  is  coaapouaded  of  thei> ration ^AE  t^^tlA^^ 
ra^ua,  and  of  CF  to  the  satte-caditlss  Jthatrisf,ifce*H^lt9i#fi^ 
the  reotangls  contained  hf  AKy  Ct^^to  the^sqaare  of^li«iM^* 
dius,  is  the  same  with  the  ratio  compouttdttlMstf  aii#<Mltie<]tf^<I 


rnrtpOfiiTios  xxtx. 

(ftK  tn  Lll,  and  the  ratio  of  LH  to  the  vcrsod  ainti  of  tlii-  an- 
gk  ABC ;  that  is,  the  some  with  the  ratio  of  OK  to  the  versed 
MW  of  the  angle  ABC;  therefore,  the  rectangle  contained  by 
AB,  OF  the  sines  of  the  sidei  AB,  BC,  is  to  the  itqUare  of  the 
rodiuB  ns  OK,  the  excess  of  the  versed  sines  AO,  AK,  of  the 
base  AC,  mid  the  arch  Atl,  which  is  tlie  excess  of  the  sides 
of  the  versed  sine  of  the  angle  ABC  opposite  to  the  base  AC. 
«.llirti. 


^  PROPOSITION  XXIX.  '    ' 

Tke  Ttctaagie  conlained  bi/  kolf  of  the  radUt*,  and  the  excett 
d/"  the  vjfscd  sines  of  two  arcliet,  it  equal  to  the  rcclaagle 
coift^inA  by  the  sines  of  half  the  sum,  and  half  tie  differ- 
ence t^ak  saine  arches. 

Let  AB,\ac  be  any  two  arches,  and  let  AD  be  made  eqneli 
to  a'c  the  less ;  the  arch  DB  therefore  ia  the  sum,  and  tlM' 
ILR&  CB  the  difference  of  AC,  AB:  through 
E  the  centre  of  the  cirele,  let  there  bo 
druR'n  a  diametGr  DEF,  and  AE  jdned, 
osd  CD  likewise  perpendicular  to  it  in 
G^  and  let  BH  be  perpendicular  to  AE, 
Ri)4  AH  will  be  the  versed  sine  of  tbe 
arflk  AB,  and  AG  the  versed  sine  of  AC, 
and. HO  tlie  excess  of  these  versed  sines  : 
lotiBP.BC,  BF  be  joined,  and  FC  also  meeting  BH  in  K.'  ''"' 

,$ii|DC,  therefore,  BH,  CO  are  parallel,  the  alternate  angles 
BKC,  KCa  will  bo  equal ;  but  KCO  is  in  a  seniicircle,  and 
tl|w¥fi>re  a  right   angle ;    therefore    BKC  is  a  right    angle ; 
[  a^  ia  the  triangles  DFB,  CBK,  the  aRgles  FDB,  BCK  in  the 
I  nme  segment  are  equal,  and  FBD,  BKC  are  right  angles ;  the 
ttijangles  DFB,  CBK   arc    therefore  equiangular;   wherefore 
'  »F  is  to  DB,  as  BC  to  CK,  or  HlJ ;  and  therefote  the  rect- 
angle conUined  by  the  diameter  DF  and  HO,  is  equal  to  that 
contained  by  DB,  BC  ;  wherefore  the  rectangle  contained  by 
a  .fourth  part  of  the  diameter  and  HO,  is  equal  to  thnt  con- 
tMiwd.  hy  the  halves  of  DB,  BC :  but  half  the  chord  DB  is 
dm^ioe  of  half  the  arch  DAB,  that  ia,  half  the  sum  of  the  ' 
at^W  JtB,  AC ;  and  half  the  chord  of  BC  is  the  sine  of  half 
^tiw-araUBC,  which  is  thftdifo-enae  •£  AayulG.-    WbMMtfae" 
Iprvpcaitipn  is  tuunifeitH".!  ..j,  uuhi  iJi  isitj'  jmhi,  ■.■iU  ■.!  .eii''- 
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*'       I 


7^  rectangle  cauiained  by  ke^  of,  the  radios  and  thejven 
sine  iif  any  arch^  is  equal  lo,  Qte^sguare  ^the  ^nmetf^taU 

the  same  arch. 

•  •.       .   ■  .  ■'(, 

Let  AB  be  an  arch  of  a"  drde,  C  its  centre^  and  AC^  CB^ 
BA^  being  joined^  let  AB  be  bisected  in  X},  and  let  CD  be 
joined^  which  will  be   perpendicular  to  BA, 

•  4. 1.  and  bisect  it  in  £  *,  BE  or  AE  therefore  is  the 

sine  of  the  arch  DB  or  AD^  the  half  of  AB : 
let  BF  be  perpendicular  to  AC^  and  AF  will 
be  the  versed  sine  of  the  arch  BA ;  but^  be- 
cause of  the  similar  triangles  CAE^  BAF,  CA 
is  to  AE  as  AB^  that  is^  twice  AE  to  AF;  and 
by  halving  the  antecedents^  half  of  the  radius  CA  is  to  A£ 
the  sine  of  the  arch  AD,  as  the  same  AE  to  AF  the  versed 

•  16.  G.        sine  of  the  arch  AB.     Wherefore  *,  the  proposition  is  mani- 

fest. 

PROPOSITION  XXXI. 

In  a  spherical  triangle,  the  rectangle  contained  by  the  sines  o^ 
the  two  sides,  is  to  the  square  of  the  radius,  as  the  red- 
angle  contained  by  the  sine  of  the  arch  which  is  half  tkt 
sum  of  the  base  and  the  excess  of  the  sides,  and  the  sine  of 
the  arch,  which  is  half  the  difference  of  the  same  to  ike 
square  of  the  sine  of  half  the  angle  opposite  to  the  base. 

Let  ABC  be  a  spherical  triangle^  of  which  the  two  sides  are 

AB,  BC,  and  base  AC,  and  let  the  less  side  BA  be  produced, 
so  that  BD  shall  be  equal  to  BC :  AD  therefore 
is  the  excess  of  BC,  BA ;  and  it  is  to  be  shewn 
that  the  rectangle  contained  by  the  sines  of  BC, 
BA  is  to  the  square  of  the  radius,  as  the  rect- 
angle contained  by  the  sine  of  half  the  sum  of     L 

AC,  AD,  and  the  sine  of  half  the  difference  of 
the  same  AC,  AD  to  the  square  of  the  sine  of  half  the  angk 
ABC  opposite  to  the  base  AC. 

Since  by  Prop.  28,  the  rectangle  contained  by  the  sines  d 

the  sides  BC,  BA  is  to  the  square  of  the  radius,  as  the  excess 

'f  the  versed  sines  of  the  base  AC  and  AD,  to  the  versed  siae 
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of  the  angle  B  ;  that  is*  as  the  rectangle  contained  by  half  *  i.e. 

the  radius,  and  that  excess,  to  the  rectangle  contained  by  half 

the  radius,  and  the  versed  sine  of  B ;  therefore  *,  the  rect-   •  89.  and 

angle  contained  by  the  sines  of  the  sides  BC,  BA  is  to  the  ^"  ^^  ****** 

square  of  the  radius,  as  the  rectangle  contained  by  the  sine 

of  the  arch  which  is  half  the  sum  of  AC,  AD,  and  the  sine  of 

the  arch  which  is  half  the  difference  of  the  same  AC,  AD  is 

to  the  square  of  the  sine  of  half  the  angle  ABC.     q.  m,  o. 
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Solution  of  the  Twklyb  Casisb  op  OBLTQuir-AifeLn 

Spheric  AX.  Tri  angles. 

GENERAL    PROPOSITION. 

In  an  obUque-angled  spherical  triangle,  ^tke  ikree  Met  iui 
three  angles,  any  three  being  given,  the  other  three  may  he 
found. 


Cates.        GJTen.         Sought 


•le.ofthit. 


•  le.ofthif. 


B^  D^  and 
BC^  two  angles 
and  a  side  op- 
posite to  one 
of  them. 


C. 


B^  C,  and 
BCj  two  an- 
gles^ and  the 
side  between 
them. 


D. 


Cos,  BC :  R  : :  CoT,  B:  T,  BCA.J 
19.  Likewise  by  24.  Ck)S,  B :  S,  BCA 
: :  Cos,  D :  S,  DCA ;  wherefore  BCD 
is  the  sum  or  difference  of  the  aaglei 
DCA,  BCA  according  as  the  perpen* 
dicular  CA  fedls  within  or  wi^ool 
the  triangle  BCD';'  that  is  *,  accord- 
ing as  the  angles  B,  D  are  of  the  tame 
or  difllerent  affection. 


BC,  CD,  and 


B. 


BD. 


BC,  DB,  and 


B. 


CD. 


Cos,  BC  :  R  : :  CoT,  B  :  T,  BCA.. 
19.  and  also  by  24.  S,  BCA  :  S,  DCA- 
: :  Cos,  B  :  CoS,  D;  and  according  as' 
the  angle  BCA  is  less  or  greater  tikan' 
BCD,  the  perpendicular  CA  faDs; 
within  or  without  the  triangle  BCD ; 
and  therefore*,  the  angles  B,  D  will 
be  of  the  same  or  different  affection. 


R  :  Cos,  B  : :  T,  BC  :  T,  BA.  3a 
and  Cos,  BC  :  CoS,  BA  : :  C6&,  DC : 
Cos,  DA.  25.  and  BD  is  the  sum  or 
difference  of  BA,  DA. 


R  :  Cos,  B  : :  T,  BC  :  T,  BA.  2a 
and  Cos,  BA  :  CoS,  BC  : :  CoS,  DA : 
Cos,  DC  25.  and  according  as  DA, 
AC  are  of  the  same  or  different  affect 
tfon,  DC  will  be^leas  or  greater  thu 
qnadEMit.    14 


B:CoS,    B::T,  BC:T.    BA.  20. 
and  T,  D  ;  T,  B  : :  S,  BA  :  S,  DA.  i 
&iid  BD  is  the  8Din  or  difference  of 

BA,  DA. 

:  Cos.  B  : :  T,  BC  :  T,  BA.  20. 
9,  DA  :  8,  BA  : :  T,  B  :  T,  D ; 
and  according  as  BD  is  greater  or  leas 
than  BA,  thf  angles  B,  D  are  of  the 
satne  or  different  affection.      16 

CoS,  BC  :  B  :  T  CoT,  B  :  T,  I 
19.  and  T,  DC  :  T,  BC  : :  CiiS,  BtA  ; 
Cos,  DCA.  27-  the  snm  or  difference 
nf  the  angles  BCA,  DCA  ia  equal  to 
the  angle  BCD. 

Cos,  BC  :  K  : :  CoT,  B  :  T,  BCA. 
IS.  also  by  27.  Cos,  DCA  :  CoS. 
BCA  :  :  T.  BC  :  T,  DC.  27-  if  DCA 
and  B  be  of  the  itamc  affection  ;  that 
0  (13).  if  AD  and  CA  be  similar, 
vill  be  icK  than  a  quadrant ; 
mdif  AD,  CA  be  not  of  the  a 
'affection,  DC  is  greater  than  a  quad- 
Irant.     14- 


B  :  t  S,  BC  :  S 


D. 


8,  D  :  8,  BC  :  :  S,  n  :  S,  DC. 

B,    ABxS,    BC  :    R9 :  :  S,^S^ 

AC-AD        ABC 

j '*7-^  ■      AD    being 

the  difference  of  the  sides  BC,  BA. 

In  the  triangle  DEF.DB,  EF,  FD[  Swfig.ai. 
are  respectively  the  supplements  of 
neaaures  of  the  given  anf^es  B, 
A,  C,  in  the  tiioiigle  BAC ;  the  sides 
of  the  triangle  DEF  are  therefore 
giren,  and  by  the  preceding  case,  the 
angles  D,  E,  F,  may  be  found  ;  and 
the  sides  BC,  BA,  AC  arc  the  supple- 
ments of  the  measures  of  these  angleoL 
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The  3d,  fith,  7i\\,  9th,  and  10th  cases,  which  are  common] j 
called  ambiguous,  admit  of  two  solutions,  either  of  which  will 
answer  the  conditions  required ;  for,  in  these  cases,  the  mea- 
sure of  the  angle  or  side  sought,  may  be  either  greater  or  lest 
than  a  quadrant,  and  the  two  solutions  will  be  supplements 
•Cor.Def.    to  each  other  *.  I 

Tr^  ^  ^^  ^^^^"^  ^^y  ^  ^^^  an^es  of  an  oblique-angled  spherical  tri- 

angle, a  perpendicular  arch  be  dra\ini  upon  the  opposite  side, 
most  of  the  cases  of  obliqne-angled  triangles  may  be  resolyed 
by  Napier's  rules. 


THE    END. 


Ci.  >N'(Hy\la\V,  ViVx\vet«  NafA Court,  Skinner  Mreei*  Xjom&aftu 
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